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r« 

This  is  Part  II,  Volume  A,  of  the  GPS  Definition  Study  Final  Report, 
-  submitted  by  Philco-Ford,  in  accordance  with  Sequence  Number  A002 

of  Exhibit  A  to  Contract  F04701-73-C-0296.  The  period  of  perform¬ 
ance  for  the  report  submitted  here  is  from  28  June  1973  to 
28  February  1974.  The  following  figure  identifies  the  structure  of 
the  Final  Report  and  the  relationship  of  this  volume  to  the  other 
volumes  in  this  submittal. 
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GPS  SIGNAL  STRUCTURE  ANALYSIS 


1.0  INTRODUCTION 

In  this  section  the  recommended  signal  structure  described  in  Appendix  II  of 
the  "System  Specification  for  the  GPS"  USAF/SAMSO  SS-G^S-lOlA,  29  January, 

1S74  and  in  the  GPS  SV/MON  ICD  (Vol.  E)  is  analyzed.  The  performance  of 
alternate  C/A  code  structures  of  different  lengths  are  also  analyzed. 

Section  2  analyzes  the  acquisition  performance  of  the  C/A  signal,  and  summaries 
the  range  and  range-rate  accuracy  and  data  reception  performance  of  both  C/A 
and  P  signals. 

Section  3  presents  the  analysis  of  the  multiple  access  performance  of  the  C/A 
signal . 

Section  4  presents  the  predicted  performance  of  the  system  in  a  jamming  environ¬ 
ment  . 


2.0  NAVIGATION  SIGNAL  PERFORMANCE 

In  this  section  the  expected  performance  of  the  proposed  C/A  -  and  P-signal 
structures  is  presented.  Section  2.1  presents  the  steps  required  to  acquire 
both  the  C/A  -  and  P-signals  and  the  resulting  time-to-first  fix  (TTFF) .  In 
section  2.2  the  expected  range  and  range-rate  accuracies  are  summarized.*  The 
data  performance  requirements  are  established  in  section  2.3. 

2 . 1  Acquisition  of  Navigation  Signal 

The  normal  mode  of  acquiring  the  P-signal  is  by  first  acquiring  the  C/A-aignal 
and  then  switching  to  the  P-signal.  Direct  P-sigr.al  acquisition  or  reacquisition 
is  not  discussed  in  this  study  (See  Direct  Acquisition  Trade  Study,  Report  #4  of 
this  volume. 
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2.1.1  C/A-Signal  Acquisition 

The  acquisition  procedure  for  the  C/A-code  signal  consists  of  the  following 
steps  at  the  user: 

a.  C/A -Code  Selection  -  The  C/A-code  generator  in  the  receiver  is  configured 
to  generate  the  Gold  code  corresponding  to  the  particular  satellite 
signal  chosen  to  be  acquired. 

b.  Estimate  of  Frequency  of  Received  Signal  -  The  computer  estimates  the 
carrier  frequency  of  the  satellite  signal  to  be  acquired. 

c.  Preposit toning  of  the  Receiver  VCO  Frequency  -  From  the  frequency 
estimate  in  Step  b  and  the  user  oscillator  frequency  estimate,  the 
receiver  WO  frequency  is  positioned  so  that  the  incoming  signal 
will  fall  within  the  acquisition  bandwidth  of  the  receiver  when 
the  C/A-code  phase  is  found.  Thus,  a  frequency  search  for  the 
signal  is  not  necessary. 

d.  Search  All  Possible  Code  Chip  Positions  -  The  Gold  code  generator 
phase  is  stepped  in  one-half  chip  steps  looking  for  the  presence 
of  a  carrier  signal  in  the  acquisition  bandwidth. 

e.  Stop  Search,  and  Allow  Tracking  Loops  to  Lock  to  Code  and  Carrier 
Phase  When  Signal  is  Detected  in  Acquisition  Bandwidth  •  This 
completes  acquisition  of  the  C/A-code. 

The  acquisition  time  is  the  total  time  required  to  carry  out  the  above  acqui¬ 
sition  steps.  Step  d  is  by  far  the  largest  contributor  to  the  acquisition 
time  as  the  total  time  for  the  other  steps  is  less  than  one  sec.  The  following 
paragraphs  discuss  the  above  steps  in  more  detail,  and  compute  the  code  search 
time  in  Step  d  as  a  function  of  the  carrier-to-noise  density  ratio  C/Nq. 

The  first  step  in  Initial  operations  is  constellation  selection  by  the  user's 
computer.  For  this  the  classical  orbital  elements  of  each  satellite  in  the 
system  (stored  in  non-volatile  memory)  and  the  inputs  from  current  horizontal 
position  and  the  current  system  time  are  used.  The  accuracies  of  these  inputs 
need  only  be  +  60  run  and  -i-  l  min.  for  position  and  system  time,  respectively. 
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The  user  computer  will  then  select  the  best  constellation  and  consequently 
satellite  to  be  acquired.  "Best"  will  be  determined  by  certain  logical  criteria 
which  will  probably  vary  from  user  class  to  user  class. 

The  second  step  is  the  estimation  by  the  user's  computer  of  the  frequencies  of 
the  received  signals  from  each  of  the  selected  satellites.  These  estimates 
will  be  based  on: 


a.  The  nominal  transmitter  frequency,  provided  that  the  GPS  is  designed 
such  that  no  satellite  transmitter  frequency  is  allowed  to  vary  from 
this  system  nominal  by  more  than  16  Hz  (1:10°).  Alternatively,  the 
estimate  will  be  based  on  a  value  for  the  transmitter  frequency  of 

the  particular  satellite,  which  is  determined  by  the  Control  Segment 
and  included  with  the  classical  orbital  elements  for  that  satellite. 

In  this  latter  case,  the  GPS  must  be  designed  such  that  this  value  2. 

by  more  than  It  Hz  during  the  period  between  updates  of  the  orbital  0 
elements.  The  selection  of  which  technique  should  be  used  will  be 
based  on  a  Satellite/Control  Segment  tradeoff,  since  it  has  insig¬ 
nificant  impact  on  the  User  Segment. 

b.  The  doppler  shift  Induced  by  the  motion  of  the  satellite  relative  to 
the  user's  location  on  the  rotating  Earth,  (that  is,  the  total  doppler 
shift  if  the  user  were  stationary  on  Earth's  surfaced .  This  is  com¬ 
puted  as  a  by-product  of  the  calculations  for  constellation  selection, 
with  a  maximum  possible  error  of  AO  Hz. 

c.  The  doppler  shift  induced  by  the  motion  of  the  user.  For  User  Classes 
A  and  B,  the  course  and  speed  will  be  automatically,  and  hence  very 
frequently,  inputted  to  the  computer  from  other  (non-GPS)  navigation 
sensors.  The  accuracy  of  these  data  will  be  such  that  the  component 
of  user  velocity  in  the  direction  of  the  satellite  will,  throughout 
the  start-up  process,  be  known  to  within  30  m/sec,  corresponding  to 

a  doppler  shift  at  L.  of  138  Hz.  For  User  Class  C,  the  operator 
will  have  to  input  course  and  speed  at  the  beginning  of  the  start-up 
procedure,  and  then  fly  straight  and  level  until  acquisition  has 
been  achieved.  Course  will  be  inputted  in  degrees  east  of  north  to 
to  a  resolution  of  1  degree,  and  speed  in  Km/hr,  relative  to  the 
ground,  to  a  resolution  of  1  Km/hr.  The  flying  constraint  will 
ensure  that  the  actual  course  and  speed  will  differ  from  the  inputted 
values  by  no  more  than  5  degrees  and  30  Km/hr.  Additionally,  we  are 
assuming  that,  for  the  Class  C  user,  the  maximum  velocity  constraints 
at  start-up  will  be  300  m/sec  horizontally  and  6  m/sec  vertically. 

With  these  constraints  and  inputs,  the  user-induced  doppler  shift  at 
L.  will,  for  the  Class  C  user,  be  estimable  to  within  141  Hz,  for  any 
satellite  above  the  5  degree  horizon. 
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For  User  Classes  D,  Et  and  F,  course  and  speed  will  not  be  inputted, 
and  the  received  signal  frequency  estimate  will  assume  that  the  user 
la  stationary.  However,  the  constraints  on  maximum  velocity  for  these 
classes  will  be  30  ra/sec  horizontal  and  6  m/sec  vertical,  so  the 
maximum  user-induced  doppler  shift  at  cannot  exceed  160  Hz, 

From  the  above,  it  can  be  seen  that  the  received  signal  frequencies  will  be 
estimated  with  a  maximum  possible  error  of  216  Hz  or  less  (all  user  classes). 

The  third  step  is  the  calculation,  by  the  user's  computer,  of  the  frequency 
to  which  the  second  IF  VCO  should  be  prepositioned.  This  is  based  on  the 
previously  described  received  signal  frequency  estimate  and  the  nominal  value 
of  the  user  oscillator  frequency.  The  user  oscillator  must  be  specified  such 
that,  after  warm-up,  its  frequency  deviation  from  nominal  should  not  exceed 
1:10',  Thus,  the  maximum  error  in  VCO  prepositioning  will  not  exceed  (216  +  158), 
or  374  Hz. 

The  receivers  are  being  configured  to  have  an  IF  acquisition  bandwidth  of  +500  Hz, 
so  that  the  signal  will  always  lie  within  the  passband,  even  under  the  simultaneous 
occurrence  of  all  adverse  errors.  From  the  statistical  point  of  view,  we  can 
assume  that  each  error  source  is  independently  and  uniformly  distributed  between 
its  maximum  valuf  3,  which  leads  to  a  standard  deviation  of  frequency  error  of 
132  Hz,  as  shown  in  Table  1. 

TABLE  1 

ACQUISITION  FREQUENCY  PREPOSITIONING  ERRORS 


Error  Source 

Maximum  Frequency 
Error 

S.  D.  of 

Frequency  Error 

Knowledge  of  trans¬ 
mitter  frequency 

+  16  Hz 

>o 

X 

N 

Satellite -induced 
doppler  shift 

+  40  Hz 

23.  1  Hz 

Use  r-  induced 
doppler  shift 

+160  Hz 

92.4  Hz 

User  oscillator 
drift 

+15R  Hz 

91.2  Hz 

All 

+374  Hz 

132.2  Hz 
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In  the  fourth  step,  the  receiver  is  prepositioned  in  accordance  with  the  above 
described  estimates.  Positioning  the  VCO  is  accomplished  within  msec.  An 
acquisition  search  is  then  carried  out  for  the  C/A-code,  The  C/A-code  generator 
is  clocked  from  the  W30  output  (after  suitable  translation  end  multiplication). 

A  noncoherent  detection  processor  is  used,  detecting  the  presence  of  recon¬ 
structed  carrier,  after  correlation  of  the  received  signal  with  the  replica 
C/A-code  (with  the  code  tracking  modulation  off  tau-dither).  The  acquisition 
detector  status  is  checked  every  t^  sec  (t^  being  known  as  the  dwell  time 
per  search  cell).  If  the  check  shows  that  the  signal  is  not  present,  the 
Gold  code  generator  is  Pepped  one-hal^  chip;  if  signal  presence  is  indicated, 
the  tau-dither  modulation  is  activated,  and  the  code  and  carrier  tracking  loops 
are  enabled.  At  a  period  ktd  later,  the  lock  status  of  the  (coherent)  carrier 
tracking  loop  is  sampled.  If  this  shows  that  the  loop  is  not  in  lock,  it  is 
assumed  that  the  original  acquisition  indication  was  false,  and  the  non¬ 
coherent  search  is  resumed. 

A  considerable  arr.;mt  of  analysis  and  simulation  of  the  acquisition  process 
has  been  performed.  The  values  of  td,  k,  and  also  of  the  post-detector 
bandwidth,  must  be  selected  to  minimize  the  acquisition  time  at  signal 
threshold.  The  numerical  results  are  shown  In  Table  2  . 


In  Table  2,  we  show  the  optimized  design  parameters  (post-detection  bandwidth, 

B  ,  dwell  time  per  search  cell,  t ,,  r.rd  false  alarm  penalty  factor  k)  for 
pd  Q 

various  values  of  the  threshold  design  point.  The  design  point  is  shown  in 
the  second  column  of  Table  2  as  the  required  carrier-to-noise  density  ratio 


of  the  I^-C  signal  at  the  acquisition  detector  input.  As  may  be  seen,  it 
is  3,8  dB  lower  than  the  (C/Nq)  ratio  at  the  receiver  input,  to  allow  for 


a.  Out  of  Sync  Demodulation  Loss  -  The  replica  and  received  codes  can 
differ  in  phase,  during  dwell  on  the  correct  search  cell,  by  as  much 
as  1/4  chip*  This  would  cause,  at  most,  a  2.5  dB  correlation  loss. 
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b.  Frequency  Offset  of  the  Predetection  Bandpass  Filter  -  The  3  dB  bandwidth 
of  this  filter  is  500  Hz  (one  sided),  and  the  standard  deviation  of  the 
frequency  offset  will  be  (as  was  earlier  shown)  132  Hz,  The  Manchester 
code  bit  rate  is  200  Hz,  and  hence  there  will  be  some  power  loss  in  the 
sidebands.  This  loss  has  been  estimated  to  be  0.3  dB. 

c.  Multiple  Access  Loss  -  The  effect  of  multiple  access  interference  on  the 
C/A-code  acquisition  has  been  analyzed  in  Section  3.0.  The  results  show 
that,  for  a  1023  bit  code  and  an  interference  level  which  is  not  exceeded 
95Z  of  the  time,  the  degradation  in  performance  is  about  1.0  dB. 

The  values  of  B^,  t^,  and  k  are  those  of  the  optimum  set,  with  the  predetection 
bandwidth  set  at  500  Hz.  and  P^  are  the  resulting  performance  factors  at 
threshold  (the  probabilities  of  true  detection  and  false  detection,  respectively). 
T,  T_m  abd  T  (90)  are  further  performance  factors  at  threshold,  namely  the  mean 
and  standard  deviations  of  the  acquisition  time,  and  the  acquisition  time  not 
exceeded  907,  of  the  time. 

The  optimum  design  parameters  were  not  computed  for  (C/Nq)  values  at  the 
detector  of  31  and  33  dB  Hz,  but  the  acquisition  times  were  interpolated 
for  completeness  in  the  table.  The  values  of  T  were  computed  with  the  analytic 
expressions  derived  in  Reference  1.  Based  on  the  Konte  Carle  simulations 
reported  in  Reference  1  the  standard  deviation  was  found  from  the  relationship. 

Tso  =  *754  f 

Also,  the  907  probability  value  is  obtained  from 

T (90)  «  T  +  1.28  T 

jU 

From  Table  2,  the  required  C,/Nq  at  the  receiver  input  can  be  found  which  results 
in  a  907,  probability  of  acquiring  the  C/A-code  within  50  sec.  By  interpolation 
I  from  the  table,  the  required  value  for  C/Nq  is  35.1  dB  Hz.  This  value  is  based 

on  a  single  acquisition  circuit  searching  the  entire  1023  bit  code  in  one-hald 
|  chip  increments. 

I 
i 
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Acquisition  time  is  very  nearly  directly  proportional  to  the  number  of  possible 
search  cells  or  half-chip  positions.  Therefore,  for  the  same  signal  levels, 
bandwidths,  dwell  times,  etc.,  a  receiver  using  two  acquisition  circuits  working 
in  parallel,  each  parching  one-half  of  the  code,  will  acquire  the  code  in  half 
the  time  needed  by  a  single  acquisition  circuit  receiver.  Equivalently,  the 
signal  levels,  bandwidths,  etc.,  which  correspond  to  a  single  circuit  receiver 
acquiring  the  code  in  100  sec  are  the  same  as  those  which  correspond  to  a 
2-circuit  receiver  acquiring  in  50  sec.  Thus,  again  by  interpolating  in  Table  2, 
we  see  that  the  required  C/Nq  at  the  receiver  input,  for  90%  probability  of 
acquisition  within  50  sec  for  a  2-circuit  receiver,  is  reduced  to  32.0  dB  Hz. 

Based  on  a  worst  case  receiver  noise  density  of  -199.6  dBw/Hz,  the  required 
signal  levels  at  the  FN  receiver  input  for  50  sec  acquisition  time  are: 


-164.5  dBw  (single  acquisition  circuit) 

-167.6  dBw  (two  parallel  acquisition  circuits) 


2.1.2  Time-To-Flrst  F 


ceive 


An  important  performance  parameter  of  the  GPS  user  receiver  is  the  time  required 
from  "power-on"  to  the  first  determination  of  user  position  and  velocity.  This 
is  called  the  "time-to-first  fix"  (TTFF). 

The  time-to-first  fix  (TTFF)  includes,  in  addition  to  the  C/A-code  acquisition 
time,  discussed  in  the  preceding  section,  the  steps  discussed  in  the  following 
paragraphs.  The  discussion  assumes  four  channel  receivers  in  all  cases. 
Sequential  receivers  are  discussed  in  the  next  section. 


When  the  C/A-code  search  is  successful,  the  carrier  and  code  loops  are  enabled 
and  track  the  signal,  and  the  Manchester  code  and  bit  synchronizer  lock-up. 

The  time  for  loop  pull-in  and  settling,  and  synchronizer  lock-up,  is  less  than 
1  sec,  and  is  ar.  insignificant  contributor  to  the  TTFF. 
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The  following  applies  to  only  L^-C  navigation.  When  the  tracking  loops,  bit 
synchronizers,  etc,,  have  locked  up,  measurements  of  pseudorange  and  pseudo¬ 
range  rate  are  made  and  sent  to  the  computer.  However,  they  are  not  used  there 
until  the  satellite  ephemeris  and  clock  data  are  receive!  too.  For  this,  the 
receiver  performs  a  real  time  search  for  main  frame  sync.  Since  the  frame 
duration  is  30  sec,  the  wait  time  for  frame  sync  is  uniformly  distributed 
between  0  and  30  sec.  The  mean  value  is  15  sec  and  the  standard  deviation  is 
8.7  sec. 

We  assume  that  all  the  normal  navigation  data  will  be  contained  within  the  first 
3/5  of  the  frame,  that  is,  within  the  first  720  hits.  Thus,  18  seconds  after  the 
beginning  of  the  main  frame  sync  is  received,  the  first  fix  can  be  made.  The 
computation  takes  an  insignificant  amount  of  time. 

To  recapitulate,  the  significantly  time-consuming  steps  in  the  start-up  process 
arc  as  shown  in  Table  3, 

TABLE  3 

START -UP  FOR  C -NAVIGATION 


Wait  for  frame  sync 
Collect  navigation  data 


IB.  0 
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From  any  tabulation  of  the  normal  error  function,  it  can  be  seen  that 

T90  =  mean  +  1.94  (standard  deviation) 

Tgo  =  (m  +  33)  +  1.94  (<72  +  75) 4 

Based  on  the  values  in  Tables  2  and  6,  and  using  the  above  expression,  we  can 
find  the  mean  and  90%  confidence  values  of  the  TTFF ,  at  threshold,  as  a  function 
of  threshold,  where  threshold  is  given  in  terms  of  the  received  carrier-to-noise 
density  ratio.  These  values  are  shown  in  Table  4, 

TABLE  4 

TTFF  AT  THRESHOLD,  FOUR  CHANNEL  RECEIVER,  C-NAVIGATION 


Threshold 

(C/N  )  -Received 
o 

drmz 

TTFF  (sec) 

Mean 

90%  Confidence 
<T90) 

30.  8 

104.  4 

210.  1 

31.  R 

87.  0 

167.  7 

32.  8 

74.  3 

136.  9 

33.  R 

65.  9 

116.  9 

34.  R 

59.  7 

102.  2 

35.  R 

55.  0 

91.  3 

36.  R 

51.  3 

R2.9 

37.  R 

4  8.  7 

77.  1 
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Let  the  me  n.  and  standard  deviation  of  the  C/A-codc  search  be  m  andtf*.  Then 
by  invoking  the  Central  Limit  Theorem,  we  can  say  that  the  time  for  any  one 
channel  to  complete  all  its  initial  operations  is  normally  distributed  with 
a  mean  value  of  (m  +  15  +  18),  that  is  (m  +  33),  and  with  a  standard  deviation 

2  2  h 

of  (a  +  8,7  )  .  These  same  statistics  apply  to  each  of  the  4  channels,  but 
the  variates  are  independent . 


The  time  to  first  fix  is  the  time  for  the  last  channel  to  complete  its  initial 
operations.  Hence,  the  mean  TTFF  is  the  mean  for  any  one  channel,  or  (m  +  33), 
Of greater  interest  than  the  mean,  however,  is  the  TTFF  not  exceeded  on  some 
stated  percentage  of  start-ups.  We  here  adopt  90%  as  this  confidence  level, 


and  call  the  time,  T 


90* 


Then, 


Prob  (all  channels  complete  by  T9Q) 
or  (Prob  (any  one  channel  complete  by  T^)  ] 
i.e.,  Prob  (any  one  channel  complete  by  T_Q) 


■  0.9 


0.9 


0.974 


The  following  applies  only  to  four  channel  L^-P  navigation.  There  are . 
conceptually,  three  possible  techniques  which  follow  acquisition  of  the 
C-code,  as  follows: 

a.  Wait  for  C-data  main  frame  sync,  collect  the  navigation  data  from  C, 
then  handover  to  P. 

b.  Wait  for  C-data  main  frame  sync,  handover  to  P,  ,»ait  for  P-data  main 
frame  sync,  then  collect  the  navigation  data  from  P. 

c.  VJ?it  for  next  C-data  sub-frame  sync,  handover  to  P,  wait  for  P-data 
main  frame  sync,  then  collect  the  navigation  data  from  P. 
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The  requirements  on  the  signal  structure  for  each  of  these  techniques  are: 

a.  One  HOW  per  frame,  located  immediately  after  the  navigation  data. 

Also  C-  and  P-data  may  be  transmitted  in  phase. 

b.  One  HOW  per  frame,  located  immediately  after  the  main  frame  sync. 

Also  P-data  delayed  slightly  behind  C-data. 

c.  Multiple  HOWs  in  each  frame,  each  preceded  by  a  sync  pattern. 

Also,  P-data  delayed  slightly  behind  C-data. 

It  can  be  shown  that  the  TIFF  will  be  the  same  in  each  of  these  techniques. 
Accordingly,  the  best  technique  should  be  selected  on  other  grounds.  Clearly, 
technique  (c),  with  multiple  H0W3  is  least  desirable,  requiring  additional 
complexity  in  both  spacecraft  and  user  equipment;  indeed,  the  existence  of 
multiple  handover  words  can,  itself  force  an  extension  to  the  frame  length, 
which  will  increase  the  TTFF.  Technique  (b)  is  slightly  more  complex,  in  the 
spacecraft,  than  technique  (c),  because  it  requires  a  phase  delay  between 
the  two  data  signals. 

To  demonstrate  the  equivalance  of  the  TTFFs,  consider  the  following: 


Let  frame  duration  ■  T 

duration  from  beginning  of  frame 

to  end  of  navigation  data  ■  Tr 

duration  from  beginning  of  sync 

pattern  preceding  a  HOW  to 

accomplishment  of  the  handover  »  T, 
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Then,  for  technique  (a),  wo  have 

•  Wait  for  C-data  main  frame  sync:  uniformly  distri¬ 
buted  between  zero  and  T 


mean 


1 

2 


S.  D. 


•  Collect  navigation  data 


mean  T 

n 


S.  D.  0 


•  Handover  to  H:  (HOW  follows  immediately  behind 
navigation  data) 


mean  Tj 

S.  D.  0 


1-13 


•  Time  for  all  above  operations 


pkilco  mm 
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mean  =  y  +  Tn  +  Th 


s.  d.  =  T/yrc 

For  technique  (b),  we  have 

•  Wait  for  C-data  main  frame  sync 

mean  =  T/2 
S.  D.  =  T/yi2 

•  Handover  to  P:  (HOW  follows  immediately  behind 
main  frame  sy».c) 

mean  = 

S.  D.  =0 

•  Wait  'or  P-data  main  frame  sync.  (P-data  delay  by 


mean  =  0 


S.  D.  -  0 


Collect  navigation  data  from  P 


mean  =  T 


S.  D.  =0 
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Time  for  all  operations 


mean  =  T/2  f  T  4  T, 
n  h 


s.  d.  -  T/yn 


For  technique  (c),  we  have 

•  Wait  for  C-data  subframe  sync:  Uniformly  distr ibutod 
between  zero  and  T/N 


mean  -  T/(2N) 


S.  D.  -  T/(NyT2) 


Handover  to  P 


mean  =  T. 


S.  D.  =  0 


•  Wail  for  P-data  main  frame  sync:  (P-data  are  do 
layed  by  behind  C-data) 

If  handover  was  made  on  the  i-th  HOW,  then  this  wait  is 


T  -  (T/N)(i  -  1)  for  i  ->  1 
or  0  for  i  -  1 

Since  it  is  equally  likely  that  the  handover  is  made  on  any  HOW,  the  mean 
and  S.  D.  of  the  wait  for  I-data  main  frame  sync  will  be 


>**&*****  -  ' 
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tnca  .1 


T(N-l) 
=  2N 


(S.  D.  ) 


2 


or  S.  D. 


Collect  navigation  data  from  P 


mean 


T 


n 


0  Time  for  all  above  operations 

T  iT  .IfflLi-D  +  T 
mean  =  2N  h 
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„  _  _  can„ot  be  reduced  by  employing  ™re  then  one  HOW  per  frame. 

Thus,  the  TITF  canno  start-up  process, 

Recapitulating  the  significant  time-consuming  st.ps  in 
and  assuming  technique  (a),  we  have  the  following  tabic, 

TABLE  5 


- - - 

Mean  Time 
(sec) 

S.  D.  of  Time 
(sec) 

C/A-code  search 

Wait  for  frame  sync 

Collect  navigation  data 

Handover  to  P 

See  T 

15.  0 

18.  0 

1.  3 

able  2 

8.7 

0 

0 

L - - : — 

i 

i 


,  ,.  before,  a  frame  duration  01  —  - 

ln  Table  3,  «  have  assumed  as  be  o  ^  .  18).  additionally, 

an  the  navigation  data  a  t  -  .  Mde  up  of  .  sec  for 


ail  tuc  now*© -  f 

s  i  ■»  „PC  for  handover  time  (.1, 

ue  have  assumed  1.3  s  f  \  pull-in  and  settling, 

reception  of  the  HOW  itself  and  0.3  sec 

o  ,nd  5  and  the  expressions  previously  derived. 

Based  on  the  values  in  TaD  cs  ’  .pjpp  at  threshold,  as  a 

a  an0/  confidence  values  or  tne  art 

»e  can  find  the  mean  and  o£  ^  reccivad  carrier- 

function  of  threshold,  where  threshold  is  g  ven  i 

..  aM«  These  values  are  shown  in  Tact 
to-noise  density  ratio.  These  % a l 

* 10  -p  tz  rirr » - » s.  after  *. 

"Se  °“2'P ’  "nl";  in  general  the  -t  accurate  fin,  but,  of  course, 
co  Jot  applies  to  ail  TTPHs.  This  leads  to  the  resuits  shown  in 

Table  7 . 
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Threshold 
(C/N  )  -Received 

1 

rTFF  (set  ) 

dBHz 

Mean 

90%  Confidence 

30.  8 

105.  7 

211.  4 

31.  8 

00 

00 

169.  0 

32.  8 

75.  6 

13R.  3 

33.  8 

67.  2 

118.2 

34.  8 

61.  0 

103.  5 

35.  8 

56.  3 

92.  6 

36.  8 

52.  6 

84.2 

37.  8 

50.  0 

78.  3 

TTFF  AT  THRESHOLD,  F01 

TABLE  7 

fit  CHANNEL  RECEI 

VER,  L2/P -NAVIGATION 

Threshold 
(C/N  )  -Received 

TTFF  (sec) 

dBHz. 

Mean 

90%  Confidence 

30.  8 

31.  8 

32.  8 

33.  8 

34.  8 

35.  8 

36.  8 


115.  7 
98.  3 
85.  6 
77.  2 
71.  0 
66.  3 
62.  6 


221.  4 
179.  0 
148.  3 
128.2 
113.  5 
102.  6 
94.2 


37.  8 


60.  0 


88.  3 


PHiLCO  <3S> 

Ptwlco-Ford  Corporation 
Wottarn  Oavolopmont  Labor atoriat  Division 

By  interpolation  of  the  data  shown  in  Table  2,  it  can  be  seen  that  the  C/A-code 
can  be  acquired  with  the  probability  of  0.9  in  less  than  50  sec  with  a  received 
carrier-to-noise  density  ratio  of  35.1  dBHz. 

With  such  a  threshold  signal  level,  the  TTFF  at  threshold,  for  the  L^/P  navigator 
is,  from  Table  6. 

mean  TTFF  =  59.6  sec 

907.  TTFF  =  100.2  sec 

Thus,  the  expected  TTFF  will  be  59.6  sec  at  the  same  threshold  which  gives  a  907, 
acquisition  time  for  the  C/A-code  of  50  sec. 

Clearly,  if  the  restriction  of  acquiring  the  C/A-code  within  50  sec  is  removed, 

the  expected  TTFF  requirements  of  3  or  5  min  can  be  met  with  much  lower  signal 

levels,  Wc  do  not  have  computer  calculations  for  ear.  l  low  thresholds,  but  as 

may  be  seen  from  Table  6,  the  exoected  TTFF  is  105.7  sec  with  (C/N  )  of  30.8 

o 

dBHz ,  ever,  though,  at  this  signal  level,  acquisition  time  of  the  C-code  is  71,4 
sec  (mean  value),  or  140,3  sec  (90%  probability  value). 

2.1.3  TTFF  For  the  Sequential  Receiver 

In  this  section  the  TTFF  with  sequential  tracking  receivers  is  computed.  Also, 
the  2-channel  sequential  receiver  is  considered,  in  which  one  channel  (known  as 
Channel  B),  is  used  for  search  and  acquisition  of  the  C-code  and  collection  of 
data,  performing  these  functions  in  an  uninterrupted  manner,  and  the  other  channel 
(Channel  A)  is  used  to  sequentially  track  the  four  signals  (either  C  or  P)  and 
make  the  range  and  range  rate  measurement,  Channel  A  is  initially  prepositior.ed  by 
Channel  B,  and  then  routinely  reacquires  the  signals  using  the  flywheel  method. 

The  initial  operation  3tepa  for  a  sequential  C-navigator  which  enter  into  the 
calculations  for  ihe  TTFF  are  shown  in  Table  8.  The  TTFF  is  given  by 


4 
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TABLE  8 

INITIAL  STEPS  FOR  SEQUENTIAL  C-NAVIGATION 


Channel  A 


Sequentially  track  Cl 


Sequentially  track  Cl  and  C 2 


TTFF 


Sequentially  track  C  1 ,  C 2,  and 
C3 


Sequentially  track  Cl,  C2,  C3, 
and  C4 


Channel  B 

Search  and  acquire  Cl 
Preposition  A  to  Cl 
Wait  for  Cl  data  frame  sync 
Collect  Cl  navigation  data 
Search  and  acquire  C.2 
Preposition  A  to  C2 
Wait  for  C2  data  frame  sync 
Collect  C2  navigation  data 
Search  and  acquire  C3 
Preposition  A  to  C3 
Wait  for  C3  data  frame  sync 
Collect  C3  navigation  data 
Search  and  acquire  C4 
Preposition  A  to  C4 
Wait  for  C4  data  frame  sync 
Collect  C4  navigation  data 


Tim 

V 

*11 

neg 

1. 

*2  1 

'll 

*12 

ncf. 

1. 

*2  2 

*32 

*13 

neg 

i. 

*2  3 

*3. 

1 

*14 

nep 

1. 

lJi* 

r. 

1  34 

A 


T 


*■ 

■m 


i 
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.  „  .  ,  a  .  1  2  3  4)  are  independent;  their  mean  and 
Now,  the  four  variates  (i  *  ’  ;  .  , 

standard  deviation  valuer  (call  that.  «  and  )  are  shown  In  Table  2. 


Similarly  the  tour  variates  t,,  are  Independent;  each  Is  uniformly  distributed 
Similarly,  «*  ^  ^  ^  ^  „f  15  a„d  a  standard  deviation 


between  zero 
of  8.7. 


The  four  variates  t^  are 
Hence,  it  can  easily  be  shown  that 


all  fixed  and  equal  to  18  sec, 


mean 


4ra  +  132 


and 


SD 


(4  CT2  +  300)^ 


Also,  the  907.  confidence  value  is 

T 


90 


T  +  1.28  T~ 

mean  bU 


4m  +  132  +1.28  (4a2  +  300) : 


r  a  n  frnm  Table  2  we  have  the  TTFFs  for  Sequential 
Using  the  values  of  m  and  o  from  T-  • 

C -Navigation,  as  shown  in  Table  9. 


TABLE  9 


lsirr  iCAuuuwuw,  * 

Threshold 
(C/Nq)  -Received 

dBlU 

TTFF  (min) 

Mean 

90%  Confidence 

30.  R 

6.  96 

9.  29 

31.  R 

5.  R0 

7.  5R 

OC 

*vl 

r*\ 

4.  99 

6.  33 

1 

33.  R 

4.  39 

5.  52 

34.  R 

3.  9 P 

4.  91 

35.  R 

3.  67 

4.  46 

36.  R 

3.  42 

4.  11 

37.8 

3.  25 

3.  88 

wsa 
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The  operations  for  the  sequential  I^/P  navigator  are.  shown  in  Table  10.  The 
TTFF  is  given  by 

4 
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TABLE  10 

INITIAL  STEPS  FOR  SEQUENTIAL  Lx  P -NAVIGATION 


Channel  A 


TTFF 


Sequentially  track  PI 


Sequentially  track  PI  and  P2 


Chaiuu  1  1) 


Search  and  acquire  Cl 
Wait  for  Cl  data  frame*  sync. 
Collect  Cl  navigation  data 
Handover  Cl -«  PI,  J< -•  A 
Sea  rch  and  at  quire  C2 
Wait  for  C2  data  frame*  sync 
Collec  t  C2  navigation  data 
Handover  C2  —  P2,  I3-*  A 
Search  and  acquire  C3 
Wait  for  C3  data  frame  sync: 


Collect  C3  navigation  data 
Handover  C3-*  PI,  13  -•  A 

Sequentially  track  PI,  P2,  and  Search  and  acquire  C4 

P3  — - 

Wait  for  C-4  data  frame*  syne 

Collect  C4  navigation  data 

Handover  C4-*  P4,  D -•  A 


Sequentially  track  PI,  P2,  P3, 
and  P4 


' 


PHILCQ 


The  first  three  sets  of  variates  are  the  same  as  those  described  before.  The 

four  variates,  t,.,  are  taken  as  fixed  values,  each  equal  to  1.3  sec. 

4i 


Hence,  it  can  easily  be  shown  that 


and 


T  4m  +  137.2 

mean  = 

tsd  =  <4 c 2  +  300>^ 


T 

mean 


+  1.28  T 


SD 


Using  the  values  of  m  and  c r  from  Table  2,  we  have  the  TTFFs  for  Sequential 
L^/P -Navigation,  as  shown  in  Table  11. 

TABLE  11 

TTFF  AT  THRESHOLD,  SEQUENTIAL  Lx f? -NAVIGATION 


Threshold 

-Received 

dBH/. 

TTFF  (min) 

Mean 

90%  Confidence 

30.  R 

7.  05 

9.  38 

31.  R 

5.  R9 

7.  67 

32.  R 

5.  04 

6.  42 

33.  8 

4.  4ft 

5.  61 

34.  R 

4.  07 

5.  00 

35.  R 

3.  76 

4  S‘5 

16.  ft 

3  .1 

4.20 

37  ft 

1  34 

3.  97 
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2,2  Navigation  Performance 

Report  No,  7  of  this  volume  contains  an  analysis  of  the  pseudorange  and 
range-rate  tracking  errors.  Table  12  summarizes  the  results  for  a  non¬ 
accelerating  user: 


TABLE  12 

PSEUDO-RANGE,  RANGE -RATE  TRACKING  ERRORS 


C/„  -  dB-Hz 

N 

0 

Range  Error  ( a  ) 
ft 

Range-Rate 

Error  (cr)  ft/sec 

C/A 

P 

i  \  >  nn 

24 

165 

8.9 

0.17 

26 

109 

6.1 

0.13 

28 

72 

4.4 

0.10 

30 

49 

3.5 

0.08 

32 

34 

2.5 

0.063 

34 

23 

1.9 

0.05 

36 

17 

1.5 

0.04 

38 

12 

1.2 

r  J% 

40 

8.5 

1.0 

0.026 
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2 . 3  Datn  Per tormance 


Both  the  P-signal  and  C/A-signal  tr  .^mit  data  at  a  50  bps  rate. 

The  data  is  differentially  enrr  j  in  order  to  automatically  resolve  a 
possible  phase  ambiguity  i  me  phase  reference.  Table  13  presents  the 
data  signal-to-noise  <*  ..sity  ratio  required  to  achieve  a  bit  error  rate 
of  10‘5. 


TABLE  13 

DATA  DEMODULATION  REQUIREMENTS 


ITEM 

VALUE 

C/A-Data  Signal 

P-Data  Signal 

Data  Rate  (50  bps) 

17.0  dB 

i 

17.0  dB 

Vo  <l) 

9.8  dB 

9.8  dB 

Demodulation  Loss  (2) 

2.0  dB 

2.0  dB 

Multiple  Access  Loss  (3) 

1.0  dB 

0.0  dB 

Required  Data  Signal -to 
Noise  Density  Ratio 

29.8  dB-Hz 

_ 

28.8  dB-Hz 

i 

| 


1 

I 

i 

I 


(1)  Required  energy-to-nulse  density  ratio  for  10  ^  bit  error  rate 
assuming  coherent  PSK  detection  with  differential  decoding. 

(2)  Includes  r -dither  loss  (1.3  dB)  plus  losses  due  to  carrier  and 
bit  sync  jitter  and  filter  mismatch. 

(3)  The  loss  due  to  multiple  access  Interference  for  1023  chip  code  with 
an  Interference  level  which  is  not  •xceeded  95%  of  the  time. 

1 

Based  on  a  worst  cas«i  receiver  noise  density  of  -199.6  dBV/Bz  the  required 
signal  levels  at  the  PN  receiver  input  for  an  error  rate  of  10~*at  50  bps 
are  ■ 

-169.8  dBW  for  the  C/A-signal 
-170.3  dBW  for  the  P-signal 
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3.0  C/A-SIGNAL  MULTIPLE  ACCESS  PERFORMANCE 

In  this  section,  the  performance  of  the  C-signal  in  the  expected 
mulcipie-access  environment  is  analyzed. 


Multiple-access  interference  is  caused  by  all  the  C-signals  from 
satellites  which  are  in  view,  except  the  desired  C-signal.  Since  only 
the  actual  code  is  different  for  each  satellite,  the  level  of  inter¬ 
ference  depends  upon  the  cross -correlation  properties  of  the  desired 
code  with  all  the  other  codes.  In  addition,  it  is  estimated  that  an 
undesired  C-signal  may  be  11.2  dB  above  the  desired  signal.  In  order 
to  determine  the  performance  of  the  C-signal,  the  probability  that  a 
given  interference  level  will  not  be  exceeded  will  be  determined.  This 
relationship  is  affected  by  the  cross-correlation  properties  of  the 
Gold  codes  and  the  geometric  relationship  between  the  satellites. 

Section  3.1  presents  the  cross-correlation  properties  for  Gold- 
code  lengths  of  511,  1023,  and  2047  chips. 

Section  3.2  analyzes  the  effects  of  multiple-access  interference 
on  code-acquisition  time,  ranging  performance  with  a  coherent  and  non¬ 
coherent  delay- lock  loop  (DLL),  and  coherent  data  detection.  Expressions 
are  developed  relating  the  f.oove  performance  parameters  to  the  ratio  of 
C-signal  power-to-multiple-access  interference  power. 
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3»1  Properties  of  Gold  Codes 

All  of  the  Gold  codes  of  a  family  can  b>-  generated  from  a  pair  of  selected 
PN  sequences.  The  number  or  codes  in  a  family,  all  of  which  are  the  same  length, 
is  2°  +  1  where  2°  -1  is  the  code  length.  A  Gold  code  is  generated  by  mod-2 
addition  of  one  PN  sequence  with  one  possible  :’iift  of  the  other  PN  sequence. 
Taking  all  possible  shifts,  this  results  in  2n  -l  code.  The  other  two  Gold 
codes  are  the  two  PN  sequences  themselves. 

The  property  which  makes  the  Gold  codes  desirable  for  the  C-signal  is  that  all 
the  levels  of  the  cross  correlation  function  between  any  two  Gold  codes  of  a 
family  is  known  to  be  relatively  low.  The  levels  of  the  cross  correlation 
function  are  determined  by  integrating  the  cross  correlation  waveform  over  a 
single  code  length  or  integer  multiples  of  a  code  length.  It  has  been  shown 
by  R.  Gold  (Reference  2 )  that  the  dc  component  of  the  cross  correlation  function 
has  only  three  levels.  This  result  also  assumes  equal  code  clock  frequencies  and 
that  the  code  clocks  are  to  be  exactly  in  phase.  Table  14  summarizes  the  cross 
correlation  properties  of  any  two  Gold  codes  for  the  above  assumptions. 

TABLE  14 

CROSS-CORRELATION  PROPERTIES  OF  GOLD  CODES 


>%- 

1 

I 

I 

I 

1-27 


PHILCO 

WiHeo*ford  Corporation 
Waatam  Oovafopmant  Latoratorioa  Division 

For  example,  if  n  ■  9  (2°  -1  =  511),  the  possible  cross  correlation 
levels  for  the  dc  term  are 

K  -  "  -0.06457  (-23.8  dB)  with  a  probability  of  0.25 

-  jjYj-  *  -0.00195  (-54.2  dB)  with  a  probability  of  0.50 
*  0.06066  (-24.4  dB)  with  a  probability  of  0.25 

As  mentioned  above,  Gold  only  considered  the  Oe  levels  of  the  cross  corre¬ 
lation  function.  It  will  be  shown  in  Section  3.2.1  that  not  only  is  the  dc 
level  of  the  cross-correlation  function  important  but  higher  frequency  terms 
may  also  be  important.  Thus,  we  would  like  to  know  the  frequency  spectrum  of 
all  possible  cross-correlation  waveforms.  It  will  be  shown  in  Section  3.2.1 
that  the  cross-  correlation  waveform  is  actually  a  two-level  waveform  which  is 
periodic  with  a  period  equal  to  the  code  length.  Therefore,  the  spectrum  of 
the  cross-correlation  waveform  is  a  line  spectrum  with  frequency  components  at 
dc  and  an  integer  multiple  of  the  code  epoch  rate.  For  example,  if  the  chip 
rate  is  1.G23  Mbps  and  code  length  1023,  the  cross-correlations  waveform  has 
values  at  dc,  1.0  KHz,  2.0  KHz,  3.0  KHz,  — .  The  level  of  these  components 
depends  upon  the  relative  phase  of  the  two  Gold  codes  being  considered.  A 
typical  spectrum  is  illustrated  in  Figure  1  for  a  1023  Gold  code. 


•4.0  -3.0  -2.0  -1.0  0  1»°  2.0  3.0  4.0 

FREQUENCY  (kHz; 

Figure  1  ’023  Gold  Code  Spectrum 
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The  cross-correlation  waveform  between  any  two  Gold  codes  of  a  family  is  itself 
one  of  the  Gold  codes  of  the  same  family.  Thus,  by  determining  the  frequency 
spectrum  of  all  the  Gold  codes  in  a  family,  all  possible  frequency  spectra  of 
the  cross-correlation  waveform  are  determined.  The  frequency  spectrum  of  the 
Gold  codes  have  been  obtained  in  two  ways.  The  first  approach  used  actual 
Gold-code  generators  and  measured  the  levels  as  a  func  .ion  of  frequency.  Figure 

2  presents  a  typical  output.  All  possible  second  sideband  levels  of  the  cross¬ 
correlation  function  for  the  Gold  codes  are  predated  in  Figure  2.  Note  chat 

a  peak  of  approximately  -18.6  dB  occurs  only  once.  Figures  3  and  4  present 
the  levels  of  the  first  sideband  for  1023  and  2047  Gold  codes,  respectively. 

Note  that  the  peak  level  decreases  approximately  3  dB  each  time  the  code  length 
is  doubled. 

The  second  approach  was  tj  simulate  the  Gold  codes  on  a  digital  computer.  This 
approach  allows  the  statistics  of  the  various  levels  to  be  determined  very 
quickly.  Figure  5  presents  the  cumulative  probability  of  the  dc  and  side¬ 
band  levels  for  the  511  Gold  codes.  It  was  found  that  the  cumulative  probability 
was  essentially  the  same  for  all  the  sidebands.  The  inphase  and  random-phase 
curves  correspond  to  when  the  code  clocks  are  exactly  inphase  and  when  the  code- 
clocl.  phases  are  random,  respectively.  Figures  6  and  7  present  the  same  infor- 
macion  for  the  1023  and  2047  Gold  codes,  respectively.  Note  that  the  peak  level 
of  the  dc  term  is  equal  to  -23.8  dB  for  both  the  511  and  the  1023  Gold  codes, 
but  is  -30  dB  for  the  2047  Gold  code.  However,  the  level  of  each  sideband  is 

3  dB  and  6  dB  lower  for  the  1023  and  2047  Gold  codes,  respectively.  On  the 
other  hand,  there  are  twice  as  many  sideband  components  with  the  1023  Gold 

codes  and  four  times  as  many  components  with  the  2047  Cold  codes.  The  importance 
of  the  number  of  sideband  components  is  d_scussed  below. 

A  noncoherent  delay-lock-loop  (DLL)  receiver  with  an  IF  bandwidth  of  1  kHz 
would  only  see  one  component  from  each  satellite  with  a  511  or  1023  code 

but  would  see  two  components  with  a  2047  code.  Figure  8  presents  the  level  of 

the  first  plus  second  sidebards  code.  A  comparison  of  the  two-sideband  level 

of  the  1023  code  with  a  single-sideband  level  indicates  that  the  average  levels  are  both 
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Cumulative  Probability  of  Interference  Level  for  511  Gold  Codes 
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Figure  b  Cumulative  Probability  of  Interference  Level  for  1023  Gold  Codes 
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CODE  CLOCKS  IN-PHASE 


CODE  CLOCKS  RANDOM  PHASE 


SINGLE  S1DELOBE 


Figure  7  Cumulative  Probability  of  Interference  Level  for  2047  Gold  Codes 
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approximately  -30  dB,  however,  the  single  511  sideband  has  peaks  which  are  greater. 
Thus,  if  a  1-kHz  I,7  bandwidth  is  used  with  the  longer  codes,  the  multiple-access 
interference  will  be  approximately  the  same  as  with  a  511  or  1023  code  (except  for 
the  interference  levels  which  have  very  low  probability  of  occurrance).  The  IF  band¬ 
width  would  have  to  be  reduced  in  order  to  realize  the  full  3-dB  improvement  possible 
with  longer  codes. 

The  code  tracking  performance  of  a  coherent  DLL  receiver  shnuJd  only  be  affected 
by  one  sideband  from  each  satellite  at  any  one  time  sine*"  the  loop  bandwidth  is 
in  the  order  of  20  Hz.  The  same  is  true  for  coherent  data  detection  since  the 
data  bandwidth  is  50  Hz.  Therefore,  coherent  rang  ag  and  data  detection  perfor¬ 
mance  is  improved  by  3  dB  and  6  dB  for  the  102?  and  2047  Gold  codes,  respectively. 
However,  the  probability  of  the  carrier  freo^ency  being  equal  to  one  of  the  side¬ 
band  frequencies  is  double  and  quadruple  .or  the  1023  and  204  .ides,  respectively. 
This  is  because  the  density  of  sidebar  ,s  is  doubled  and  quadrupled  for  the  longer 
codes. 

3.2  MULTIPLE -ACCESS  PERFORMANCE 

Multiple-access  inte' levence  will  affect  the  code-acquisition  time,  the 
tracking  error,  and  th'  bit  error  rate.  However,  the  magnitude  of  the  effect 
will  be  different  fr .  each  case.  Therefore,  the  effect  of  multiple-access 
interference  must  oe  evaluated  for  each. 


3.2.1  Basic  Correlation  Receiver  Model 

The  received  signal,  r(t),  consists  of  a  desired  component  denoted  by 
the  subscript  "o",  a  collection  of  N  other  similarly  constructed  signal  com¬ 
ponents,  and  noise. 

N 

r(t)  -Ac  (t)  cos((d  t  +  0  )  +  ]£  A  C  (t)  cos(u>.t  +  0.)  +  n(t) 

O  O  0  0  .  ,  i  i  1  1 

1=1 

The  model  is  general  in  that  each  component  may  have  a  different  amplitude, 
carrier  frequency,  and  phase  angle.  The  major  distinction  between  the  several 
signal  components  is  the  individual  Gold  codes,  c^  (i  =  0  to  N),  which  occur 
at  the  same  nominal  chip  rate  and  have  the  same  degree  of  mutual  cross¬ 
correlation. 
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Correlation  detection  consists  of  mixing  the  received  signal  with  a  reference- 
signal,  s(t). 

s(t)  *  2  C  (t)  cos  I (oj  -  uj.)  t  +  0 

o  [  o  d  d 

and  narrowband  filtering  at  the  difference  frequency,  The  difference  can 

be  zero.  The  averaging  time  of  tbs  filter  should  be  approximately  equal  to 
the  code  length  or  a  multiple  of  the  code  length  in  order  to  avoid  a  reduction 
in  signal  level  due  to  partial  correlation.  The  mixer  output  at  the  difference 
frequency,  is  given  by 

difference  frequency 
N 

+  ®d)  +  £  A.CQ(t)  ci(t)  cos  [wd  +  lb)  t  +  tu] 

1  =  1 

+  n'(t) 


uu.  -  11) 

1  o 

Thus,  we  have  the  desired  component  with  steady  amplitude,  Aq,  immersed  in  a 

collection  of  sevaral  signals  with  different  frequency  offsets,  ,  amplitudes, 

A.,  and  modulated  by  the  code  products,  c  (t)  c.(t).  Let  us  focus  on  the  code 
1  ox 

product  term,  CQ(t)  c^(t),  for  a  moment. 

The  chip  rate  of  all  the  signals  will  be  approximately  the  same;  therefore,  if 

the  desired  and  the  undesired  code  clocks  are  inphase,  the  product  of  c(j(t) 

c. (t)  is  just  another  Gold  code,  c^(t).  If  the  two  code  clocks  are  not  inphase, 

the  product  is  not  a  Gold  code;  however,  its  spectral  properties  are  very 

similar.  In  both  cases,  the  product  of  CQ(t)  c^(t)  is  a  two-level  sequence  with 

a  length  equal  to  the  length  of  individual  Gold  codes.  Therefore,  the  waveform, 

c  (t)  c  (t),  can  be  represented  using  a  Fourier  series  expansion.  That  is, 
o  i 

00 

C  (t)  C.  (t)  =  K  +  1  a  cos  (2nmt  +  <p  )  i  =  1,  2,  ...  N 

o  i  _  i  n  —  n 

n  =  1  T 


y ( t )  =  r(t)  s ( t ) 


=  A^  cos(yjdt 

where 


Cl,  = 
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a  =  ''A2  +  B2 

“n  n  n 

*n  -  +an  (‘W 


K  =  4  /%  (0  C,  (t)  dt 

W  o  o  1 

A  *  -  /*T  C  (t)  C  (t)  cos  (2jrnt )  dt 

n  Tj£  o  i  T 

r  =  1  /*  C  (t)  C  (t)  sin  (2jrjnt)  dt 

n  T  /  o  *  T 

*'o 

T  =  (GOLD  CODE  LENGTH)  +  CHIP  RATE 


Thus,  the  mixer  output  can  be  written  as 


N  p  QO  _ 

y(t)  *  AQC08(wdt  +  ©)  +  £  At  +  £  an^  COS  (2  7Tnt)  +  <p  1 

i  i=l  i-l 

cos  wd+q )  t  +  e.  j 

Expanding  a  few  of  the  terms  and  neglecting  the  sum  terms, 

y(t)  *  Aq  cos  (wdt  +  6d)  +  kL  Kx  cos  J^w,j  +ni)  1  +  ei] 

N  -  1 

+  S  a,  cos  (w.  -  2jr_  )t  +0.  -  ^ 

A  ‘  L  d  1  T  J 

N 

+  J  ^  a2.  cos  (wd  +  -  A  7i  )t  +  ©x  '  ^ 2 


+  .  .  .  . 

Note  that  if  any  or  all  of  the  £?.  *s  are  equal  to  zero,  the  level  of  interference 
is  equal  to  K.  In  addition,  if  any  or  all  of  thej^  '  s  are  equal  to~^  ,  the 
level  of  interference  has  a  peak  equal  to  <*v  Similarly,  if  any  or  all  of  the 
fi's  are  equal  tc  ,  the  level  of  interference  has  a  peak  equal  to  \  <*n»  For 

a  chip  rate  of  1.G23  Mbpu  and  a  code  length  of  1023,  the  are  equal  to  1.0  kHz, 

2.0KHz,  3.0  kHz,  and  so  on.  Since  the  maximum  doppler  shift  is  in  the  order  of 

4  kHz,  the  sideband  cross  correlation  is  important. 

The  above  model  will  be  used  to  determine  performance  in  a  multiple  access 
environment  in  the  next  sections. 
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3.2.2  Acquisition  Parforaanca 

T.2.2.1  Lock-Up  to  Undeaired  Code.-  The  deaired  code  is  acquired  by 
correlating  the  received  signal  with  the  locally  generated  desired  signal. 

The  locally  generated  code  is  advanced  one-half  chip  position  until  a  lock 
condition  is  detected.  This  inhibits  the  advancing  pulse:;  and  allows  the 
loop  to  track.  Aftar  about  ten  loop  time  constants,  if  the  lock  detector 
still  indicates  lock,  the  code  inlock  condition  is  indicated.  The  second 
lock  condition  is  necessary  in  order  to  reject  false  lock  conditions  due  to 
thermal  noise  or  an  undesired  code. 

Let  us  discuss  how  an  undesired  code  is  rejected.  Typical  autocorrelation 
and  cross-correlation  functions  for  the  1023  Gold  codes  are  sketched  below. 


Referring  to  the  above  sketch,  we  see  that  there  is  a  potential  false-lock 
condition,  especially  since  the  undesired  signal  level  can  be  11.2  dB  above  the 
desired  signal  level.  That  is,  there  can  be  a  cross-correlfction  peak  as  large 
as  -20.8  +  11.2  -  -0/  6  dB  (9.6  dB  below  the  desired  signal  peak).  This  undesired 
peak  will,  with  high  probability,  inhibit  the  advancing  pulses.  However,  by 
choosing  the  code  loop  noise  bandwidth,  P>^  ,  such  that  the  interference  signal- 
to- thermal  noise  ratios  in  B^  is  below  loop  threshold,  the  thernal  noise  will, 
with  very  high  probability,  cause  loss  of  lock  after  ten  loop  time  constants. 

For  example,  if  the  minimum  d*.xred  signal-to-ncise  density  is  +33  dB-Hz,  the 
maximum  interference  signal-to-noise  density  is  +23.4  dB-Hz.  Therefore, 
choose  Bj  such  that,  for  a  signal-to-noise  density  of  +30  dB-Hz,  the  loop  is 
at  threshold.  For  this  case,  B^  ~  27.8  Hz  for  a  noncoherent  DLL.  It  may  be 
desirable  to  use  a  narrower  bandwidth  during  tracking  in  order  to  reduce  the 
ranging  errcr. 
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The  above  discussion  assumes  one  undealred  code.  This  should  be  a  reasonable 
assumption  alr.ee  the  probability  of  the  composite  cross-correlation  function 
(tha  cross-correlation  function  resulting  from  all  undealred  codes)  resulting 
In  a  potential  false-lock  condition  la  very  small. 

3.2.2.?  Performance  af  Inlock  Detector.  -  A  block  diagram  of  a  typical  ln- 
lock  detector  Is  presented  belov.  The  power  spectra  at  various  points  are 
sketched  for  the  algnal-plua-noise  case  (Reference  3)  neglecting  data 
modulation. 


B  FREQUENCY 

f  f  ■»— ~ 

2  o  o  2 


BPF 

BW  -  B, 


^  Vxr 
\  »J*xr  +  2S". 


-Bjp 0 B1F  frequency 


LPF 

BW  -  B. 


THRESHOLD 

DETECTOR 


Sp(t) 


THRESHOLD 

LEVEL 

SET 


Tha  threshold  laval  la  chosen  somewhere  between  (depends  upon  the  desired 
probability  detection  end  probability  of  falsa  alarm)  the  slgnal-plua-aolee 
laval  (correlation)  and  tbs  nolea-only  level  (no  correlation).  Prom  the 
above  sketch,  the  LPP  outputs  are  given  by: 

dc  voltage  with  correlation  »  Nq  BjF  +  S 

rms  nolee  voltage  with  correlation  ■V/2~b]'ho  (K0Ijp  +  2  S) 

dc  voltage  with  no  correlation  •  N,  B^ 


nee  noise  voltage  with  no  correlation  - v2  BjH0  Ixp 
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where  S  is  Che  signal  power 

Nq  is  the  one-side  noise  densicy 

3  is  bandpass  filter  bandwidth  in  Hz 
IF 

Bl  is  Che  lowpass  filcer  bandwidch  in  Hz 

For  B^IF^  10,  che  ouCpuC  vol Cages  are  approximacely  Gaussian.  For  this 
approximation,  che  resulting  probability  density  functions  are  sketched  below. 


LFF  OUTPUT  VOLTAGE 


In  the  multiple-access  environment,  there  will  bt.  a  desired  signal,  N 
undesired  signals,  and  noise.  The  power  spectra  at  the  output  of  the  BPF 
and  the  square-low  device  are  sketched  below. 


3 
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The  LPF  outputs  for  this  situation  are: 

de  voltage  with  correlation  *  NQBjp  +  S  +  If 

rms  noise  voltage  with  correlation  •=  \j2  (Nq®if  +  2  S  +  2  I«p) 

dc  voltage  with  no  correlation  =  NQBjp  +  1^ 

rms  noise  voltage  with  no  correlation  -V2  <noBIF  +  2  *T> 

where  S  is  the  desired  signal  power 

I  is  tctal  interference  power  at  the  correlator  output  from 
all  undesired  signals  and  is  equal  to 

N 

*t  ■  L  xi 

i-l 

where  1^  is  the  interference  power  of  the  correlator  output 
from  the  ith  undesired  signal. 


The  resulting  probability  functions  with  multiple-accet s  interference  ere 
sketched  below. 


lpf  output  Vi  ntage 


Compering  the  probability  density  functions  with  and  without  multiple-access 
interference,  we  see  there  are  two  effects.  The  first  is  that  the  mean  output 
voltage  (with  and  without  correlation)  increases  in  direct  proportion  to  the 
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total  interference  levtl.  The  second  is  that  the  noise  power  also  increases 
in  direct  proportion  to  the  total  interference  level.  The  first  effect 
requires  that  the  threshold  level  be  related  to  the  uncorrel;t»d  output 
level  but  doesn't  affect  the  code-acquisition  time.  However,  the  second 
effect  requires  the  dwell  time  per  decision  to  be  increased  (B^  decreased) 
in  order  to  maintain  the  same  probability  of  detection  and  probability  of 
false  alarm  as  with  no  interference.  This  does  affect  code-acquisition  time  since 
the  dwell  time  is  the  time  required  to  test  each  code  position.  For  example, 
if  B^  must  be  reduced  by  a  factor  of  1.5,  the  dwell  time  would  increase  by 
1.5  and  the  total  code-acquisition  time  increases  by  the  same  factor.  The 
effect  upon  time  to  first  fix  will  be  less  than  the  1.5  factor  since  code 
acquisition  is  only  one  coraporent  of  the  time  to  first  fix. 

Figure  9  presents  relative  dvell  time-per-search  cell  as  a  function  of 
signal-to-interference  ratio  a>:  the  correlator  output  (with  ratio  of  desired 
signal  power- to -noise  density  us  a  parameter).  For  a  given  ratio  of  signal 
to  interference,  the  increase  in  dwell  time  is  less  for  lower  ratios  of  signal - 
to-noise  density  (greater  noise  power)  since  the  interference  power  must  be 
greater  to  cause  an  increase  in  dwell  time. 


5.2.3  Noncoherent  DLL  Tracking  Performance 


RELATIVE  DWELL  TIME  PER  SEARCH  POSITION 


rnibbu 

FMIeo-Fofd  Corporation 
Wotwrn  Ptaalopiwom  Laboratortin  OMaioti 


AT  CORREUTOR  OUTPUT,  S/I  ,  dB 


Figure  9  Relative  Dwell  Time  vs.  Signal-to-Multiple-Access-Interference  Ratio 
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Mote  that  If/S  -  0  corresponds  to  the  no-interference  case.  Therefore,  one 
can  define  a  degradation  resulting  from  multiple-access  interference,  Dp  by 


1/2  + 


NoB!F 


N  B 

1/2  (1+IT/S)  +  -~£ 


This  degradation,  Dj,  is  presented  in  Figure  io ,  as  a  function  of  the  signal - 
to-total -interference  ratio  at  the  correlator  output.  Note  that,  for  a  signal - 
to-interf«r«nce  ratio  greater  than  6  dB,  the  resulting  degradation  is  less  than 
0.5  dB.  This  means  that  the  code  loop  bandwidth,  BL,  must  be  reduce/  by  a  factor 
of  1.12  in  order  to  provide  the  same  la  range  error  as  with  no  interference. 

3.2.4  Coherent  DLL  Tracking  Performance 

The  performance  of  the  coherent  DLL  will  be  based  upon  one  interfering  signal 
since  it  is  reasonable  to  assume  that,  at  any  given  instant  of  time,  only  one 
interfering  signal  is  within  the  loop  bandwidth.  The  loop  bandwidth  is  in 
the  order  of  20  Hz. 

A  block  diagram  of  the  correlation  network  for  a  1-A  coherent  DLL  is  presented 
below. 


E(c,6) 


When  the  loop  is  locked: 

*e<£,«>  -  l/2VsE±VSE  ^  -  VIE  C°*  9 

’  >'2  VSL  +  \  i  ±  \  “*  # 
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05  10  15  20  25 

SIGNAL-TO-TOTAL-MULTIPLE -ACCESS -INTERFERENCE  RATIO 
AT  CORRELATOR  OUTPUT,  S/I  ,  dB 


Figure  10  Multiple-Access  Performance  of  Narrowband  Noncoherent  DLL 
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where  0  is  the  carrier  phase  of  the  interference  relative  to  the  desired  carrier 
£  is  the  tracking  error  and  / £  /  s  A/2 

The  early  and  later  outputs  are  correlated  for  the  desired  code  but  ere 
uncorrelated  for  the  undesired  code.  Therefore, 


but  does  not  always  equal  since  they  are  uncorrelated. 

Thus, 

£  (£.0)  -  2V.  i±  (Vj  -  Vx  )  cos  0 
A  EL 

Therefore,  the  effect  of  multiple-access  interference  is  to  inject  an  offset 
voltage  which  results  in  a  range  offset.  In  addition,  until  the  loop  responds 
to  this  voltage  offset,  a  smaller  noise  voltage  can  cause  a  loss  of  lock. 

This  results  in  an  increase  in  the  DLL  noise  threshold. 

The  worst-case  range  offset  occurs  when  eiLher  i.’jE»ViL  or  VjL»Vig.  For  this 
case, 

2  V  £ 

E  (i .  0)  -  - 7—  +  VT  cos  0 

A  ~  I 

If  0  is  assumed  to  be  random  (that  is,  p  (0)  ,  -  ^50f^  ,  then  the 

expected  value  of  E(c)  over  0  is  given  by 

E  (f>  ■  2  vs  I  ±  I  V1 

Figures  n  a  and  b  present  range  offset  error  and  DLL  noise  threshold, 
respectively,  as  a  function  of  signal -co-interference  ratio  at  the  correlator 
output.  DLL  noise  threshold  is  defined  as  the  signal  to  noise  in  the  loop 
bandwidth  when  the  range  offset  plus  the  3a  of  the  noise  equals  A/2.  Note 
that  for  a  signal -to-lnterference  ratio  greater  than  10  dB,  the  resulting 
range  offset  is  less  than  160  ft  which  is  equal  to  0.1  of  a  chip  duration. 

■fjr 

*  The  phase  0  is  assumed  to  be  random  between  -  ^  ~  ^  -  2  **-nc*  both  olus 
and  minus  values  of  Vj  cce  0  result  in  a  range  offset. 
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3.2.5  Coherent  Data  Detection 


The  performance  of  the  coherent  date  detector  will  alto  be  baaed  upon  one 
interfering  signal  since  it  is  again  reasonable  to  assume  that,  at  any 
given  instant  of  time,  only  one  interfering  signal  is  within  the  50-Hz 
data  bandwidth. 


Zp  (t)  cos  (jj  t 


INTEGRATE 

AND 

DUMP 

FILTER 


DECIDE 

"1”  IF  v(T)  *  0 
”0"  IF  v(T)  <0 


cos  u  t 

0 


The  decision  variable,  v(T) ,  ia  given  by 


f  <v.+ 

J  0 


V j  cos  0)  dt 


VI  +  V  T  cos  0  -  T  (V  +  V  cos  0)  where  0  is  assumed  uniformly 
1  distributed  from  0  to  2  . 


The  0-to-27r range  is  used  since  the  interference  signal  may  increase  the 
desired  signal  levels  (both  data  bits  are  the  same)  or  may  decrease  the 
dasired  signal  levels  (data  bits  are  different).  The  desired  and  interfering 
signal  are  assumed  to  be  in  bit  synchronization  and  at  approximately  the 
same  carrier  frequency  or  at  a  multiple  of  the  code  epoch  rate. 

The  resulting  bit  error  rate  is  given  by 


‘2tt  f  PE  (  Np  *  f  ’  9)  P  (0)  d  * 

j  0 


where  P  (0)  -  ~  ;  0  <  0<2tt 


pe  (?  •!  •  •)  “  i  cr£cVu( ?0-  I  ■  •) 

U/ST  S  \  ST  2_ST  •  /  I  ST  /  I  \ 

W\N0  *  I  *  0  j  No  +  Nq  y  3  co.0  +  -  (-) 


2  . 
cos  0 
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Figure  y  the  Increase  in  energy-to-notse 

V*1Ue’  S/1-  interference  «iU  Be  1  dB,  or  lean,  for  . 

den.U,  doe  to  multiple  th>t  for  .  5/1  of 

s tgnel- to- interference  ratio  of  15  dB,  or  gre. 

10  dB,  the  required  incre..e  In  e„.rg,-to-noi.e  den.lt,  . 
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3.2.6  Summary  of  Multiple-Access  Performance 

In  the  previous  sections,  the  various  performance  parameters  have 
been  developed  as  a  function  of  desired  signal-to-mul tiple-access  interference 
ratio  at  the  correlator  output,  S/I.  The  ratio,  S/1,  is  affected  by  corre¬ 
lation  properties  of  the  code  and  the  relative  levels  between  the  desired 
signal  and  the  undesired  signal(s).  That  is, 

£.-L  (i.) 

i  k2  '  s,  ‘ 

where  S/Sj  is  the  desired  signal-to-interfersnce  power  ratio  at  the 
correlator  input 

K  is  the  cross-correlation  voltage  between  any  two  Gold  codes. 

2 

The  probability  distribution  functions  for  K  (in  dB)  were  presented 
for  Gold  code  lengths  of  511,  1023,  and  2047,  respectively.  The  maximum 
difference  in  signal  level  between  the  desired  signal  and  any  undesired 
signal  is  11.2  dB.  The  various  parameters  which  result  in  this  11.2  dB 
difference  are  summarized  below. 


Satellite  Antenna  Gain  Plus  Space  Loss  Difference  £  4.1  dB 


Satellite  EIRP  Difference 
Propagation  Loss  Difference 
User  Antenna  Gain  Difference 


TOTAL  DIFFERENCE 


£  2.6  dB 
£  1.5  dB 
£  3.0  dB 


£11.2  dB 


We  are  now  in  a  position  to  evaluate  S/I  for  various  conditions.  For 
coherent  DLL  tracking  and  coherent  data  detection,  it  is  reasonable  to  assume 
that  only  one  interfering  signal  is  within  the  detection  bandwidth  at  any 
given  instant  of  lime.  Thus,  at  the  maximum  interference  level  and  for  the 
1023  Gold  code,  the  minimum  signal-to-interfererce  ratio  is  9.6  dR  (20.8-11.2) 
for  coherent  tracking  and  coherent  data  detection.  This  interference  level 
only  occurs  if  one  of  the  undesired  satellite  signals  is  at  a  carrier  fre¬ 
quency  equal  to  a  multiple  of  the  code  ephoch  rate  and  11.2  dB  above  the 
desired  signal. 
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Rather  than  consider  only  the  worst-case  cross-correlation  levels, 
let  us  determine  the  probability  that  the  signal-to-interference  ratio  will 
be  greater  than  some  value  from  Figures  5,  6,  and  7.  Table  15 

presents  the  values  of  S/I  for  probabilities  of  907.,  957.,  and  99%  for  Gold- 
code  lengths  of  511,  1023,  and  2047.  The  maximum  signal  difference  of 
11.2  dB  is  assumed. 

TABLE  15 

S/I  for  907.,  95%,  and  99%  Probabilities 


CODE 

LENGTH 

VALUE  OF  S/1  WHICH  IS 
EXCEEDED  x%  OF  TIME 

mm 

BE3 

x  -  997. 

511 

13.8  dB 

12.4  dB 

10.1  dB 

1023 

16.8  dB 

15.4  dB 

13.1  dB 

2047 

19.8  dB 

18.4  dB 

16.1  dB 

For  noncoherent  DLL  tracking  and  inlock  detector  performance,  each 
satellite  in  view  will  contribute  to  the  total  interference.  That  is,  we 
must  determine  the  desired  signal-to-total -interference  ratio  at  the 
correlator  output,  S/I^.  The  maximum  number  of  undesired  signals  is  ten. 
Thus , 

10 


1  h 


i-1 

where  1^  is  the  interference  level  at  the  correlator  output  from  the  i 
satellite. 


th 


I 

I 

I 


For  equal  and  independent  I ^ ' s , 

10 

ErI_]  -  ErI . J  -  10  ErI ^ 

T  i  .  1 

i-1 

10 

Var[lT]  -  Varri.1  =  10  Var[l] 
i-1 
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E[l]  and  v VarFl "1  can  be  estimated  from  Figures  5,  6  >  an^  7  • 

For  example 

E[ll  -30.5  dB  and  Jv art’ll  ^  4.5  dB 

Then 

E[l_]  «  -20.5  dB  anc!  VVaril  ]  ^9.5  dB 

If  the  11.2-dB  power  difference  is  included, 


E[lT'  =  -9.3  dB  and  vVarTT^l  =  9.5  dB 


The  probability  distribution  function  of  I  can  be  estimated  by  assuming  1^ 
to  he  Gaussian,  Table  16  presents  the  values  of  S/1T  for  probabilities  of 
90%,  957.,  and  997.  for  Gold-code  lengths  of  511,  1023,  and  2047. 

TABLE  16 

S/I^  for  907.,  957.,  and  997.  Probabilities 


CODE 

LENGTH 


VALUE  OF  S/IT  WHICH  IS 
EXCEEDED  x7.  OF  TIME 


x  -  907. 

x  -  957. 

x  =  997. 

511 

8.9  dB 

7.8  dB 

6.1  dB 

1023 

11.9  dB 

10.8  dB 

9.1  dB 

2047 

12.9  dB* 

11.8  dB* 

10.1  dB* 

*  TOTAL  INTERFERENCE  IN  1-kHz  BANDWIDTH 

By  combining  Tables  15  and  16  with  the  various  performance  curves, 
a  comparison  of  the  511,  1023  and  2047  Gold  codes  can  be  made.  Tabie  17 
presents  a  performance  comparison  of  the  three  Gold-code  lengths.  957.  of  the 
time,  performance  Is  equal  to  or  better  chan  that  stated  in  Table  17. 
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TABLE  17 

PERFORMANCE  COMPARISON  FOR  957.  PROBABILITY 


GOLD 

CODE 

LENGTH 

PERFORMANCE 

PARAMETER 

1 

RANGING 

DATA 

ACQUISITION 

COHERENT 

(OFFSET) 

NONCOHERENT 

(DEGRADATION) 

DEGRADATION 
IN  E/N 

o 

RELATIVE  INCREASE 
IN  DWELL  TIME 

RELATIVE 

ACQUISITION  TIME 

511 

100  ft. 

0.5  dB 

1.5  dB 

1.22  -  1.30 

1.00  -  1.07 

1023 

75  ft. 

0.4  dB 

1.0  dB 

1.18  -  1.25 

1.93  -  2.05 

2047 

50  ft. 

0.3  dB 

0.6  dB 

1.15  -  1.20 

3.77  -  3.94 

As  expected,  the  performance  improves  as  the  Gold-code  length  is  increased 
but  so  does  code  acquisition  time  since  more  code  position  must  be  searched. 
Referring  to  Table  17,  the  data  degradation  due  to  multiple-access  inter¬ 
ference  is  1.0  dB  for  the  1023  Gold  code. 

4.0  C-SIGNAL  JAltlING  PERFORMANCE 

The  C-signal  is  no!:  required  to  operate  with  intentional  jamming  as  is 
the  P-signal;  however,  there  will  always  be  unintentional  jamming  present. 
The  effects  of  sinevave  and  "wideband"  jammers  are  considered  in  this 
secti on. 

4.1  Sinewave  Jammer 

For  a  sinewave  jammer,  the  correlator  output  is  just  the  convolution  of 
the  sinewave  spectrum  and  the  Gold-code  spectrum.  A  typical  correlator  out¬ 
put  spectrum  is  illustrated  below. 
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1023  Gold  code  at 
IF  frequency  of  f 


where  J  Is  the  total  jammer  power 

S  is  the  desired  signal  power 


'  ^ 


Referring  to  the  above  sketch,  a  sinewave  jammer  results  in  a  line  spectra 
at  the  correlator  output.  The  power  in  each  line  will,  in  general,  be 
different  for  each  Gold  code;  however,  there  are  at  least  30  Gold  codes 
of  length  1023  which  have  a  dc  level  of  -60  dB.  The  average  level  of  the 
other  line  spectra  is  approximately  -30  dB  since  all  the  jamming  power  is 
contained  in  the  1022-line  spectra  about  the  dc  component.  Note  that,  as  with 
multiple  access  interference,  a  jammer  can  only  affect  performance  if  his 
carrier  frequency  causes  one  of  the  line  spectra  to  fail  within  the  informa¬ 
tion  handwidth. 

The  effect  of  a  sinewave  jammer  can  be  determined  from  the  performance 
curves  developed  for  multiple-access  interference  by  redefining  the  signal- 
to-incerference  as  follows: 


i 
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II 

cnjc. 

-  27 

for  511  Gold  code 

J 

a  — 

S 

-  30 

for  1023  Gold  code 

=  J 

c 

-  33 

for  2047  Gold  code 

is  the  average  signal-to- jammer  ratio  at  correlator  output 
in  dB 

is  the  jammer-to-signal  ratios  in  dB 


The  average  data  degradation  due  to  sinewave  jamming  can  be  evaluated  by  com¬ 
bining  the  above  expressions  and  Figure  1 ^F.  Figure  ^presents  the  degradation 
in  E^/N^  as  a  function  of  jammer-to-signal  ratio  for  Gold-code  lengths  of 
511,  1023  and  2047.  Note  that,  for  jammer-to-signal  ratios  less  than  10  dB, 
the  degradation  is  less  than  0.6  dB. 


4.2  "Wideband"  Jammer 

The  preceding  section  assumed  that  the  jammer  had  a  line  spectra;  however, 
the  unintentional  jammer  will  have  some  bandwidth  since  he  is  transmitting 
some  type  of  information.  For  the  1023  Gold  code,  a  jammer  bandwidth  as 
small  as  1.0  kHz  can  be  considered  a  "wideband"  jammer.  A  typical  correlator 
output  spectrum  is  sketched  below. 


% 


i 
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Referring  to  the  above  sketch,  a  1.0 -kHz  bandwidth  jammer  results  in  an 
equivalent  noise  density  given  by 


("0)3  *  f  -  30  - 


where  K  is  the  relative  Gold  code  line  spectra  causing  the  interference. 

2 

The  worst-case  value  of  K  is  20.8  dB,  therefore, 

(No)  J  if-  5°-8 

The  largest  bandwidth  in  the  system  is  1  kHz.  Thus,  the  maximum  noise  due 
to  jamming  is 

( N  )  _  <  |  -  20.8 

\  0  /  Bif  “  S 

* 

In  order  to  affect  performance,  (N  )  B  must  be  greater  than  -6  dB,  there- 

o  J  Ir 

for,  J/S  must  be  greater  than  14.8  dB  before  performance  is  affected. 

For  length  511  and  2047  Gold  codes,  the  bandwidth  of  the  jammer  needs  to  be 

2  kHz  and  500  Hz,  respectively,  in  order  to  be  considered  a  "wideband"  jammer. 
In  addition,  the  worst-case  jammer  noise  density  would  be  increased  by  3  dB 
and  reduced  3  dB  for  the  511  and  2047  Gold-code  lengths,  respectively. 

In  summary,  the  1023  Gold  code  can  tolerate,  as  £  minimum,  a  jammer  level 
13  dB  greater  than  the  signal  level  with  essentially  no  loss  in  performance. 
The  511  and  2047  Gold  codes  can  tolerate  a  Jammer  level  10  dB  and  16  dB 
greater  than  the  signal  level,  respectively. 


Assume  a  signal-to-noi se  ratio  of  3  dB  in  the  IF  bandwidth. 
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5.0  P-Signal  Jamming  Performance 

The  jamming  performance  of  the  P-signal  nas  been  analyzed  (Reference  5 ) 
and  experimentally  measured  (Reference  6  )  by  Philco-Ford  on  previous 
contracts  for  SAMSO.  The  following  summarizes  the  basic  performance 
predicted  for  the  P-signal  receiver. 

The  equivalent  C/Nq  under  jamming  conditions  can  be  expressed  as: 


whe  re 


N  +  JA 
o 


reduced  c/Nq  with  jamming  included 


received  signal  power  (dBW) 

system  noise  density  at  receiver  input  (dBW/Hz) 

incident  jamming  level  (dBW) 

chip  time  =  10  7  seconds  (10  Mbps) 


Solving  for  C 


(Nq  +  Ju)Q 


For  a  coherent  code  tracking  loop 


where 


RMS  jitter  of  the  code  in  the  loop 
One-sided  noise  bandwidth  of  the  loop 


Experience  has  shown  that  the  loop  will  break  lock  in  the  vicinity  of 

0  C 

-  =  0.15.  To  be  conservative,  we  assumed  a  value  of  — f—  =  0.12. 

A  A 

For  this  analysis,  the  loop  bandwidth  is  assumed  to  be  3  Hz.  From  (3) 

a  value  of  Q  =  100  (20  dB/Hz)  is  computed.  This  value  of  Q  is  defined 

as  a  minimum  value  of  C/N  below  which  the  performance  of  the  user  equip- 

o 

ment  is  no  longer  acceptable. 

We  assume  N  =  0.8  x  10  ^  watts /Hz  nominal  and  1.0  x  10”^  watts 

o 

worst  case.  Substituting  these  values  into  equation  (2)  with  Q  =  100, 
u  =  10~7  sec,  and  different  values  of  J,  values  of  required  received  signal 
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power  are  derived.  Equating  these  values  with  Line  10  of  Table  1,  Repeat 
#2  of  this  Volume,  plus  Lines  1  and  2  of  Table  2.  we  obtain  the  satellite 
transmitter  power,  P,  required  to  develop  Q  =  100  in  the  code  tracking 
loop.  The  results  are  plotted  in  Figure  14.  Note  that  in  the  absence  of 
jamming,  from  Line  5  of  Table  2,  a  satellite  power  of  0.27  watts  nominal 
and  1.9  watts  worst  case  is  required  to  obtain  Q  =  100  (C/Nq  =  20  dB/Hz). 

The  curves  in  Figure  14  are  asymptotic  to  these  values  of  transmitter  power. 

Figure  15  relates  the  received  jamming  power,  J,  to  three  jamming  threats. 

The  received  janming  powers  are  indicated  for  a  25  watt  satellite  transmitter 
at  L^  for  the  P-signal. 

It  should  be  noted  that  improved  jamming  protection  can  be  obtained  by  de¬ 
creasing  B  •  Techniques  for  doing  this  require  more  complex  user  equipments, 

L 

however . 


RECEIVED  JAMMING  POWER  -  dBW 
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Figure  14  Required  Satellite  Transmitter  Power  vs.  Jamming  Threat 
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GPS  LINK  ANALYSIS 


1.0  SCOPE 

This  report  presents  the  RF  link  analysis  for  the  PRN  ranging  signals  for  the 
GPS.  In  addition,  in  Section  5,  the  link  budgets  for  the  S-Band  TT&C  (SGLS) 
are  presented. 

The  objective  of  the  analysis  is  to  determine  satellite,  user,  and  ground 
terminal  transmitted  power  (EIRP)  and  receiver  sensitivity  specifications 
which  will  meet  the  objectives  of  the  GPS.  These  parameters  will  be  used 
in  specifying  the  interface  between  the  control,  satellite,  and  user  segments. 

Key  issues  which  will  be  addressed  in  this  report  are: 

1.  What  margin  shall  be  included  in  the  link  budget? 

2.  How  shall  the  available  satellite  transmitter  power  be  distributed 
between  the  C/A  and  ?-signals,  and  between  the  L^  and  L^  band? 

2.0  LINK  BUDGETS  FOR  Lj  AND  ^ 

Tables  1  through  4  present  link  budgets  for  the  GPS  PRN  signals.  In  these 
tables  a  most  probable  value  of  each  item  is  calculated  or  estimated  as 
described  in  the  comments  following  each  table.  We  also  calculate  or 
estimate  a  worst  case  tolerance  for  each  item.  The  statistics  of  these 
tolerances  are  not  generally  precisely  known  but  we  attempt  to  estimate 
them  such  that  the  probability  of  the  parameter  exceeding  the  worst  case 
value  is  small  (i.e.,  5%). 

In  the  computation  of  received  signal  power  or  C/N  ,  a  worst  case  tolerance 

o 

is  derived  by  simply  adding  arithmetically  the  worst  case  tolerances  of  each 
of  the  individual  parameters.  The  resultant  worst  case  tolerance  is  the  link 
margin.  The  tolerances  aren't  computed  as  the  RMS  sum  of  the  individual 
tolerances  because  the  tolerances  aren't  necessarily  independent.  To  be 
conservative,  the  arithmetic  sum  is  used.  Therefore,  the  probability 
of  exceeding  the  total  margin  should  be  quite  small. 
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The  link  budgets  are  presented  with  the  satellite  transmitter  power,  P,  carried 
as  an  unknown.  In  Tables  2  and  4,  a  value  is  derived  for  P  which  will  be 
sufficient  to  generate  the  required  C/Nq  (carrler-to-noise  power  density  ratio 
at  the  receiver  input) ,  plus  the  sum  of  worst  case  tolerances.  Thus  the  link 
is  designed  with  a  margin  equal  to  the  sum  of  the  worst  case  tolerances. 

The  link  budgets  presented  in  Tables  1  and  3  are  for  a  user-to-satellite 
elevation  angle  of  10  degrees.  An  allowance  is  provided  (Line  9)  for  the 

satellite  at  a  5  degree  elevation.  A  10  degree  elevation  was  selected  for  the 
nominal  lime  because:  (1)  elevation  angles  will  generally  be  low,  less  than 
30  degrees  50%  of  the  time,  (2)  performance  below  10  degrees  will  generally 
be  poor,  due  to  poor  user  antenna  performance,  multipath  interference  from 
nearby  structures,  and  increased  propagation  loss. 

Figure  1  shows  how  the  C/Nq  varies  with  elevation  angle.  The  top  curve  shows 
the  effect  of  increased  path  loss  (due  to  increased  slant  range,  and  reduction 
in  satellite  antenna  gain  toward  tl»_  user  as  the  satellite-to-user  path  moves 
off  the  antenna  axis,  The  lower  curve  includes  a  3  dB  user  antenna  gain 
variation  (0  dB  overhead  to  -3  dB  at  5  degree  elevation).  The  lower  curve  is 
also  displaced  by  the  sum  of  worst  case  tolerances. 

Table  1  provides  the  budget  for  the  satel'iite-to-user  link  at  L^.  Table  3 
provides  the  same  thing  at  1.^.  Given  a  value  for  P,  the  satellite  transmitter 
pewer,  the  satellite  EIPP  (Line  6),  and  the  received  signal  power  at  the  user 
(Line  10)  arc  specified.  These  two  parameters  are  sufficient  to  specify  the 
satellite  and  user  segments  of  the  RF  link. 

(Strictly  speaking,  the  satellite  EIRP  shoulu  be  specified  as  a  function  of  the 
angle  off  the  earth  vertical  since  a  1.94  dB  variation  in  path  loss  exists 
between  a  user  at  ^0°  elevaiior  and  a  user  at  5°  elevation.  See  Appendix  A.) 

Tables  2  and  4  contain  the  uner  receiver  portion  oi  the  link  budgets  at  L^ 
and  L2-  Separate  C/Nq  requirements  exist  for  data  reception,  range  measure¬ 
ment,  and  signal  acquisition.  The  signal  acquisition  requirement  applies  only  to 
the  C/A  signal  . 
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TABLE  1 


REFERENCE  LINK  FOR  PRN  RANGING  SIGNAL  AT  L, 


Satellite  Elevation  Angle  -  10 


ITEM 

NOMINAL 

WORST  CASE 

TOLERANCE 

1. 

Satellite 

RF  Transmit  Power  (dBW) 

P 

-1.0 

2. 

Satellite 

Line  Losses  (dB) 

-0.5 

-0.4 

3. 

Satellite 

BPF  Correlation  Loss  (dB) 

-0.3 

-0.3 

4. 

Satelli te 

Antenna  Gain  Toward  User  (dB) 

12.4 

-0.5 

3. 

Satellite 

Antenna  Polarisation  Loss  (dB) 

-0,1 

-0,1 

b . 

Satelli te 

EIRP  (dBW) 

P-11,5 

-2.3 

7. 

Path  Loss 

(f  =  1575  MHz)  (dB) 

-184.3 

-0.0 

8. 

Propagation  Loss  (dB) 

-2.0 

-1.0 

9. 

Tolerance 

for  5°  elevation  (dB) 

.... 

-0.3 

10. 

Received  Signal  Power  (dBW) 

P-174.8 

-3.0 

LINE 


5. 

6. 
7 . 


8. 


9. 

10. 


NOTES 


Worst  case  over  on-orbit  temperature  range  at  end-of-life. 
Design  uncertainty 


To  be  calculated 
Peak  Gain 

Half -Power  Beamwidt-h 
Aperture  Efficiency 
User  Elevation  Angle 
Antenna  Pointing  Error 


»  15.4  dB 

*  27.6  degrees 
-  55% 

*  10  degrees 

0  degree  nominal,  1  degi.ee  worst  case 
Axial  ratio  less  than  3  dB  over  satellite  antenna  i  elf-powe*-  bearawidth 
Lines  1  +  2+  3+  4  +  5 
L  -  37.8  +  20  log  F  MHz  +  20  log  R^ 

F  -  1575  MHz 

R  =  13340  NM 

Losses  due  to  scintillation  atmospheric  attenuation  and  multipath. 
Nominal  value  unknown;  2.0  dB  assumed.  3  dB  worst  case  from  SAMSO/ 
Aerospace 

Calculated  with  1°  pointing  error 

Lines  6  +  7  +  8  +  9  received  power  at  output  of  0  dB  gain  circular 
po’arized  antenna. 
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TABLE  2 


RECEIVED  POWER  REQUIREMENT  FOR  USER  RECEIVER  AT  L. 


NOMINAL 


1.  Antenna  Pointing/Polarizatlon 

Loss  -  dB 

2.  Line  Loss  -  dB 

3.  System  Noise  Power  Density  dBW/Hz 

4.  Received  Power  at  Receiver  -  dBW 

5.  Carrier/Noise  Density  -  dB/Hz 

Data  Reception 

6 .  Data  Rate  ( 50  bps) 

7-  Vo  (Pe  ■  10'5> 

8.  Demodulation  Loss 

9.  Multiple  Access  Loss  * 

10.  Required  C/No  -  dB/Hz  ** 

11.  Margin  -  Data  Reception  -  dB 

12.  Satellite  Power  -  dBW  (Margin  -  8.2  dB  ) 

13.  Minimum  Receive  Power  -  dBW 


-200,2 

P-175.8 

P+24.4 


rH 

129.8 


P-5.4 


WORST  CASE 
TOLERANCE 


13.6  (22.9W) 
-164.8 


Range  Measurement 


14.  Required  C/N  -  dB/Hz 

o 

15.  Margin  -  Range  Measurement 

16.  SatelliV  Power  -  dBW  (Margin 

17.  Minimum  Receive  Power  •  dBW 


^8) 


P-3.4 


8*7  dB) 


12.1  (16.2W) 
-166.3 


Signal  Acquisition 

18.  Required  C/Nq  -  oB/Hz  V 32. 0J 

19.  Margin  Acquisition  P-7.6 

20.  Satellite  Power  -  dBW  (Margin  -  7.1  dB) 

21.  Minimum  Receive  Power  -  dBW 

*  Value  for  C/A-Signal.  Value  for  F-Slgnal  a  0.18 
**  Value  for  P-Signal.  Value  for  P-Signal  -  28.3  dB-H* 


15.3  (33.9) 
-163.1 
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TABLE  2  COM  ENTS 


LINE 

1.  Antenna  gain  is  measured  relative  to  circular  polarized  wave. 
Off-angle  pointing  loss  is  caused  by  pattern  directivity  and 
axial  ratio  variations. 

2.  Antenna  coupling  and  line  losses  between  feed  and  receiver 
preamp. 

3.  System  noise  temperature  referred  to  receiver  preamp  input. 

T  =  LTa  +  (1-L)  Tl  +  Tr 
T.  =  (F-l)  290°K 

R 

F  =  Receiver  noise  figure  (including  bandpass  filter 
and  noise  contribution  of  preamp  and  subsequent 
stages) 

T  ■  130°K  -  A  conservative  estimate  of  antenna 

A 

temperature  of  hemispheric  beam  looking  upward 
with  some  radiation  from  earth  coming  in  via 
sidelobes.  (More  data  needed  on  this.) 

L  *  -1.0  dB  =  0.8  nominal 

-1.5  dB  =  0.7  worst  case 

290°K  =  temperature  of  antenna  coupling 

circuit  and  line. 

F  *  d.!3  dB  nominal 

■  0.0  dB  worst  case 

Receiver  Noise  Density  **  N 

o 

N  -  KT 

o 

K  -  -228.6  dBW/Hz  -  °K 

•'*.  Lire  10  of  Table  1,  plus  Lines  1  and  2  of  Table  2. 

b.  Line  A  -  Line  3 

7.  Direct  Carrier  Bi-Phase  Modulation  (PSK)  with  differential  encoding 

8.  Includes  losses  due  to  carrier  and  bit  sync  jitter,  plus 
filter  detector  mismatch  and  tau-dither  loss  of  1.3  dB. 

9.  See  signal  structure  analysis.  (Correlation  loss  caused 

by  receiver  negligible  as  RF  band  limiting  is  done  in  satellite. 

See  Lina  3  of  Table  1.) 
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table  2  COMMENTS  (Continued) 


LINE 

10.  Lines  6  +  7  +  8  +  9 

11.  Line  5  -  Line  10 

12.  P-5.4  =  +8.2 

13.  Line  10  of  Table  1  with  P  =  13.6  dBW 

14.  For  P-Signal:  f  =  5ft  with  4g's  acceleration 

15.  Line  5  -  line  14 

16.  P  -  3.4  =  8.7 

17.  Line  10  of  Table  1  with  P  ~  12.1  dBW 

18.  Based  on  C/A-code  acquisition  time  =  50  sec.  with  90%  probability  and  two 
acquisition  circuits. 

See  Report  No.  1  of  this  volume  resulting  time-to-first  fix.  (TTTF) 

19.  Line  5  -  Line  18 

20.  P  -  7.6  =  7.7 

21.  Line  10  of  Table  1  with  P  =  15.3  dBW 
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TABLE  3 


REFERENCE  LINK  FOR  PRN  RANGING  SIGNAL  AT  L2 

o 

User  Elevation  Angle  =  10 


ITEM 

NOMINAL 

WORST  CASE 
TOLERANCE 

1. 

Satellite 

RF  Transmit  Power  (dBW) 

P 

-1.0 

2. 

Satellite 

Line  Losses  (dB) 

-0.5 

-0.4 

3. 

Satellite 

BPF  Correlation  Loss  (dB) 

-0.3 

-0.3 

4 , 

Satellite 

Antenna  Gain  Toward  User 

(dB)  10.9 

-0.2 

5. 

Satellite 

Antenna  Polarization  Loss 

(dB)  -0.1 

-0.1 

6 , 

Satellite 

EIRP  (dBW) 

?  +10.0 

-2.0 

7. 

Path  Loss 

(f  -  1232.5  MHz) 

-182.1 

-0.0 

8. 

Propagation  Loss  (dB) 

-2.0 

-1.0 

9. 

Tolerance 

0 

for  5  Elevation  (dB) 

.... 

-0.3 

10. 

Received  : 

Signal  Power  (dBW) 

P-174.1 

-3.3 
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TABLE  3  CLIENTS 


LINE 

1. 

2. 

3. 

4. 


5. 

6. 

7. 

8. 

9. 

10. 


Same  as  Table  1 
Same  as  Table'  1 
Same  as  Table  1 

Peak  Gain  *  15.4  -  20  log 
=  15.4  -  2.2  * 


(• 


1575 


1232.5 
13.2  dB 


User  Elevation  Angle 


10 


O  O 

Antenna  Pointing  Error  *•  0  nominal,  1  worst  case 


Same  as  Table  1 
Same  as  Table  1 


L  *  Space  Loss  at  L^  -  20  log 


Same  as  Table  1 
Same  as  Table  1 
Same  as  Table  1 


(  _L575_\ 
\  1232.5  J 
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TABLE  4 


RECEIVED  POWER  REQUIREMENT  FOR  USER  RECEIVER  AT  L, 


ITEM 

NOMINAL 

WORST  CASE 
TOLERANCE 

1.  Same  as  Table  2 

2.  Same  as  Table  2 

3.  Same  as  Table  2 

4.  Received  Power  at  Receiver  -  dBW 

P  -175.1 

-6.8 

5.  Carrier /Noise  Density  -  dB/Hz 

Data  Reception 

6.  Same  as  Table  2 

7.  Same  as  Table  2 

8.  Same  as  Table  2 

9.  Same  as  Table  2 

P  +  25.1 

-7.4 

10.  Required  C/N  -  dB/Hz 
o 

28.8 

+0.5 

11.  Margin  -  Data  Reception 

P  -3.7 

-7.9 

12.  Satellite  Power  -  dBW  (Margin  *>  7.9  dB) 

13.  Minimum  Receive  Signal  Power  -  dBW 

• 

11.6(14.5W) 

-165.8 

Range  Measurement 

14.  Required  g7Nq  -  dB/Hz 

27.8 

-1.0 

15.  Margin  -  Range  Measurement 

16.  Satellite  Power  -  dBW  (Margin  =  8.4  dB) 

17.  Minimum  Receive  Signal  Power  -  dBW 

P  -2.7 

11. 1(12. 9W) 

-166 .3 

-8.4 
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LINE 


TABLE  4  COMMENTS 


4. 

Line  10 

of  Table  3,  plus  Lines  1 

and  2 

(Table  2) 

5. 

Line  4 

-  Line  3 

10. 

From  Line  10  of  Table  2 

11. 

Line  5 

-  Line  10 

12. 

P  -  4.7 

=  7.9 

13. 

Line  10 

of  Table  3  with  P  =  12.6 

dew 

14. 

Same  as 

Line  14  of  Table  2 

15. 

Line  5 

-  Line  14 

16. 

P-2.7  : 

=  8.4 

17. 

Line  10 

of  Table  3  with  P  =  11. 

1  dBW 
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Finally,  a  value  for  required  satellite  transmitter  power  and  receive  signal 
power  is  derived  for  each  case.  The  case  requiring  the  maximum  satellite  power 
is  the  controlling  requirement  used  in  specifying  the  link.  These  results  are 
summarized  in  Table  5.  Note  that  the  satellite  power  requirements  are  based 
upon  Table  5,  a  total  of  69.7  watts  of  RF  power  must  be  generated  by  the  satellite 
to  perform  the  and  L 2  functions. 

3.0  COMPARISON  WITH  G^S  SPECIFICATIONS 

Table  6  presents  a  comparison  of  the  required  minimum  receive  signal  levels 
to  meet  the  desired  performance  and  the  received  signal  levels  from  the  GPS 
specification  document  SS-GPS-10LA,  dated  29  January  1974.  Note  that  in  all 
cases  the  required  minimum  levels  are  below  the  specified  levels.  Table  7 
presents  the  resulting  performance  of  a  user  receiver  at  the  GPS  specification 
levels.  Alternatively,  the  performance  of  the  user  equipment  could  be  degraded 
by  the  amount  shown  under  "excess  margin"  in  Table  6  to  reduce  user  equipment  cost. 

4.0  ALTERNATIVE  DATA  RATES 

Given  the  GPS  minimum  received  signal  powers  specified  levels  shown  in  Table  7, 
a  data  rate  of  166.6  bps  can  be  supported  over  the  C/A  signal  channel.  The 
advantage  of  the  higher  data  rate  is  a  significant  reduction  in  acquisition 
time  and  a  greater  capacity  to  handle  special  data  messages,  such  as  remote 
rekeying  data.  Furthermore,  the  need  for  Manchester  coding  to  resolve  ambiguities 
is  eliminated.  Comparing  line  21  of  Table  1  with  the  first  line  of  Table  7, 
we  note,  an  increase  in  received  signal  povvr  of  3.1  dB.  This  increase  leads 
to  an  increase  of  required  C/N^  to  35.1  dB-Hz  (line  18  of  Table  2  plus  3.1  d3) . 

An  increase  of  data  rate  from  50  bps  to  166.6  bps  increases  the  required  C/N 

o 

for  data  reception  from  29.8  dB-Hz  to  35.0  dB-Hz  (line  10  of  Table  2).  These 
numbers  apply  to  the  C/A  signal. 
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TABLE-  6  -  COMPARISON  OF  RECEIVED  SIGNAL  LEVEL  REQUIREMENTS 


LINK 

REQUIRED  MINIMUM 

RECEIVE  SIGNAL  LEVELS 
(dBW) 

RECEIVE  SIGNAL  LEVELS 
FROM  GPS  SYSTEM  SPEC.  I 
(dB) 

EXCESS 

MARGIN 

(dB) 

A 

-163.1 

-160.0 

+3.  i 

Li-P 

-164.8 

-163.0 

+1.8 

l2 

-166.3 

-166.0 

+0.3 

TABLE  7  -  PERFORMANCE  AT  GPS  SPECIFICATION 
RECEIVED  SIGNAL  LEVELS 


LINK  RECEIVED  SIGNAL  LEVELS  PERFORMANCE 

FROM  GPS  SPEC.  (dBW) 


L  -  C/A  -160.0  (a)  CODE  ACQ.  TIME  —  50  sec  with 

1  single  acqui¬ 

sition  circuit 

(b)  CODE  ACQ.  TIME  ~  25  sec  with 

dual  acqui¬ 
sition  circuit 

-7 

Lx  -  P  -163.0  BIT  ERROR  R/”E  Of  10  at  50  bps 

l  -  P  -166.0  If*  RANGE  ERROR  2J  5  feet 


The  data  rate  for  the  P-signal  might  be  reduced  to  10  bps.  This  would  reduce 

the  required  C/N^  from  28.8  dB-Hz  (0  50  bps)  to  2.1.8  dB-Hz  (line  10  of  Table  2). 

This  reduction  in  C/Nq  is  advantageous  when  operating  in  a  jamming  environment. 

In  Section  5,  Report  1  of  Lhis  volume,  the  P-signal  jamming  performance  was 

estimated  on  the  basis  of  a  C/N  =  20  dB-Hz  threshold.  At  10  bps,  a  bit  error 
-3  ° 

probability  of  10  is  achievable  at  this  threshold,  which  still  may  be  adequate 
for  useful  navigation  data  transmission.  Another  advantage  of  10  bps  is  the 
reduction  in  spectrum  width  (after  code  decorrelation)  permits  a  narrower  IF 
bandwidth  which  improves  the  jamming  performance  of  some  types  of  receivers. 
These  alternative  data  rates  should  be  investigated  further. 
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Th*  GPS  satellite  will  receive  and  transmit  S-band  SGLS  compatible  command, 
ta  lama  try,  and  ranging  support  *icom  tha  Remote  Tracking  Stationa  (RTS)  of 
tha  SCF  network.  This  aaction  calculates  performance  ao  that  satellite 
characteristics  can  be  defined  which  will  meat  syetam  specifications. 

Table  8  presents  the  TT  and  C  requirements.  Downlink  margin  may  have  two 
values  45  interpreted  by  Philco  Ford;  6  dB  over  the  27°  earth  coverage 
angle  and  0  dB  over  the  remainder  of  tha  sphere  in  the  event  the  satellite 
is  not  in  stable  orbit.  Other  values  in  the  table  era  self-explanatory. 

In  all  the  calculations  that  follow  it  is  assumed  that  only  one  baseband 
function  occurs  at  a  time.  For  example,  command  and  ranging  or  telemetry 
and  ranging  will  not  occur  simultaneously. 

TABLE  e 

TT  AND  C  REQUIREMENTS 


Item 

Uplink 

Downlink 

Information 

e  Housekeeping  Commands 

e  Housekeeping  Telemetry 

e  Navigation  Updates 

e  Navigation  Update 

e  Ranging 

Verification 

a  Ranging 

Data 

e  3  Tone  FSK  -  1000  b/s 

e  1.024  MHs  Subcarrier  - 

e  1  Mb/s  Ranging  Code 

250  b/s 

e  1  Mb/s  Ranging  Code 

Performance 

e  Pe  -  10“5 

a  P.  -  10"5 

e  cr  ■  60  feet 

e  cr  •  60  feat 

RF  Power  (RTS) 

e  1000  watts 

Not  applicable 

Antenna  (RTS) 

e  15  feet  (Tx) 

a  15  feat  (Rx) 

Margin 

e  6  dB 

e  6  dB  -  over  27°  coverage 

e  0  dB  -  remainder  of  spha: 

Minimum  Elevation 

e  5  degrees 

e  5  degrees 

Angle 
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Figure  2  presents  a  summary  of  the  link  performance.  The  uplink  command  and 
rangin'  are  transmitting  individually  from  the  15  foot  RTS  with  1  kilowatt  of 
FJF  power.  A  minimum  margin  of  9.5  dB  results,  which  more  than  ratisfies  the 
specification.  In  an  emergency  mode  where  the  satellite  attitude  may  not  be 
stable,  antenna  gain  is  reduced  to  -6  dB,  thus  reducing  margin  to  approximately 
3  dB  If  6  dB  of  margin  (under  all  conditions)  were  a  firm  requirement,  the  RTS 
transmitter  power  could  be  raised  to  2000  watts.  The  downlink  telemetry  and 
ranging  are  transmitted  individually  from  the  satellite  l  watt  power  amplifier. 
When  the  satellite  is  performing  its  navigation  mission,  a  6  dB  margin  results 
in  a  27°  cone  covering  the  earth  (0  dB  satellite  antenna  gain).  In  an  emergency 
mode,  the  margin  reduces  to  approximately  0  dB  as  specified  (-6  dB  satellite 
gain) . 

Table  9  presents  the  uplink  SGLS  S-band  calculation  for  both  the  Nadir  point: 
and  5°  elevation  angle.  The  calculations  show  that  the  command  data  is  the 
restraining  link,  but  even  that  provides  9.5  d3  margin  with  a  0  dB  satellite 
antenna.  Before  satellite  antenna  requirements  are  considered,  the  downlink 
should  be  presented.  Table  10  shows  that  the  telemetry  (250  bps)  is  the 
constraining  downlink  factor  and  provides  6.2  dB  margin  with  a  1  watt  RF  power 
amplifier  and  a  0  dB  satellite  antenna  gain  (over  27°  coverage).  Since  only 
0  dB  margin  is  required  outside  27°,  a  -6.2  dF  antenna  gain  is  necessary  over 
that  region. 
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2  Command  and  Telemetry  Link 


TABLE  9 


UPLINK  SGLS  S-BAND  CALCULATION  (1700  MHz) 


Nadir  Point 

5°  Elevation 

Transmitter  Power  (dBm) 

60.0 

60.0 

VSWR  Loss 

-0.8 

-0.8 

Line  Loss 

-0.9 

-0.9 

Rotary  Joint  Losses 

-0.2 

-0.2 

Redone  Loss 

-0.7 

-0.7 

Antenna  Gain  (15') 

+35.5 

+35.5 

EIRP  (dBm) 

92.9 

92.9 

Tx  Point  Error  (dB) 

-0.1 

-0.1 

Path  Loss  (dB) 

-183.6 

-135.6 

Polarization  (AR  *  2) 

-0.3 

-0.3 

Atmospheric  Loss  (dB) 

-0.4 

-0.4 

Rg  Antenna  Gain  (dB) 

0.0 

0.0 

Rx  Line  (dB) 

-0.5 

-0.5 

Rx  Coupler  Loss  (dB) 

-4.5 

-4.5 

Rx  Power  (dBm) 

-98.3 

-100.3 

Rx  Noise  Density  (dBm/Hz) 

-162.3 

-162.3 

Rx  C/Nq  (dB/Hz) 

+65.8 

+63.8 

Data 

Required  E/NQ  (Pe  -  10’5)  (dB) 

20.1 

20.1 

Data  Rate  (1000  b/s) 

30.0 

30.0 

Modulation  Lose  -  1.0  Radian  (dB) 

4.2 

4.2 

Required  C/Nfl  (dB/Hz) 

54.3 

54.3 

Margin  (dB) 

+11.5 

+9.5 

*«hgin& 

Required  S/N0  (dB/Hz) 

26.6 

26.6 

Modulation  Loss  (0.3  Radian)  (dB) 

11.5 

11.5 

Required  C/N0  (dB/Hz) 

38.1 

38.1 

Margin  (dB) 

27.7 

25.7 
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TABLE  10 

DOWNLINK  SGLS  S-BAND  CALCULATION  (2250  KHz) 

t#r  _ Carrier  1(1) 

HAdir  fgjpt 
PCM/ PS K/ PM 
22.50 


Paraae  ter 

Modulation 

Frequency  (MHz) 

Spacecraft  Transmit  Power 
(dBm)  2  Watts 

Transmit  Line  Losses  (dB) 

Satellite  Diplexer  Loss  (d£) 

Satellite  Tx  Antenna  Gain  (dB) 

Satellite  EIRP  (dBm) 

Polarization  Loss  (dB) 

(AR  -  2.5  dB) 

Atmospheric  Losses  at  5°  (dB) 

Path  Loss  -  10,925  n.mi. 

Altitude  (dB) 

Terminal  Antenna  Gain  -  15*  (dB) 

Terminal  Line  Loss  (dB) 

Total  Rec'd  Power  (dBm) _ 

Terminal  System  Noise  Temp  (°K) 

Noise  Spectral  Density  (dBm/Hz) 

Rx  Power/Noise  Spectral  Density 
(dB/Ht) 


5°  Elevation 
PCM/PSK/PM 
22.50 
33.0 


-0.4 

-185.4 

34.0 

-0.4 

-124,0 

400 

-172.6 

48.6 


-0.4 

-187.4 

34.0 

-0.4 

-126.0 

500 

-171.6 

45.6 


Carrier 

Sub- 

Carrier 

Carrier 

Sub- 

Carrier 

Ranfcingfc) 

17. 

Modulation  Loss  (dB)  <19  »  1.4  Rad., 

-4.9 

-2.3 

-4.9 

-2.3 

-2.4 

1.0  Rad.  Ranging 

18. 

Bandwidth  or  Data  Rate  (kHz  or  Kbps) 

0.20 

0.25 

0.20 

0.25 

— 

19. 

Rx  S/N  or  K/N0  (dB) 

20.7 

22.3 

17.7 

19.3 

43.2 

20. 

Req'd.  Theoretical  S/N  or 

10.0 

9.6 

’.0.0 

9.6 

26.6 

E/N0  (dB)  Pe  -  10*5 

21. 

Degradation  from  Theoretical  (dB) 

0 

3.5 

0 

3.5 

0 

22. 

Req'd.  S/N  or  E/NQ  (dB) 

10.0 

13.1 

10.0 

13.1 

26.6 

23. 

Margin  (dB) 

10.7 

9.2 

7.7 

6.2 

16.6 

(1)  Data  on  1.024  MHz  subcarrier 

(2)  Ranging  and  telemetry  not  simultaneous 
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APPENDIX  A 


GEOMETRY  CONSIDERATIONS  FOR  GPS 


This  appendix  calculaces  the  variation  In  path  lose  and  satellite  antenna 
gain  as  a  function  of  user  elevation  angle  and  satellite  look  angle.  Also 
calculated  is  the  area  coverage  ratio  as  a  function  of  the  angles.  Since 
both  angles  are  functions  of  the  earth  central  angle,  it  is  convenient  to 
use  it  as  the  variable.  The  geometry  is  presented  in  Figure  A-l.  Slant 

coeines  as; 

A-l 

A-l.  Satellite  look  rngle  and 


P  «  90  -0<-  Q  A-3 


range,  S,  may  be  expressed  from  the  law  of 

S  -  |(R+h)2  +  R2  -  2R  (R+h)  cos  oj  ^ 

where  the  parameters  are  defined  in  Figure 
user  elevation  angle  can  be  calculated  as; 


Ur^ng  equations  A-l  to  A-3  a  and  /?  can  be  calculated  as  a  function  of  9. 
These  relations  are  expressed  in  Figure  A-2(a). 

The  "ariation  in  path  loss  from  zenith  can  be  written  as; 

-  -20  log  ^  S  +  20  log^  h  A-4 

Likewise,  the  variation  in  satellite  antenna  gain  from  zenith  can  be 
written  as; 


where ; 

.  ■  half  power  beamwidth  s  that  angle  when  ■  5° 

J  QO 

<  -  pointing  e*ror  s  1  degree 
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„,x„g  e, nation.  A-l  through  A-5  differencial  spec  loa.  and 

gain  have  been  calculated  and  are  presented  in  Figure  A-2(b>.  The  sum  o 

noth  effect,  i.  pre.en.ed  in  Figure  .-2(c).  Also  presented  in  the  la.t 

figure  i.  the  are.  coverage  ratio,  which  axpr.s.es  the  percentage  of  the 

ere.  covered  at  5°  elevation  angle.  Note  that  it  is  plotted  a.  a  function 

of  earth  central  angle  which  can  be  converted  to  a  or  f  with  the  us.  of  Figure 

A-2(a).  The  expression  for  the  area  coverage  ratio  is  simply; 

A  1  -  cos  8  A-t> 

*TdH  "  1  •  C°*  *  3  dB 

The  printout,  for  the  curve,  presented  in  Figure  2  are  given  for  reference 
in  Tablet  A-l  and  A-2. 


To  determine  space 


loss  as  a  function  of  elevation  angle,  use  the  relation: 


where 


L  =  I.  +AL 
o 


L  =  20  log  47rR 


•v  c 

X 


0.9836  x  !09  ft/sec  (velocity  of  light) 


R  =  10,902  ran  x  6076  ft/nm 


L  *  -182.50  dB  for  f  =  1575  MHz 
o 


l  =  -180.35  dB  for  f  ■  1230  MHz 


AL  given  in  Tables  A-l  and  A-2 
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Differential  Space  Loss  plus 


PHILCO 


Philco-Fof  d  Corporation 
Wailarn  Oavalopmant  Laboratory  DMaion 


(L  +  C-)  and  Area  versus  Central  Angle 


tabu:  a-i  pri 


THETA 

DEG 

S 

ALPHA 

DEG 

BETA 

DEG 

0. 

10902. 

0. 

90.00 

5*000 

10919. 

1  .57 

83.43 

10*000 

10971  . 

3.12 

7  5*88 

15.000 

11055. 

4.62 

70.38 

20.000 

11172. 

6*05 

63.95 

25.000 

11318. 

7.38 

57.62 

30.000 

11492. 

8.61 

51.39 

35*000 

1 1  692  . 

9.72 

45*28 

40 .000 

11914. 

10.70 

39.30 

45*000 

12155. 

11  .54 

33*46 

50 .000 

12414. 

12.26 

27.74 

55.000 

12686. 

12.83 

2247 

60.000 

12969. 

13.28 

16.72 

65  *000 

13260. 

13.60 

11.40 

MM  7. 

70.000 

13556* 

13.80 

6*20 

71  .176 

13627. 

13.82 

5.00 

trroux  e  =  o° 


L 

G 

A/A2 

L+G 

DB 

DB 

DD 

o. 

0. 

0.0000 

o. 

-0.01 

•*0.04 

0.0056 

-0.0£ 

-0.05 

i 

o 

• 

Ut 

0.0224 

-0.21 

-0.12 

-0.34 

0.0503 

-0.4fe 

i 

o 

. 

CO 

*-• 

-0.58 

0.0890 

-0.79 

-0.33 

-0  .86 

0*1383 

-1  .Id 

-0.46 

-1  .17 

0.1978 

—1  *  6  ■*' 

• 

o 

1 

-1  .49 

0.2670 

-2.09 

-0.77 

-1.80 

0.3454 

-2.57 

-0.95 

-2.10 

0.4324 

-3.04 

-i  .13 

-2.37 

0.5274 

-3.49 

-1  .32 

-2.59 

0*6296 

-3.91 

-l  .51 

-2.78 

0.7382 

-4.29 

-1  .70 

-2.91 

0.8524 

-4.61 

-/.rr 

-i.f* 

* .  rrif 

m¥*ff 

-1  .89 

-3.00 

0*9714 

-4.89 

-l  .94 

-3.01 

1 .0000 

-4.95 
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TABLE  A -2  PRINTOUT  e  -  l 


THETA 

S 

ALPHA 

BETA 

DEG 

DEG 

DFG 

a. 

10900. 

0. 

90.00 

5*000 

10919. 

1  .57 

83.43 

10.000 

10971  . 

3.10 

76.88 

15.000 

11055. 

4.60 

70.33 

eo.ooo 

1*172. 

6.05 

63*95 

05.COO 

11318. 

7.38 

57.62 

30.000 

11498. 

8.61 

51  .39 

35.000 

1 1 692  . 

• 

CO 

45.03 

40.000 

11914. 

10.70 

39.30 

45.000 

1c 155  • 

i>  .  *54 

33.46 

50.000 

10414. 

10.06 

27.74 

SB *000 

10686. 

18.33 

28.17 

60.000 

12969. 

13.08 

1  6.7£ 

65.000 

(4.  $09 

132  60. 

13.60 

1  J./4 

11.40 

*Y 

VO. 000 

13556* 

13.80 

6*80 

71 .176 

13607. 

13*80 

5*00 

L 

G 

A  /AS 

L+G 

DB 

DB 

DB 

0. 

-0.00 

0.0000 

-0*08 

-o.oi 

-0.10 

0.0056 

01 

. 

O 

1 

-0.Q5 

-0.87 

0*0884 

-0.32 

-0.12 

-0  e  50 

0.0503 

-0*62 

-0.21 

-0.78 

0.0890 

-0.99 

-0.33 

-1  .11 

0.1333 

-1  .43 

-0.46 

-1 

0*1978 

-1.91 

-0.61 

-1  .81 

0.8670 

-8.42 

-0.77 

-8.15 

0.3454 

-2.93 

-0.95 

-2.48 

0.4384 

-3.42 

-1  *13 

-8.77 

0*5274 

-3.90 

-1  .30 

-3.01 

0.6896 

-4.33 

-1  .51 

-3.81 

0.7388 

-4*78 

-1  .70 

-i.ir 

-3.36 

-htl 

0.8584 

<mw 

-1  .89 

-3.45 

0*9714 

-5-34 

-1  .94 

-3  *46 

1 .0000 

-5.40 
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MODELING  STABLE  CLOCKS  IN  THE  GPS 


1.0  SCOPE 


The  Global  Positioning  System  operates  on  the  ability  of  a  user  to  deter¬ 
mine  time  of  arrival  (or  time  differences)  of  ranging  signals  to  a  high  degree 
of  accuracy.  These  signals  originating  from  medium  altitude  satellites  and 
controlled  by  stable  clocks  are  monitored  at  numerous  locations.  The  monitor¬ 
ing  locations  use  these  signals  for  many  purposes  including  determination  of 
ephemeris  and  update  of  the  due  between  satellites  in  the  system.  Figure  1 
shows  a  simple  block  diagram  or  the  timing  system.  From  this  figure  it  can  be 
seen  that  for  some  period  of  time  the  satellite  clocks  are  in  operation 
independent  of  the  ground  and  each  other. 


Ileal  timing  systems  for  this  application  (and  many  others)  would  then  be 
a  set  of  clocks  on  the  ground  and  in  the  satellites  which  would  never  change 
time  relative  to  each  other.  However,  no  clocks  exist  which  do  not  exhibit  time 
change  from  each  other  a  a  function  of  time.  We  will  define  this  time  differ¬ 
ence  as  time  dispersion.  Time  dispersion  is  simply  the  time  change  between 
some  clock  i  and  the  perfect  clock  and  is  expressed  in  equation  1. 


T±(tJ 


(1) 


It  is  T  (t)  which  we  will  model  and  attempt  to  predict  for  some  time  At 
i 

between  updates.  If  we  assume  a  master  timing  reference  or  primary  standard 
located  at  the  master  station,  then  the  problem  summarizes  to  predicting  the 
behavior  of  all  clocks  in  the  system  (satellites,  monitor  stations,  SCF,  etc.) 
relative  to  this  primary  standard. 


The  clock  model  to  the  user  for  prediction  of  time  dispersion  is  T. .(t) 

T  (t  )  ■+  [R  (t .  )  f  R.  .  (t)l  x  (t-t)  +  h  D.  .  x  (t-t  )fc. 
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Figure  1  Clock  Timing  Problem 
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In  this  expression  T  (t  ),  Rft  )andD..(t  )  are  the  time  offset,  rate  offset 

ij  o  ij  o  ij  o  A 

and  rate  drift  offset  respectively  of  clock  i  relative  to  clock  j.  R..(t)  is 

1 J  ,  /[r  ;v‘  ). 

the  optimum  estimate  of  the  residual  of  the  measured  frequaicy  offset  and  the  rtf? 
estimated  frequency  offset  at  time  t.  This  estimate  is  a  result  of  recursive 
algorithm  (exponential)  weighting  the  old  residuals  to  present  residuals 
The  weighting  of  the  recursive  filter  is  chosen  to  be  optimized 
for  the  flicker  noise  FM  process  of  the  clocks  and  the  desired 

prediction  time.  The  prediction  process  (Fig.  4)  summarizes  to;  a  least  squares 
fit  to  the  frequency  data  to  obtain  an  initial  estimate  of  R  and  and 
following  this  a  recursive  filtering  of  the  residuals  to  optimize  the  estimate 


of  R^  in  the  presences  of  white  and  flicker  noise  FM. 


1  r  f  ‘ 

t*  “'-W' 


It  is  possible  that  the  functions  described  in^tbis  paper  and  shown  in 
Figure  4  could  be  assumed  by  avCarlson  Triangular  filler,  algorithm.  However, 
caution  should  be  exercized  in  applying  this  algorithm  in  that  long  term 
measurements  of  clock  bia will  >e  polluted  to  predominantly  by  flicker  noise 
FM  not  white  noise.  Thus,  any  application  of  the  Carlson  triangular  filter 
which  depends  on  white  noise  statistics  at  the  input  could  be  distorted  due 
to  the  flicker  noise. 


r 

/  > 
j  t  t  '•  <  <✓*  * 

t7 <S* 


-r  , 


The  purpose  of  this  memo  will  be  to  describe  the  reasons  for  time  dis¬ 
persion  in  ultra  stable  clocks  and  techniques  for  modelling  this  time  dis¬ 
persion  and,  thus,  predicting  T^(t)  for  some  future  time  period.  We  will  also 
discuss  some  laboratory  measurements  performed,  using  tvo  rubidium  standards 
and  the  results  of  modelling  this  data  and  predicting  their  time  dispersion. 
Lastly,  we  will  discuss  the  sensitivity  of  the  prediction  algorithm  to  the 
update  interval  and  the  effects  any  updating  mechanism  applied  to  the  satellite 
clock,  would  have  on  the  prediction  algorithm. 


3-3 


■,  'rtf'#? 


PHILC3  *£» 

Pftilco-Ford  Corporation 
Wi-Vn  Dovoiopmont  Laboratorioa  Division 


I 


2.0  CAUSES  OF  TIME  DISPERSION 

The  basic  causes  of  time  dispersion  between  stable  clocks  are  listed  below 

a.  Synchronization  errors  (time  offset) 

b.  Rate  error  (time  drift) 

c.  Frequency  drift 

d.  Clock  noise 

e.  Steps  in  time 

f.  Steps  in  frequency 


I 

T 


Synchronization  errors,  rate  errors  and  frequency  drift  are  all  deterministic 
properties  of  the  time  dispersion  in  clocks.  As  such,  they  are  measureable 
quantities  which  can  be  used  in  a  clock  model  to  predict  the  time  dispersion. 
Clock  noise  is  a  non-deterministic  property  of  clocks.  Since  noise  is  a  ran¬ 
dom  process,  its  effect  on  the  time  dispersion  of  the  clock  is  not  predictable.'-1 
However,  it  will  be  shown  that  by  knowing  the  properties  of  the  clock  noise,  itT 
will  be  possible  to  make  an  estimate  as  to  what  the  time  error  will  be  due  to 
the  noise.  Lastly,  it  has  been  observed  in  some  clocks  that  steps  in  time  or 
frequency  do  occur.  These  may  have  causes  internal,  or  external  to  the  clock. 
However  the  effect  is  to  change  the  deterministic  terms  of  the  time  dispersion 
model.  Techniques  exist  such  that  it  is  possible  to  detect  any  jumps  in  the 
time  and  frequency  offset  of  the  clock.  This  information  is  then  used  to 
correct  the  time  dispersion  prediction  algorithm  (Ref,  1). 


From  the  above  information,  we  can  write  a  simple  expression  for  the  time 
dispersion  between  clocks  i  and  j  as  follows: 


V° '  Tij(to> +  V'o1  5  "V +  2  Di.t  4  ('-‘o'  +  “t<'> +  y‘>  <2> 

In  this  expression,  T^it^)  is  the  time  offset  and  R^(tQ)  is  the  frequency 

offset  between  clocks  i  and  j  at  time  tQ.  (  is  the  frequency  drift  offset 

between  clocks  i  and  j,  and  u(t)  is  the  clock  noise  (Reference  1).  This 

expression  constitutes  the  basic  clock  prediction  model.  The  problem  is  to 

measure  or  determine  accurately  T. . ,  R, , ,  D. .  in  the  presence  of  n.(t)  and 

ij  ij  ij  l 


*? 
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r^(t)  to  make  some  estimate  on  the  contributions  of  n^  (t)  and  n^ (t)  to  the 
time  error  between  clocks  i  and  j.  It  is,  therefore,  necessary  to  make  some 


characterization  of  tie  clock  noise  a(t). 


Before  proceeding  to  discuss  clock  noise,  some  words  should  be  said  concerning 
the  use  of  equation  2  as  the  clock  model.  At  this  time,  this  exrTsssion 
represents  the  known  physical  behavior  for  time  error  between  clocks,  deter¬ 
ministic  and  random.  It  is  conceivable  that  long  polynomials  or  Fourier 
series  expansion  could  be  used  to  describe  clock  behavior,  the  coefficients 
of  such  expansions  being  based  on  past  measu?;ements .  However,  there  is  no 
reason  to  believe  such  a  nodel  would  accurately  predict  future  time  dispersion.  ' 
Indeed,  any  higher  order  polynomial  fit  (greater  than  degree  2)  to  accumulated 
time  error  data  would  indeed  be  attempting  to  fit  the  clock  noise,  rather  than 
the  known  deterministic  properties  of  the  clock.  Since  we  are  dealing  with 
noise,  a  deterministic  time  series  representation  of  past  data  will  bear  no 
relationship  on  future  behavior.  Thus,  our  approach  has  been  to  model  the 
deterministic  behavior  of  the  clock  and  to  obtain  an  estimation  technique  of 
time  error  for  the  various  types  of  clock  noise. 


? 


2.1  Clock  Noise 


A  clock  is  defined  as  a  device  which  counts  the  cycles  of  some  periodic 
phenomenon.  Thus  the  clock  is  a  frequency  device  and  in  determining  the 
stability  (or  instability)  of  this  device,  we  are  mainly  concerned  with  noise 
which  affects  the  frequency  of  the  clock.  Typical  types  of  noise  observed  in 
clocks  are  (a)  white  noise  FM,  (b)  flicker  r.oise  FM  and  (c)  random  walk  FM. 


At  this  point,  it  is  appropriate  to  define  one  of  the  most  accepted  measures 
of  clock  noise,  the  Allan  variance.  The  Allan  variance  T  (  )  is  a 


measure  of  the  instability  cf  rhe  clock  frequency.  It  differs  from  the  con¬ 
ventional  definition  of  variance  only  in  the  number  of  samples  used  to  cal- 
culate  the  variance.  Calculation  of  an  Allan  variance  involves  only  two  Uf ' 

measurements  of  frequency.  The  variance  is  a  function  of  the  averaging  time 
T  involved  in  the  frequency  measurement.  Since  only  two  samples  are  used  in 
the  calculation,  the  confidence  It  /el  on  the  measurement  is  low.  To  increase 
this  confidence  level  a  number  af  separate  calculations  of  Allan  variance 
are  averaged  together.  The  expression  for  this  averaged  Allan  variance 
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T  ^  —j^>is  given  in  equation  3. 


i 

:  I 


✓  v  N  /f  .  *  V 

/a2  T  (*l)  \  JLY  VjL_;ndi 

\^  T  l  *V  t?  n=I  2n 


(3) 


',7^ 


where  T  is  tne  measurement  time  of  f 


&*s 


w 


/ 


In  our  expression  fcr  time  dispersion,  we  have  defined  the  noise  term  as  phase 
noise  n(t).  As  stated  previously  the  most  often  obspdrved  noise  in  clocks  is j  ^ 
noise  on  the  frequency  of  the  clock.  Therefore,  we  will  concern  ourselves 
only  with  FM  noise  and  define  a  new  variable  y ^ ( t )  =  n^t).  (Although 

there  exists  a  contribution  to  clock  instability  from  white  noise  PM  and 
flicker  noise  PM  for  averaging  time  <  1  second,  this  contribution  is  not 
predominant.)  The  time  dispersion  contributed  bv  the  clock  noise  will  depend 
on  the  spectrum  of  this  noise.  Work  performed  at  National  Bureau  of  Standards 
principally  by  Allan  and  Barnes  has  shown  that  clock  noise  can  be  adequately 
modeled  cy  power  law  spectral  densities.  Therefore,  we  represent  the  spectral 


density  of  y^t),  Sy  (f)  by  the  following  expression. 


s  <« 


h  f°+  h  t'1  +  h  A 
o  -1  -2 


f  <  1  Hz 


(4) 


In  this  expression,  the  hfl  term  represents  white  noise  FM,  h  ^  is  the  flicker 


noise  FM,  and  h  ,  is  the  random  walk  FM.  The  hQ  term  is  directly  related  to 
physical  quantities  associated  with  the  particular  clock,  such  as  resonance 
linewidth,  signal-to-noise  ratio  of  the  detector,  etc.  The  cause  of  the  flicker 


noise  contributions  are  not  known  at  this  time,  and  evaluation  of  h  can  only 


be  made  through  direct  measurement  (Ref.  2).  Likewise,  the  random  walk  h  ^ 
term  may  be  related  to  changes  in  the  physical  environment  of  the  clock  (i.e., 
temperature,  pressure,  magnetic  field,  etc.).  A  direct  relationship  to 
physical  quantities  is  not  possible  and,  as  such,  determination  of  h  ^  must  be 
accomplished  through  measurements  of  the  clock  in  its  operational  environment. 
Equation  5  relates  the  time  domain  measure  of  instability,  the  Allan  variance, 
to  expression  4  for  the  noise  spectral  density. 


U1)  2? 


+  2h  ,  In  2  +  ^ 

- 1  b 


h  - 
'  -2 


(Reference  2) 


(5) 


l 
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This  expression  is  plotted  in  Figure  2,  and  coupled  with  Table  1,  represents 
the  typical  behavior  of  rubidium  and  cesium  standards.  Note,  since  the 
effects  of  env  ^onment  on  each  clock  will  vary  with  the  clock,  and  with  the 
particular  environment  of  operation,  it  is  not  possible  to  assign  a  value  a  priori 
for  h  ,,  and  ^2  as  shown  in  Figure  2. 

The  value  of  measurements  of  hQ,  h  ,  h  r^,  t ^  are  used  in  determining  the  proper 
estimation  algorithm  for  the  desired  prediction  period.  In  addition,  measure¬ 
ment  of  c*(t)  is  necessary  to  determine  the  time  dispersion  uncertainty  given 
a  particular  prediction  algorithm. 


TABLE  1  STABILITY  CHARACTERISTICS  OF  ATOMIC  STANDARDS 


1 

... 

— 

h 

j  2  In  (2>h_1 

.  _  °  . 

UBun  j 

Rubidium 

.n-ll,  1/2. 

«  10  (sec  ) 

-13  -12 

3  x  10  1  -  10  L 1 

15  Min.  to  1  Hr. 

Cesium 

«  3  x  10-11 

3  x  10‘U  -  3  x  ltf13 

2-5  days  to  1  Mo. 

HP  Super  Tube 

*  5  x  lO"1" 

3  x  10'U 

<  1  day 

1 _ 

,  _ _  — 

3.0  TIME  DISPERSION  PREDICTION  ALGORITHMS 

The  following  section  describes  a  technique  for  prediction  of  the  time 
dispersion  of  each  clock  in  the  GPS  system  relative  to  sane  primary  standard 
at  the  master  station.  This  algorithm  would  provide  the  user  with  a  means  to 
correct  the  error  in  his  range  difference  measurement  due  to  drift  in  the 
satellite  clocks  relative  to  some  system  time  (assumed  to  be  the  primary 
standard  at  the  master  station).  In  this  algorithm,  we  have  assumed  that  the 
user  will  have  a  clock  which  has  good  short  term  stability  over  the  time  period 
of  his  measurement.  We  are  not  considering  the  effects  of  the  long  term 
stability  of  the  user's  clock  under  the  assumption  that  the  user  will  solve 
for  system  time  from  measurements  on  a  fourth  satellite. 


Equation  (2)  models  rhe  time  dispersion  of  two  clocks  in  terms  of  their 

deterministic  and  random  components.  T.(t  ),  R.  (t  ),  D. , 

i  o  i  '  o  lj 

are  masked  by  the  clock  noise.  So,  in  essence,  we  have  a  situation 
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of  signal  detection  to  determine  T, .,  R. . ,  D, . .  The  time  dispersion  pre- 

i j  ij  i j 


diction  algorithm  then  is  simply! 


T.  .(t)  -  T,  .(-fe  )  +  R.  (t  -  t  )  xt  +  -;  D.  Xs  (Ref.  n 
ij  i  j  '*o  ij  o  i  ij  'Rer*  A/ 


(6) 


The  coefficients  of  this  expression  can  be  either  stored  with  the  users  or 
sent  to  him,  with  update.  Some  form  of  update  will  he  required  as  the 
estimate  of  those  coefficients  improves  or  as  they  change. 


The  problem  then  is  given:  we  can  make  an  initial  estimate  of  the  coef¬ 


ficients  for  equation  (6)‘  by  what  technique  do  we  better  our  estimate;  and 


what  will  be  the  optimum  estimation  (in  the  mean  square  error  sense)  for 
future  estimates  of  time  dispersion  caused  by  the  clock  noise  This  problem 
has  been  studied  extensively  by  Barnes  and  Allan  and,  although  it  can  be 
approached  by  conventional  optimal  estimation  theory  techniques,  they  have 


developed  a  near  optimum  technique  for  estimation  of  R^  in  the  presence  of 


flicker  and  white  noise  using  an  exponential  filter.  They  have  also  studied 
the  problem  using  a  linear  predictor  (which  is  optimum  forT5hfte_7ioise)  ,  and 
an  optimum  filter  (over  5  decades)  flicker  noise  FM.  In  this  memo,  we  will 
diacuss  only  the  linear  and  exponential  predictors,  since  they  are  r*ost 
easily  implemeried  in  the  GPS,  and  this  analysis  follows  directly  from  the 
work  performed  at  NBS. 


I 


3.1  The  Linear  Predictor 


If  we  consider  the  case  of  only  white  noise  FM  on  the  clock  frequency  (i.e., 


S  (f)  »  h  f  ),  then  it  can  be  shown  ’■hat  the  optimum  estimate  of  the  clock 
y  o 


frequency  is  as  given  below  (Ref.  2). 


a  V 

Rijvt  ‘  T) 


Tt(t)  -  Tt(t  -tc) 


(7) 


In  this  expression  R.  ,  indicates  an  estimate  on  R,  .  <•.  d  t  is  the  calibration 

r  j  i  j  c 


interval.  That  is,  we  are  estimating  the  clock  freqeu^ncy  by  merely  differenc¬ 
ing  the  clock  "time"  over  the  entire  calibration  interval.  The  longer  the 


calibration  interval  the  better  the  estimate  of  R.  .  for  the  case  white  noise 

i  j 

FM  only.  Given  th^t  we  now  hove  an  estimate  of  R  which  ctn  be  used  to 

S  1  * 
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predict  time  dispersion  (Equation  6),  we  would  like  to  know  what  the  mean 
squared  timing  error  of  this  prediction  would  be.  Equation  8  defines  this 


error. 


<  £=j(T)  >  =  <  [t^U  +  ,)  -  Tf)(t  +  t)]1 


(Ref.  2) 


T.  .(t)  is  the  time  dispersion  obtained  from  uj'ng  the  rate  estimate  from 
Equation  7  and  is  the  actual  time  dispersion.  From  Allan,  (REF  1)  this 
mean  square  error  can  be  related  to  the  clock  noise  by  expression 


-  27“  (TC  J  t)  ‘  T 

c 

+  h-i  T2[t  +1)S  ln(r  +  1) 
<'ij<T>>  =-  f  T  +  h-i  (1  +  1"(r))  • 


T  «  T 


h  t  +  4h  ,  In  (2) 
o  -1 


(eU(T)>‘  TT'  ^  +  h-i  (‘-1"  {?)) 


T  »  T 


Expressions  9b  through  9d  follow  intuitively  that  as  the  prediction  interval 

t  increases  relative  to  the  calibration  interval  t  ,  the  timing  uncertainly 

c  • 

or  error  likewise  increases.  In  these  expressions  hQ,  h  .  are  the  measures 
of  white  noise  FM  and  flicker  noise  FH  as  given  in  Section  2.0. 


3.2  The  Exponential  Predictor  *' 

A  second  form  cf  predictor  suited  for  estimation  gf  the  frequency  in  the 
presence  of  flicker  noise  is  the  exponential  weighting  filter.  In  this  case, 
given  a  sequence  of  measurements  of  the  frequency  offset  of  the  clock,  the 
observations  are  weighted  by  the  recursive  relation  given  in  Equation  10. 


A 

RM. .(nAt) 


1 

bH 


[^.(aAt)  + 


A 

RM.  . 
ij 
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(10) 


The  values  of  RM  .  ^ay  be  actual  measurements  of  the  fractional  frequency 
>3 


offset  of  the  i  and  j  clocks,  or  may  be  derived  from  time  measurements  made 
on  these  clocks.  The  value  of  m  At  is  the  time  constant  of  this  filter.  Its 
numerical  value  is  chosen  such  that  the  mt-an  square  time  error  is  at  a  mini¬ 
mum.  This  value  will  depend  on  the  particular  noise  characteristic  of  the 
clocks  and  on  the  time  interval  of  prediction  desired.  The  mean  square  time 
error  considering  white  noise  FM  and  flicker  noise  FM  is  given  'n  the  follow¬ 
ing  expression: 


h  (m  +  1)  h  .t2 

o _ _  ,  -1 

2tn+l  T  m2  (?m+l) 


k2 ln(k) . (Rer.  2) (11) 


The  infinite  series  given  on  the  right  in  expression  (11)  has  been  tabulated 

by  Allan  et  al,  for  various  values  of  m.  The  mean  square  time  uncertainty 

given  in  Equation  11  will  be  evaluated  for  typical  values  of  h  and  h 

o  -1 

in  Section  6.0.  For  values  of  m  chosen  less  than  1,  expression  11  will  result 
in  less  timing  error  than  expression  9.  Indeed,  in  9d ,  for  prediction  times  greater 
than  7^  as  given  in  Table  1,  the  predominant  noise  will  be  flicker  noise  and 
the  exponential  weighting  filter  is  a  better  approach  to  handling  the  data. 

3 . 3  Frequency  and  Time  Ju  ,->  Detection 

It  has  been  observed  in  rubidium  and  cessium  standards  that  jumps  in  time 
and  frequency  occur,  which  are  beyond  the  expected  changes  which  can  be  attri¬ 
buted  to  the  clock  noise.  These  change  in  time  and  frequency  terras  must  be 
accounted  for  in  the  deterministic  portion  of  the  clock  model.  Simple  statis¬ 
tical  techniques  have  been  developed  by  J,  Barnes  at  NBS  to  detect 
any  frequency  or  time  jump  has  occurred  with  a  particular  standard.  Although 
they  have  encountered  these  jumps  infrequently  in  the  clocks  of  ihe  NBS  Atom.’ c 
Time  Scale  (approximately  3  per  year) ,  it  should  be  noted  chat  these  clocks 
are  maintained  in  a  highly  stable  environment  (temperature  controlled  within 
10  millidegrees  C).  It  is  quite  conceivable  that  any  clocks  operating  in  a 
satellite  environment  wcold  exhibit  more  frequent  jumps  in  time  and  rate. 

For  this  reason,  it  is  necessary  to  include  detection  of  time  ar.d  frequency 
steps  in  the  nPS  clock  prediction  algorithm. 
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The  procedure  to  determine  if  a  jump  has  occurred  is  described  herein.  This 
procedure,  as  with  determining  the  coefficients  of  the  clock  model,  requires 
the  examination  of  the  clock  statistics,  which  have  been  gathered  for  a  con¬ 
siderable  period  of  tire.  In  this  case,  a  comparison  is  made  between  the 
actual  measurements  of  time  offset  or  rate  offset  against  the  predicted 

values.  Since  we  are  looking  for  steps  in  time  T  ,  or  frequency  R  t ,  the 

.  J  . 

procedure  described  by  Barnes  (Ref.  2)  examines  T^  and  for  an  impulse  change 
in  these  derivatives.  This  error  between  actual  and  predicted  is  then  com¬ 
pared  with  the  rms  error  to  determine  if  a  jump  has  occurred.  This  is 
illustrated  in  Figure  3  and  Equation  12. 


T  (t)  -  T  (t) 

ijv pred.  ij''  "actual 


<  3c( e  )  No  lump 

-  rate  J 

>  3a( e  .  )  Jump 

-  rate 


(12a'1 


=  ft' 


<  3xc(e.,  )  No  jump 

rate 


'actual 


>  3xc(erate)  Jump 


ij'1  'pred. 

where  a(s  .  .  .  )  is  the  rms  error  of  predicted  to  actual, 

rate  or  time  r 


(l?-b) 


It  may  be  desireable  to  average  (or  smooth)  a  number  of  days  of  data  prior 
to  making  the  check  given  in  expression  12  (to  filter  the  noise  on  the  data). 
The  actual  averaging  time  will  depend  on  the  characteristics  of  the  particular 
clock  and  the  effect  of  a  space  environment  on  this  clock. 


3.4  Summary 

In  the  previous  section,  we  have  described  a  series  of  techniques  from 
which  a  time  dispersion  prediction  algorithm  can  be  developed.  This  algorithm 
is  functionally  shown  in  Figure  4.  This  pred*ction  technique  consists  of  -hree 
separate  phases. 


The  initial  phase  is  a  calibration  period  in  which  as  much  data  is  gathered  on 
the  time  dispersion  characteristics  of  the  clock  as  equipment  and  availability 
of  the  satellite  will  allow  (a  minimum  of  30  days  in  order  to  obtain  any  con¬ 
fidence  in  the  model).  In  addition,  prelaunch  data  on  the  clock  in  a  simulated 
space  environment  should  b?  part  of  the  calibration  phase.  This  calibration 
data  is  used  for  two  purposes:  First,  to  determine  the  coefficients  of  the 
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Cs  167-Cs  3  ?  3  ,  PROCESSED  BV  FREQUENC  Y  -  S  T  FI*  OF  T  f  C  T  (IP 


Figure  3a  Second  finite  difference  of  th* 

tb.  r,r3 

processed  through  an  F-step  detector  to  ascertain  if  fre 
quency  steps  have  occurred.  fre‘ 

Figure  3b  Seme  ..  3e  but  with  frequency  drift  2  F-steps  and 
i  T-step  removed. 


Reference  i 
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deterministic  clock  model,  and  second  to  determine  the  particular  noise 
characteristics  of  the  clock  or  clocks  aboard  each  spacecraft.  The  actual 
technique  for  determining  the  clock  model  coefficients  and  the  clock  noise 
characteristics  will  be  given  in  Section  5.0,  Laboratory  Measurements  and 
Modeling  of  Clock  Porformance .  Note  the  noise  measurements  made  on  the 
spacecraft  clocks  will  be  useful  to  determine  if  the  clock  is  performing  to 
specification  and  to  change  to  the  redundant  unit,  if  necessary. 

The  second  and  third  phases  involve  update  and  monitor  of  the  clock  behavior 
in  the  operational  system.  In  the  second  phase,  all  the  calibration  data  and 
all  new  measurements  made  on  the  clock  are  used  to  update  or  continually 
estimate  the  rate  term  of  the  clock  model.  This  is  done  by  filtering  the 
residuals  (predicted-actual)  with  the  exponential  recursive  expression  (1) 
to  continuously  improve  the  estimate  of  the  clock  rate  in  the  prediction 
algorithm.  This  technique  will  also  be  more  fully  described  in  Section  5.0. 

The  last  aspect  to  the  clock  prediction  algorithm  is  monitoring  for  jumps  or 

steps  in  frequency  and  time  not  accounted  for  by  the  clock  i.oise.  This  also 

•  •  • 

involves  calculating  the  rate  and  rate  error  and  comparing  them  against  the 
calculated  rms  errors  to  determine  if  a  step  has  tccurred.  This  comparison 
is  done  according  to  expression  (12).  When  a  step  is  detected,  the  deter¬ 
ministic  clock  model  is  adjusted  accordingly  and  its  new  form  is  used  for 
prediction  and  determining  residuals  for  the  exponential  filter. 

If  all  three  techniques  are  employed  in  determining  and  maintaining  the 
clock  model,  the  user  will  be  provided  with  a  time  dispersion  prediction 
which  represents  a  near  optimum  estimation  of  the  clock  behavior  for  the 
stable  environment.  Techniques  for  handling  the  spacecraft  environment 
are  given  in  the  next  sectior. 

4.0  THE  EFFECTS  OF  THE  ENVIRONMENT  AND  PHYSICAL  UPDATE  ON  CLOCK  BEHAVIOR 

In  the  previous  sections,  we  have  discussed  the  deterministic  character¬ 
istics  of  clocks.  Two  additional  influences  will  affect  the  actual  time  dis¬ 
persion  oi  the  clock  and  the  ability  to  predict  this  dispersion.  These 
influences  are  the  environment  in  which  the  clock  is  maintained  and  the  physical 
updating  (change  of  frequency  or  phase)  of  the  clock. 
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4. 1  Environment 

The  actual  effects  of  the  environment  on  time  dispersion  are  highly 
dependent  on  the  individual  clock  and  the  actual  environment.  Many  different 
influences  affect  the  frequency  stability  of  a  stable  clock.  Some  of  the 
more  important  environmental  conditions,  which  have  a  direct  influence  on 
clock  behavior  include:  (a)  temperature,  (b)  pressure,  (c)  magnetic  field, 

(d)  gravitational  fields,  (e)  radiation,  (f)  acceleration,  and  (g)  changes 
in  the  supply  voltage. 

Of  these  different  environmental  influences,  temperature  changes  have  an 

extremely  large  effect  on  the  stability  and  fractional  frequency  offset 

of  any  clock.  It  would,  then,  seem  desirable  to  determine  some  temperature /frequency 

stability  relationship  and,  together  with,  a  model  of  spacecraft  temperature, 

determine  the  changes  in  clock  frequency  due  to  temperature  as  a  function  of 

time.  This  approach  is  extremely  complex  and,  when  considering  quartz  or 

rubidium  cell  devices,  is  not  feasible.  For,  although  a  particular  unit 

may  exhibit  a  positive  temperature  coefficient  on  days  1-20,  it  is  perfectly 

possible  that  it  may  change  to  a  negative  coefficient  on  day  21.  This  is 

due  to  component  ageing  and/or  changes  in  the  operating  conditions  of  the 

oscillator.  This  fact  makes  deterministic  modeling  of  clock  behavior  as  a 

function  of  temperature  essentially  impossible.  Therefore  highly  precise 

temperature  control  is  required. 

Other  environmental  influences  are  quite  analytic  in  their  effect  on  the 
standard.  Changes  in  magnetic  field,  pressure,  and  line  voltage  can  ail 
be  related  to  physical  parameters  of  the  clcok.  But  the  magnitude  of  the 
effect  of  changes  in  these  parameters  when  they  are  reasonably  held  constant 
is  negligible  when  compared  with  the  clock  noise.  What  is  true  is  that 
clocks  will  perform  within  a  certain  specification  when  the  environment  is 
likewise  maintained  within  a  certain  specification.  In  addition,  certain 
units  may  behave  more  reasonably  than  others  over  changes  in  environment, 
whereas  other  units  may  change  very  erratically  with  environmental  changes. 

In  the  following  paragraphs,  we  will  summarize  some  of  the  environmental 
testing  performed  on  two  different  makes  of  rubidium  clocks.  One  unit  is 
the  Efratom  rubidium  clock,  and  the  other  unit  is  the  Collins  AFS-81  rubidium 
standard.  This  testing  was  performed  at  Naval  Research  Laboratory  and  General 
Radio  (builders  of  the  basic  rubidium  unit  for  Collins),  respectively,  It  was 
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from  discussions  with  Mr.  Herb  Strademeyer  of  General  Radio,  who  tested  over 
150  rubidium  standards  environmentally ,  that  it  was  concluded  that  determin¬ 
istic  modeling  of  the  temperature  effects  could  easily  prove  futile. 

Figure  5  illustrates  the  different  behavior  observed  in  two  Efratom  units  as 
a  function  of  temperature,  As  can  be  observed  in  this  figure,  unit  124 
behaved  quite  linearly,  whereas  unit  120  exhibited  extremely  erratic  behavior. 
Figure  6  is  a  pair  of  histograms  indicating  the  distribution  of  frequency  shift 
of  approximately  50  Collins  standards.  This  frequency  shift  is  measured 
relative  to  +25°C  and  is  shown  for  +  65°C  and  -55°C.  The  interesting  aspect 
of  this  figure  is  to  confirm  that  the  performance  of  clocks  is  dependent  ra 
the  individual  unit. 

Table  2  summarises  some  of  the  results  of  the  environmental  testing  at  NRL 
and  General  Radio.  It  is  given  to  illustrate  the  magnitude  of  change  which 
has  been  observed  in  rubidium  standards  in  non-ideal  environments. 


TABLE  2 

SUMMARY  OF  ENVIRONMENTAL  EFFECTS  _ f 


EFRATOM 

COLLINS  AFS-81 

HP  CE^SIUM  + 

Temperature 

Figure  4 

5  x  10''13  Af/°C 

<  ±  5  x  10"12  0-50°C 

Pressure 

5 

x  10"13/MB 

— 

- --- 

Magnetic 

Field 

* 

1 

x  10" 1 1 /AM'1 

— 

dfc  1  x  10"13/ GAUSS 
(dc  field) 

Line  Voltage 

— 

6  x  10  ^3/dc  volt 

— 

Radiation 

Figure  7 

— 

— 

Acceleration 

4 

x  10"12/G 

— 

•k 

Efratom  Specification 
+  HP  Specification 

Figure  6  illustrates  the  effect  of  radiation  on  the  Efratom  unit  as 
measured  at  NRL. 
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Oscillator  Temperature  (  Centigrade) 


Figure  5  Temperature  Stability  Tests  -  Two  Efratom  Units 
(from  Frequency  Symposium  1973,  Fort  Monmouth) 


N  N 

1°  TEMP  =  -55  °C  JP  TEMP  =  +65  °C 


-5-4-3-2-1  0  1  2  3  4  5 


D(AF/F)  (PP1011) 


-5-4-3-2  -1  0  1  2  3  4  5 
D(AF/F)  (PP1011) 


QTY  =  44  UNITS 

N  =  NUMBER  OF  UNITS 

D(AF/F)  =  FRACTIONAL  FREQ  SHIFT 
REFERENCED  TO  +2b  °C 

Figure  6  Histograms  Showing  Distribution  of  Frequency  Stability  vs.  Temperature 
ror  Collis  AFS-81.  (from  Collins  Product  Description  -  AFS-81) 
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Figure  7  Irradiation  test  results,  unit  120  Efratom 

(from  Frequency  Symposium  1973,  Fort  Monmouth) 


(Reference  3) 
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4 . 2  Treatment  of  Environmental  Effects 

Thus  far  we  have  listed  the  kinds  of  environmental  changes  which  affect 
clocks  and  given  some  examples  of  the  magnitude  of  the  effects.  In  this 
section  we  will  describe  what  efforts  can  be  applied  to  attempt  to  limit  the 
impact  of  the  environment  on  timing  error.  Two  actions  are  proposed  to 
accomplish  this.  First  and  most  obvious  is  the  spacecraft  design  should  be 
such  that  any  possible  environmental  changes  are  minimized.  Good  design 
practice  should  be  able  to  nearly  eliminate  instability  due  to  changes  in 
supply  voltage,  magnetic  field,  radiation  and  hopefully  tempe~ature . 

Second  the  effect  of  environmental  instabilities  not  controllable  through 
spacecraft  design  initially  will  be  modeled  as  random  walk  FM  noise  on  the 
clock  with  a  limited  frequency  spectrum.  A  routine  for  optimum 
prediction  of  the  effects  of  random  walk  FM  (or  white  noise  f)  should  be 
incorporated  into  the  time  dispersion  prediction  algorithm  described  in 
Section  3.0.  As  stated  ireviously,  deterministic  modelling  of  environmental 
changes  would  require  a  great  deal  of  telemetry  and  prediction  of  the 
environment  for  a  small  payoff.  One  of  the  largest  environmental 
effects  temperature,  cannot  (for  rubidium  and  quartz) 

be  expected  to  always  exhibit  a  constant  temperature -frequency  relationship. 
Treatment  of  the  environmental  effects  as  random  walk  FM  is  straight  forward 
and  should  be  easily  implemented. 

The  optimum  predictor  for  random  walk  FM  or  white  noise  FM  is  merely  the 
linear  predictor  of  the  frequency  rate  term  of  expression  6,  D^.  Expression 
13  is  the  optimum  estimate  of  the  frequency  drift  in  the  presence  of  random 
walk  FM . 


V'  -  f> 


Rij(t)  "  Vi(t  '  c> 


is  the  estimate  on  the  fr^quen^y  drift  due  to  white  noise  FM,  and  are 
measurements  of  the  clock  frequency  difference  over  the  calibration  time  t  . 
If  random  walk  FM  is  present  either  due  to  environmental  effects  or  present 
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In  Che  noise  of  Che  oscillaCor  chen  D^t  "  ~)  the  mean  value  of  over 
che  incervai  tc  will  be  the  besc  prediction  for  Che  drifc  race.  The  mean 
square  ciming  error  for  chis  predicCor  has  noC  been  calculaced  buC  is 
available  from  Reference  2. 

The  quescion  remains  wheCher  Che  sum  of  environmental  effeecs  (cemperaCure, 
fields,  radiation,  ecc.)  approacl es  a  random  walk  process  over  Che  period 
of  prediction  (i.e.  becween  updates).  The  environment  is  bounded  whereas 
random  walk  Cype  noise  would  imply  sCeadily  increasing  errors  wich  cime 

a  2na 

(t)  »  — g—  h.ar).  However  during  che  period  between  updates,  it  appears 

that  although  the  environment  may  be  somewhat  controlled,  environmental 
changes  will  be  slow  and  somewhat  random.  Test  data  presented  previously 
on  temperature  frequency  relationships  in  rubidium  standards  indicates  that 
the  prediction  of  temperature  influences  may  or  may  not  be  causal.  The 
determination  of  environmental  effects  will  not  be  answered  until  sufficient 
data  is  gathered  under  simulated  and  real  conditions  to  ascertain  the  types 
of  noise  perturbing  the  clock  behavior.  In  addition  to  the  environment 
clock  relationships  the  actual  spacecraft  environment  will  to  a  certain 
degree  behave  randomly  (radiation  for  example). 


It  is  in  light  of  che  extreme  difficulties  which  would  be  placed  on  an 
operational  system  (in  particular  the  user)  in  attempting  to  predict  envi¬ 
ronmental  effects,  it  seems  more  reasonable  to  control  the  environment  and 
determine  the  noise  characteristics  of  the  clock  in  this  environment.  With 
this  information  it  will  then  be  possible  to  determine  the  optimum  prediction 
scheme  for  the  environment  effects. 


4.3  Effects  of  Physical  Update  of  the  Clock  Frequency 


In  order  to  minimize  the  time  differences  between  the  various  clocks 
in  the  GPS  and  in  order  to  maintain  magnitude  of  corrections  which  a  user 
must  apply  to  his  range  data  for  clock  drift,  it  is  tempting  to  provide  in 
the  satellite,  some  means  for  changing  the  clock  frequency  or  phase.  This 
would  allow  the  master  station  a  means  of  aligning  all  clocks  in  the  system 
at  periodic  intervals.  A  great  deal  of  caution  should  be  exercised  in  the 
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techniques  used  in  physically  updating  the  satellite  timing  system.  Precise 
knowledge  of  what  changes  are  being  made  is  absolutely  necessary. 

There  are  two  approaches  to  the  update  of  the  satellite  clock.  The  first 
approach  would  be  to  physically  change  the  frequency  of  the  clock  itself. 

For  instance,  with  a  rubidium,  the  current  of  the  C-Field  might  be  changed 
to  change  the  output  frequency.  The  second  approach  would  be  to  allrw  the 
clock  to  run  freely  and  to  use  some  external  device  (e.g.  a  phase  stepper) 
at  the  output  of  the  clock  and  periodically  adjust  this  device  to  affect 
the  frequency  change.  Whichever  approach  is  chosen,  any  change  to  clock 
frequency  will  result  in  the  necessity  to  update  the  clock  model.  If  the 
resolution  and  knowledge  of  this  frequency  stepper  is  not  sufficient  (as 
defined  by  the  desired  error  budget  for  clock  drift)  it  could  well  require 
many  days  to  recalibrate  and  determine  the  coefficients  of  the  user  clock 
model . 

For  example  if  the  changes  are  of  the  order  of  1  x  10  ^resrlution  in 

frequency,  and  the  actual  change  is  1.01  x  10  the  resulting  error  in 

the  clocic  prediction  algorithm  after  10  seconds  would  be  100  nanoseconds 

solely  from  imprecise  knowledge  of  the  rate  offset  of  the  system  clocks. 

It  may  then  require  many  days  of  measurements  to  dete  mine  that  the  actual 

frequency  step  was  1.01  x  10  ^not  I  x  10  ‘  .  It  is  easily  seen  that  it 

-14 

is  necessary  to  be  able  to  make  frequency  changes  of  1  x  10  resolution 
with  precise  knowledge  in  order  to  keep  this  source  of  error  negligible 
(1  nanosecond)  over  10  seconds. 

Lastly  although  no  direct  proof  exists  one  way  or  the  other  it  dees  not 
seem  inconceivable  that  using  the  approach  of  directly  changing  the  operating 
conditions  of  the  clock,  that  this  would  also  change  the  noise  characteristics 
of  the  clock  coo.  This  would  require  changes  in  the  prediction  schemes  to 
optimize  the  prediction  filters.  Any  technique  which  operates  on  the  clock 
directly  should  be  thoroughl)  tested  to  determine  its  effects  on  the  clock 
noise  characteristics  of  the  unit  being  adjusted. 
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5.0  LABORATORY  MEASUREMENTS  AND  COMPUTED  SIMULATION  OF  USER  ERRORS 

This  section  presents  the  preliminary  r esults  of  an  effort  to  predict 
time  diversion  based  on  measurements  made  between  two  rubidium  clocks;  and 
a  computer  simulation  using  TRACE  to  asses  the  clock  effect  on  user  position 
errors. 

5. 1  Laboratory  Measurements  and  Derived  Clock  Model 

A  measurement  of  accumulated  phase  difference  between  a  Efratom  Rubidium 
standard  and  an  HP  5065A  Rubidium  was  recorded  for  a  period  of  approximately 
65  hours.  The  units  were  operated  in  an  uncontrolled  laboratory  environment. 

The  measurement  set-up  is  shown  in  Figure  8.  A  flow  diagram  of  the  computer 
program  used  with  the  HP  systems  programmer  is  given  in  Figure  9.  Approximately 
10  hours  of  this  measured  data  was  then  used  to  determine  coefficients  for  a 
prediction  algorithm  of  time  dispersion  as  given  in  equation  6  and  repeated  here. 

v°  •  V'.’ +vt*to> x < +K) x  ta  w 

To  evaluate  the  above  coefficients,  where  T  (t  )  -  initial  time  difference, 

o 

-  frequency  offset,  and  P^  -  aging  difference,  it  was  necessary  to  fit 
a  straight  line,  equation  2,  (using  least  squares)  to  Af(nAt)  data. 

Equation  3  was  used  to  determine  Yf(nAt)  from  the  measured  accumulated 
phase  data. 


Af{0 


RiJ  +  Dijt 


Where  R  and  D  are  estimates  of  the 
frequency  and  aging  offsets 


Lt  (nAt) 


(♦  (nit)  -  <t>  ((n-l)At))K 
m  m 


Where  ♦  (nAt)  are  measured  values  of 

m 

accumulated  phase,  and  K  is  a  constant 
to  convert  to  phase  in  degrees  to 
frequency . 


T  (t  )  was  chosen  to  equal  ♦  *  K  for  m  ■  0,  i.e.,  the  initial  measured 
ij  o  m 

value  of  time  offset. 
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The  initial  values  determined  for  R^  and  from  the  least  squares  fit, 
is  a  good  initial  estimate  on  the  deterministic  characteristics  of  the  clock. 

It  was  now  desirable  to  improve  this  estimate  through  some  means  of  filtering. 
Actually,  the  situation  is  a  case  of  signal  detection  in  the  presence  of 
noise.  In  our  case,  the  desired  signal  is  ths  frequency  of  the  clock  and 
the  noise  is  a  combination  of  white  and  flicker  noise  and  as  later 
measurements  revealed,  random  walk  FM. 

As  stated  previously  in  Section  3,  this  problem  has  been  studied  exten¬ 
sively  by  Allan  and  Barnes,  et.al.,  at  NBS  (kef.  2).  It  wus  decided  to  use 
the  exponential  filter  in  order  to  improve  our  estimate  of  the  rate  offset 

. .  For  this  ca3e  no  attempt  was  made  to  optimize  the  filter  time  constant  mAt 
since  we  had  not  yet  calculated  the  roise  characteristics  of  these  clocks. 

The  exponential  filter  was  U3ed  to  weight  the  residuals  of  data  and  the 
initial  estimate  of  the  deterministic  model.  This  was  done  as  follows. 

If  we  define  the  residual  error  in  offset  frequency  as: 


y(nAt)  *  R  -  Af(nAt) 


(16) 


then  the  recursive  filter  expression  weighting  previous  measurements  to 
present  measurements  of  frequency  is  given  in  equation  17. 


_  i  ill 

y(nAt)  -  —  y(rAt)  d  m  y£n-l)  At)j  _ 


m  «  0.6 


3600  sec. 


(17) 


Thus,  in  equation  1,  R  -  the  frequency  offset  becomes  R(nAt)  *■"'  R  +  y(nAt). 


The  above  procedure  (least  squares  fit  to  Af(nAt))  and  the  exponential 
filtering  yielded  a  final  estimate  for  T  (t)  given  below: 

T  (t)  =  -2.53  x  10‘6  -  3.849  x  10_11t  +  1.129  x  10“16t2  (18) 

ij 


This  final  expression  was  t.ien  used  to  predict  ahead  for  50  hours.  The 

resulting  errors  •  (t)  -  $  (nfit)  are  plotted  in  Figure  10.  In  this  case, 

pm 

no  further  data  \beyond  10  hours)  was  used  to  updata  the  estimate  or.  R. 
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Figure  10  Error  in  Prediction  of  Time  Dispersion  of  Two  Rubidium  Clocks 
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Ideally.  If  measurements  were  to  be  made,  say,  every  10  hours,  than  any 
new  values  of  Af(nAt)  should  be  used  to  improve  knowledge  of  R  In  equation  1. 

Since  we  had  only  limited  data,  it  was  dec  Iced  that  it  would  be  of  more 
interest  to  examine  the  error  associated  w; rh  long-term  prediction  than  to 
attempt  to  further  improve  the  estimate  rf.  R. 

4 

It  can  be  seen  in  figure  10  that  for  tima  greater  than  10  secor.is  the 
timing  error  grew  very  rapidly.  This  rapid  increase  in  timing  error  is 
due  to  the  choice  of  time  constant  (raAt  3!  2000  sec.)  of  the  exponential 
filter.  Had  our  data  been  processed  by  a  bank  of  filters  with  increasing 
time  constants,  it  is  believed  this  error  would  have  been  considerably 
less  and  only  limited  by  the  amount  of  data  used  in  calibration  (i.e.  10  hours). 

5 . 2  Calculation  of  Short  Term  Stability 


Utilizing  this  same  65  hours  of  measured  accumulative  phase  data  obtained 

on  the  Eftatom  and  the  HP  rubidium  standards,  the  short  term  stability  (Allan 

4 

variance)  was  calculated  for  averaging  times  from  120  seconds  to  5  x  10 
seconds.  Equation  1  expresses  ^0f£set>  t>16  frequency  offset  between  the  HP 
rubidium  and  the  Efratom,  in  terms  of  the  measured  data. 


offset 


(n£t)  -  <J>  (n-1)  At))  K 
\  m  m  I 


where  At  =  t  (averaging  time) 

K  =  2.78  nanoseconds/degree 

f  =  1  MHz 

The  Allan  variance  is  defined  again  here  in  equation  20. 


.2  /M\=  if' 

w  2  ,t  If/  f  \ 


In  this  expression  f^  and  f^  are  adjacent  measurements  of  the  oscillator, 
under  test,  against  a  perfect  standard  for  a  measurement  time  of  t  seconds, 
In  general,  since  only  two  frequency  measurements  are  used  in  calculating 
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the  Allan  variance,  it  is  necessary  to  average  aj?  (hF/'  Thus  the  expression 
— j>  is  shown  in  equation  21. 


<°2.t(¥)>-  ?  VmJ  (£1-£1-1>2  <21> 

where  is  the  iC^  frequency  offset  as  given  in  equation  19. 

/Af  \ 

A  short  computer  program  was  written  to  calculate  <  a„  Ty-£"  j  >  from  the 
measured  values  of  accumulative  phase.  The  results  of  these  calculations 
are  plotted  in  Figure  ll^Note  that  curve  1  represents  the  short  term 
stability  of  both  units  under  test.  Curve  2  merely  assumes  that  the  statis¬ 
tics  of  the  ncise  for  both  units  are  identical  and  independent  of  each 
other.  In  this  case,  we  have  plotted 


This  last  assumption  may  not  be  totally  valid  for  values  of  T  >  1000. 


The  interesting  observation  from  this  figure  is  the  presence  of  random 

walk  t'K  noise.  This  is  indicated  th  the  upswing  of  the  fractional  frequency 

4 

deviation  a(t)  at  about  10  seconds.  There  are  a  number  of  possible  causes 

for  this  upswing  or  apparent  presences  of  random  walk  noise.  For  example 

both  units  were  in  an  uncontrolled  environment  which  might  have  caused  this 

effect.  Also  both  units  were  reasonably  new  and  possibly  not  totally  aged 

which  may  have  also  caused  this  behavior,  that  is,  the  deterministic  behavior 

of  the  clocks  may  not  have  been  totally  eliminated  based  on  the  coefficients 

determined  previously.  And  lastly,  these  calculations  were  made  on  a  limited 

4 

data  base  and  for  the  long  averaging  times  10  seconds  or  more,  few  data 
pairs  were  available  to  calculate  the  variance.  Thus  the  statistical  • 
confidence  in  the  latter  portion  of  this  curve  is  limited. 
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3 .3  Computer  Simulation  of  Effect  of  Clock  Errors  on  User  Positi on 

In  order  to  assess  the  effects  of  realistic  cJock  errors,  and  to  relate 
these  to  user  navigation  error,  a  simulation  has  been  performed  using  the 
TRACE  orbit  determination  computer  program  in  sequence  of  cases.  The  sections 
which  follow  present  a  discussion  of  the  clock  error  model,  description  of  the 
TRACE  simulations  and  a  summary  of  the  computed  results. 

It  should  be  pointed  out  that  the  results  obtained  are  for  individual 
cases,  with  data  generated  to  include  the  clock  errors  in  a  pseudo-random 
sequence  of  additive  noise,  with  the  appropriate  characteristics,  imposed  on 
top  of  the  ideal  ooservations .  The  user  navigation  error  was  computed  by 
taking  actual  deviations  of  the  user  solution  with  noisy  data  from  the  known 
user  location.  This  is  in  contrast  to  the  covariance  analysis  methods  used 
in  assessing  other  effects,  where  the  pr&p'cigation  of  errors  through  the  system 
is  modeled  analytically,  producing  ensemble  statistics  for  the  error  character¬ 
istics.  In  the  present  case,  the  results  have  been  determined  for  a  particular 
sequence  or  random  effects,  controlled  in  size  and  judged  to  be  typical  in 
nature.  In  order  to  guarantee  statistical  significance,  several  sample  cases 
should  be  executed  with  different  random  sequences. 

5 .  3. 1  Simulation  by  the  Program  TRACE 

The  clock  error  model  implemented  in  TRACE  is  defined  by  (6)  where  the 
random  process  Y(t)  is  given  by: 

Y(t)  =  Yj(t)  +  Y2(t)  *  Y3(t) 

where  Y^,  Y^,  and  Y^  are  random  processes  which  are  independently  restricted 
to  be  either  white,  colored  or  integrated  white  noise.  (Also  the  possibility 
of  simply  adding  Y^  to  Y2  is  provided.) 

Each  of  these  three  random  processes  is  defined  by  two  parameters.  For 
instance  Y  is  defined  by  the  parameters  and  according  to  the  following 
conventions : 
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1)  ■  0  Process  is  white  noise  and  is  the 

variance  of  this  white  noise 


2)  >  0  Process  is  colored  noise  and  is  the 

variance  of  this  nois°.  In  this  case 
the  autocorrelation  function  is  given  by: 

Yj_  (  t  +Y )  Yl  =  exp  (  -  T  /C3) 

Thus  is  in  fact  the  correlation  time. 

3)  C„  <  0  Process  is  Integrated  White  Noise  and  C 

J  u  4 

is  equal  to  ( h.^ / 2 )  ,  the  coefficient  of  cry(t). 

In  this  case  has  no  meaning  (used  as  a  flag). 

At  time  t,  the  variance  of  Y^  io  in  this  case: 

d\,<0  -  <Y^>  =  C  t5 

Y  14 

The  above  three  processes  are  generated  in  TRACE  using  a  single  step 
recursive  algorithm  with  a  random  number  generator  as  input  to  ay(t). 


5.3.2  Model  Adequacy 


Since  TRACE  does  not  nave  the  capability  of  generating  Flicker  noise, 
the  question  arises  whether  the  available  models  may  still  be  used  to  obtain 
some  approximation  of  the  clock  behavior.  As  it  appears  on  Figure  2,  a  IWN 
(Integrated  White  Noise)  model  is  quite  adequate  for  a  given  span  of  observa¬ 
tion  time,  depending  of  the  type  of  clock,  before  Flicker  effects  become  pre¬ 
dominant. 


Since  a  period  of  48  to  72  hours  is  considered,  it  is  obvious  that  the 
IWN  model  will  be  appropriate  for  tho  cesium  clocks  exhibiting  a  moderate  Flicker 
component.  Simply  ignoring  the  h  ^  term  will  lead  to  a  poor  approximation  in 
the  case  of  High  Performr.nce  cesium  clock  and  cannot  be  reasonably  thought  of  for 
Rubidium  clocks. 
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However,  by  adjusting  the  value  of  so  as  to  match  some  "average"  of  the 
variance,  it  may  be  possible  to  obtain  some  indication  of  the  effects  of 
clock  errors  If  C^  io  chosen  equal  to  3.10  the  cesium  clock  is  well 
represented,  and  the  HP  cesium  is  to  some  extent.  By  increasing  C  by  an 
order  of  magnitude,  some  simulation,  probably  pessimistic  in  this  case,  of 
the  rubidium  clocx  noise  can  be  obtained.  On  Figure  12,  Lhe  lines  are  drawn 
corresponding  to  those  two  values  of  C^,  as  they  have  been  actually  used  in 
TRACE  runs. 


Assuming  only  white  and  flicker  noise  FM  the  variance  of  the  clock  noise 


«'2(t)  -  <h0/2)  t  +  (2Ln2h_})  t2 


while  using  a  pure  IWN  model  leads  to: 


i\  <o  =  c 


The  choice  of  may  be  made  by  imposing  the  condition  that  real  and 
approximated  variances  have  the  same  average  over  the  observation  time  Tq, 


f*'T'  c 11 

J  S'j  <t)  dt  *  <t)  dt 

t»o 


In  this  case  the  value  of  C^  is  as  given  in  the  expression  below: 


C.  -  (  h  / 2  +  12/3)  [2Ln2h  . )  T  ) 

4  0  -I  o 


Applying  this  to  the  values  of  Table  I,  with  T  =  10  seconds,  leads 

o 


to  the  following  values  for  the  noise  coefficient  C^: 


TABLE  3  Values  of 

the  Noise  Coefficient 

Clock  Type 

C4 

Rubidium 

1.1  10'10  to  3.5 

o 

1 

H- * 

o 

Cesium 

3.0  10'U  to  1.1 

io'10 

HP  cesium 

1.1  io"u 

The  units  for  C^  are  (sec)^. 
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5.3,3  TRACE  Simulations 


5 . 3 . 3 . 1  Data  Generation  Runs 


Timing  errors  may  be  simulated  in  TRACE  for  both  station  clocks  (DT^) 
and  vehicle  clocks  (DT^) ,  and  the  corresponding  error  in  range  measurement 
computed  according  to: 


DR  -  c„  .  (DT  -  DT  )  =  R  DT 

light  s  v  s 


(22, 


Also,  a  random  error  (zero  mean,  Gaussian  white  noise)  is  added  to  the 
range  with  a  given  standard  deviation  (given  in  SIG  and  KSIG  TRACE  input 
parameters) . 

The  total  range  error  may  thus  be  written  as: 

DR  =  Rn  +R  t+R  t2  +  N  (t)  +  R  +  R,  t  +  L  t2  +  N  (t) 

Os  Is  -  2s  s  Ov  lv  2v  v 

+  N  (t) 
r 


where  N  and  N  correspond  to  station  and  vehicle  clock  noise  and  N  to  the 
s  v  r 

random  ran?,e  error.  Because  of  the  correspondence  between  clock  timing  error  and 
range  error  depicted  by  Eq.  23,  may  be  expressed  in  terms  of  timing  error  and 
its  variance  plotted  against  time.  This  is  also  shown  in  Figure  12  for  a  sigma 
of  1  "It t  ( the  1J2' Hornes  about  because  of  two  clocks  being  used). 

Range  observations  have  been  generated  for  four  stations  ana  four  vehicles 
They  cover  48  hours  and,  for  the  next  24  hours  single  observations  have  been 
generated  Cor  five  users  at  the  following  times: 


User 

Time  (h/mn) 


US1 
3  00 


US  2 
8  59 


US3 
14  58 


US4 
20  57 


US5 
26  56 


User  locations  were  chosen  to  insure  idenf'cal  configurations  of  the  vehicles  in 
the  five  cases  and  are  given  in  appendix  1  of  this  report. 


(23) 
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Three  runs  have  been  made  to  generate  three  different  observation  tapes 
with  the  following  values  for  the  vehicles  end  station  clocks  integrated  white 
noise  coefficient  C.  : 


Tape  #1 
Tape  12 
Tape  #3 


(This  low  value  was 
chosen  rather  than  a  hard 
zero  to  preserve  the 
similitude  between  the 
random  sequences) 


Basically,  Tape  #3  corresponds  to  an  ideal  case  with  no  clock  error,  as 
would  be  assumed  in  a  covariance  analysis.  Tape  #1  simulates  the  case  oi.  cesiv.ii 
clocks  and  Tape  #2  approximates  the  effects  of  rubidium  clocks. 


5. 3. 3. 2 


Orbit  Determination  Runs 


TRACE  does  not  have  the  capability  tf  directly  solving  for  the  clock 
parameters  (i.e.,  C^,  and  C2).  However,  it  can  solve  for  range  bias,  drift 
and  drift  rate,  and,  as  seen  from  Eq  (22),  one  can  establish  a  direct  corres- 
pondance  between  clock  and  range  parameters.  Indeed,  neglecting  R  (as  much 
smaller  than  the  speed  of  light  c),  it  follows: 


Station 

Parameters 

Vehicle  Parameters 

Bias 

RBIA  ~ 

c  C 

os 

VSB  ~  -cC 

ov 

Drift 

RBD  ~ 

c  C1S 

V:BP*w»  cC. 

lv 

Drift  rate 

RBDD  r* 

c  C, 

2s 

VSDD'v*  -oC0 

2v 

Orbit  determination  runs  were  performed  using  Tapes  #1,  2  and  3  pre¬ 
viously  obtained  and  solving  for  the  following  parameters: 


a)  RBIA  and  RBD  for  all  stations  except  VTS 

b)  Vehicles 

b.i  Orbit  parameters 

b.2  Perturbation  parameters 

b.3  Equivalent  clack  parameters 


AF,  AG,  N,  L,  CHI,  PSI 
CPAW 

VSB  and  VSBD 
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c)  For  all  users 

c.l  Position 

a.  2  Equivalent  clock  parameters 


LAT,  LONG,  and  ALT 


The  a  priori  sigma's  corresponding  to  those  parameters  are  defined  in 
Reference  (4). 


5.3. 3.3 


General  Modus 


All  station,  vehicle  and  user  parameters  were  solved  for  simultaneously 
ir.  a  batch  least  squares  mode.  Since  user  observa tions  amount  to  only  5x4*  20 
(against  about  1000  made  Ly  the  stations  during  the  48  hours  period)  they  don't 

affect  noticeably  the  solution  for  the  orbit,  station  and  vehicle  parameters 
(as  confirmed  separately  by  a  control  run),  and  this  global  method  being  more 
efficient  and  easy,  it  has  been  used  systematically  for  the  three  orbit  determination 


Hie  solution  for  the  user  parameters  is  however,  ooviously  based  upon  the 

estimated  values  of  vehicle  parameters  since  it  has  to  extrapolate  clock  errors  and 

vehicle  position  according  to  the  estimated  values  for  clock  bias  and  drift,  and  of 

orbital  elements.  This  estimate  of  clock  bias  was  made  by  least  squares  fitting  of 

a  straight  line  to  the  simulated  accumulative  clock  phase  data.  Fitting  to  the 

phase  data  as  opposed  to  the  frequency  data  as  done  in  the  previous  section  (5.1) 

leads  to  an  intrinsic  timing  error  in  the  clock  model.  (NOTE:  The  recoitBKer.deded  technique 

is  to  least  squares  fit  to  frequency  data,  integrate  the  curve  and  evaluate  the 

constant  at  time  t  (the  end  of  the  calibration  period).  In  this  way,  the  time  nff- 
c 

set  T  of  the  clock  model  is  essentially  without  error  at  the  start  of  the  pre¬ 
diction  interval.  Carve  fitting  to  the  phase  data  as  was  done  in  this  instance 

leads  to  an  approximation  to  the  time  offset  which  led  to  nearly  a  10  nanosecond 

time  error  at  the  start  of  the  prediction  period.;  This  is  quite  repre¬ 
sentative  of  the  actual  situation  where  the  users  only  data  will  be  range  observa¬ 
tions  plus  the  orbital  elements  and  updated  clock  coefficients  (VSB,  VSBD,  etc.) 
furnished  through  the  vehicles.  By  using  data  progressively  polluted  by  clock  noise, 
it  is  thus  possible  to  directly  follow  the  effect  of  this  noise  upon  the  user  errors. 
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It  should  be  stressed  at  this  point  that,  while  a  covariance  analysis  run 
will  use  a  priori  es„ii"«»tes  of  range  errors  assuming  basically  a  Gaussian 
stationary  noise,  the  present  Orbit  Determination  runs  deal  with  real  range 
noise  which  is  non- stationary  as  has  been  previously  seen. 

5.3.4  Results  of  the  Runs 

Three  Orbit  Determination  runs  have  been  wing  observation  Tapes  #3, 

1  and  2,  for  demonstrating  the  effect  of  c loch  ;.;ise  upon  the  different 
parameters  of  interest. 

5.2. 4.1  Station  and  Vehicle  Clock  Parameters 

Accurate  prediction  of  the  clock  state  relies  on  the  accurate  determination 
of  the  station  and  vehicle  clock  parameters.  The  effect  of  increasing  clock 
noise  is  shown  in  Figure  13  for  range  bias  (equivalent  to  clock  bias  Cq)  and 
on  Figure  14  fox.  range  drift  (equivalent  to  clock  drift  C^). 

The  "standard  deviation"  line  corresponds  to  the  5  ft  sigma  range  noise 
and  it  is  the  value  which  would  normally  be  ontained  in  a  covariance  analysis 
run.  t  can  be  seen  that  the  values  f^r  the  parameter  estimates  are  in  good 

agreement  with  the  predicted  sigma  when  no  clock  noise  is  present.  *he  effect 
of  clock  noise  is  then  clearly  visible  as  it  increases  the  error  in  the 
estimates  by  about  an  order  of  magnitude  from  one  run  to  the  next. 

Some  further  insight  may  be  gained  by  observing  how  TRACE  was  actually 
fitting  the  data.  On  Figure  15  the  actual  clock  error  (as  obtained  from  the 
Data  Generation  runs  print  jut)  has  been  plotted  versus  the  observation  time 
along  with  the  linear  behavior  estimated  by  the  program.  Note  that  clock  noise 
generates  a  deviation  from  the  input  clock  frequency  offset  of  Af  =  1x10 

*  This  statement  may  seem  to  be  contradicted  by  Figure  12  where  the 

variance  of  the  ordinary  range  noise  appears  to  follou  a  1/t  law.  This 
is  due  to  the  fact  that  Fi.ure  2  refers  to  frequency  noise.  The  phase 
or  range  noise  variance  may  be  obtained  by  multiplying  each  curve  by 
the  time  t,  which  re-establishes  s  constant  sigma  for  direct  range  noise. 
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5.2.2  User  Parameters 

LongiLade  and  latitude  errors  are  plotted  on  Figure  16  and  17  for  the  five 
users  according  to  their  position  in  time,  to  exemplify  the  degradation  of 
the  results  with  time.  Again,  the  errors  are  within  the  expected  sigma  when 
no  clock  noise  is  applied,  but  are  rapidly  growing  with  C .  .  As  emphasized  by 
the  log-log  scale,  all  the  errors  seem  to  be.  following  at  t^  law. 

Altitude  and  bias  errors  are  shown  on  Figures  18  and  19.  Here  again,  clock 

noise  has,  generally  speaking,  the  same  expected  effects,  i.e.,  errors  are 

ju 

proportional  to  and  t2.  However,  it  has  to  be  understood  that  the  observa¬ 
tions  generated  represent  only  one  of  the  many  possible  random  sequences  and 
particular  results  may  exhibit  significant  deviations.  Also,  in  the  case  of 
=  3.10  it  has  been  found  that  the  algorithm  required  one  more  iteration 
to  achieve  convergence  on  the  user  parameters. 


5.3  Concluding  Remarks 


This  study  has  demonstrated  the  capability  of  simulating  clock  errors  with¬ 
in  the  TRACE  environment  and  shown  the  quite  significant  impact  of  these  errors 
on  the  ue termination  of  user  position.  Though  it  has  not  been  a  statisitical 
study  per  se,  the  quantitative  results  obtained  here  may  be  considered  as 
representative  of  the  phenomenon,  and  are  opening  the  way  for  more  detailed 
and  precise  studies,  both  regarding  the  clock  model  and  the  data  processing. 
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6.0  EXPECTED  PERFORMANCE  AND  CONCLUSIONS 

In  this  final  section,  we  will  calculate  the  expected  rms  timing 
uncertainty  on  error  (fjrom  the  expressions  given  in  Section  3)  for  an 
assumed  system  of  a  cefcsium  standard  for  the  master  station  and  a 
rubidium  standard  aboard  the  spacecraft. 


In  order  to  calculate  the  mean  square  error  from  prediction  we  must  choose 
a  prediction  algorithm.  In  these  calculations,  it  was  assumed  that  the 
deterministic  coefficients  of  the  clock  were  already  determined  and  that 
the  exponential  weighting  algorithm  was  used  on  the  residuals  of  the  data 
to  improve  the  estimate  of  rate.  This  error  was  given  in  equation  (11)  of 
section  3  and  is  repeated  here. 


<e2(T)>  = 


h  (m+1)  h  , T2 

o  +  -1 _ 

2  m+1  T  iPTant+l) 


ln(k) 


(ID 


We  have  chosen  a  value  of  m  =  0.6  and  a  prediction  interval  maximum  of 
4 

8 .64  x  10  seconds  (24  hours).  Given  tha  two  clocks  are  operating 

independently,  then  their  variances  will  add.  Likewise,  the  coefficients 

hQ  and  h  ^  will  add  linearly  in  the  above  expression.  Table  4  is  the 

expected  rms  timing  error  (or  uncertainty)  from  prediction  using  equation 

6  for  a  system  using  a  ce^sium  super  tube  (HP  option  004)  and  a  typical 

rubidium.  Values  of  h  and  h  ,  were  taken  from  Table  1. 

o  -1 


In  conclusion,  the  timing  error  given  in  Table  4  represents  the  results  of 
near  optimum  handling  of  the  data.  The  difference  between  using  an  optimum 
filter  and  the  exponential  filter  if;  very  slight.  The  important  observation 
is  that  the  clock  model  as  given  and  the  data  processing  is  the  best  that 
can  be  done  in  terms  of  prediction  in  the  presence  of  clock  noise.  To  main¬ 
tain  the  timing  uncertainty  to  the  rms  values  given  by  equation  11  and 
tabulated  for  the  special  case  in  Table  4,  it  is  necessary  to  not  only 
evaluate  the  deterministic  coefficients  of  Equation  11  by  least  squares  fitting 
to  frequency  data,  but  to  also  weight  the  residuals  and  update  the  model  based 
on  these  weighted  observations. 
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TABLE  4 

SUMMARY  OF  TIMING  ERROR 


Lastly,  it  was  our  opinion  that  precise  modeling  of  the  clock  environment 
in  space  would  not  prove  fruitful  for  the  necessary  expenditure  of  effort. 

This  question,  however,  still  requires  further  study  and  some  application 
of  the  technique  of  prediction  to  date  obtained  in  a  simulated  environment. 

The  most  obvious  conclusion  is  that  efforts  ';xpendf  d  to  maintain  the  clocks 
environment  as  constant  as  possible  will  yield  the  best  performance.  The 
techniques  described  in  this  paper  have  all  been  developed  and  used  at  the 
National  Bureau  of  Standards  in  Bolder,  Colorado  to  predict  time  dispersion 
in  their  atomic  time  scale.  Their  experience  in  this  regard  overshadow 
the  simple  excersize  performed  here  to  predict  time  dispersion  from  laboratory 
measurements.  This  affort  represented  a  very  small  sample  of  data  and  was 
presented  only  to  demonstrate  the  techniques  of  prediction  and  characterization 
of  clock  noise.  Because  of  the  limited  data,  the  measurements  do  not  necessarily 
adequately  describe  the  possible  performance  of  the  Efratom  clock. 

The  recommendation  of  this  paper  is  that  the  techniques  presented  need  further 

exercise  in  their  application  to  GPS  with  data  obtained  for  long  periods  of 
time  and  under  simulated  environmental  conditions. 
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Appendix  -  Assumed  Conditions  for  TRACE  Simula tion 

CIocx  errors  were  simulated  for  both  stations  and  vehicles,  but  not 
for  users.  However,  a  5  ft  sigma  range  noise  was  added  in  all  cases.  The 
common  configuration  for  all  rues  was  as  follows: 

a)  Orbit  Configuration  (Sigma) 

2x2  system  with  the  following  elements  for  Vehicle  # 1 : 

Semi-major  axis,  a  *  87,145,102  ft  RT-  Ascen.,  =  195 

Eccentricity,  e  =  .0001  Argument  of  Perigee,  =  0. 

o  -9 

Inclination,  i  =  63  m  =  41  CPAW  =  10 


The  other  vehicles  differed  in  mean  anomaly  and  right  ascension  of  mode 
as  shown  below; 


Vehicle  # 


Rt.  Ascen. 

195° 

75° 

75° 

Mn.  Anom. 

81° 

64° 

124° 

b)  Orbit  perturbations 

As  defined  in  Reference  (4). 

c)  Stations  and  users 

location 

STATION 

LATITUDE 

LONGITUDE 

VTS  (Master) 

34.83 

239. 

HUL 

21.56 

201.76 

KOD 

57.60 

207.82 

BOS 

42.95 

288.37 

US1 

33. 

254. 

US2 

-33. 

344. 

US3 

33. 

74. 

US4 

-33. 

164. 

US  5 

33. 

254. 

d)  Clock  model 

Bias 

Drift 

Drift  rate 

Station  clocks 

Vehicle  clocks 

T.  (I  )  =  0 

1  o 

T .  (T  )  =  0 

J  ° 

W 

Rj(To> 

=  0 

=  +io'12 

D.  =  0 

l 

D.  =  0 

J 

(The  sign  of  R  was  alternated  from  one  vehicle  to  the  next) 
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presented  here  for  application  to  GPS. 
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DIRECT  ACQUISITION  ANALYSIS 


l.C  SCOPE 

This  trade  study  deals  with  the  user  who  has  a  stable  clock  which  is 
synchronized  to  the  satellite  clock  in  a  benign  environment.  Then,  the 
user  turns  off  his  equipment  (to  conserve  power)  at  t  =  0,  except  for  the 
clock.  At  a  later  time,  t,  he  then  turns  on  his  equipment  in  a  hostile 
(jaiming)  environment  and  reacquires  the  P-signal. 

The  factors  which  affect  the  time  to  reacquire  the  P-signal  are: 

a.  accuracy  wLth  which  the  user  clock  is  synchronized  to  the 
satellite  clock  at  t  =  0. 

b.  unknown  drift  of  the  user  clock  over  the  period  t. 

c.  the  accuracy  with  which  the  user  can  calculate  the  range  and 
velocity  to  the  satellite  prior  to  reacquisiticn  at  time  t, 
using  data  contained  in  his  computer. 

Section  2  analyzes  the  effect  of  user  clock  drift.  Section  3  analyzes  the 
effect  of  errors  in  satellite-user  range  and  velocity  prediction.  Section 
A  discusses  time  and  frequency  uncertainties  while  Section  5  relates  these 
uncertainties  to  acquisition  time.  Section  6  provides  an  example  and 
Section  7  presents  some  conclusions. 

2.0  EFFECT  OF  USSR  CLOCK  DRIFT 

The  following  assumptions  are  made: 

a.  All  satellite  clocks  are  phase  synchronized  with  each  other  and 
have  zero  drift  rate. 

b.  User  acceleration  is  zero  during  the  initial  synchronization  and 
reacquisition  periods. 

c.  The  C/A  signal  cannot  be  used  during  the  reacquisition  period  due 
to  j  aiming . 
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The  difference  between  the  user  clock  frequency  and  the  satellite  clock 
frequency  at  time  t,  Af l ,  is: 


Afx  =  (f  +  6  +  at)  -  f  (1) 

1  o  o 

where 

*  satellite  clock  frequency  -  Hz 

6  •  error  in  setting  frequency  of  user  clock  at  t  »  0  Hz 

a  *  frequency  drift  rate  of  user  clock  -  Hz/sec. 

The  number  of  radians,  0^ ,  the  user  clock  gains  or  loses  relative 
to  the  satellite  clock  is  found  by  integrationg  (1). 


(2) 


w  ue  re 

0q  is  the  phase  difference  ezror  between  satellite  and  user  clocks 
at  t  31  0. 

Tc  make  Afj^  and  0^  small,  6  and  9q  must  be  made  small. 

Therefore  the  user  must  accurately 

calculate  the  range  and  velocity  to  the  satellite  at  t  -  0  and 

transpose  the  received  phase  and  frequency  to  that  of  the  satellite. 

To  do  this,  the  user  must  make  an  accurate  position  determination 

using  four  satellites.  Thus  6  and  0  are  functions  of  the  overall 

o 

navigation  system  accuracy. 


The  oscillator  drift  rate,  a,  is  minimized  by  us®  of  pre-aged 
crystals  which  are  temperature  compensated  or  placed  in  an  oven. 

The  user  must  carry  in  his  computer,  either  a  simplified  set  of 
orbital  equations  for  the  entire  satellite  network  or,  alternatively, 
a  set  of  look-up  tables  giving  satellite-user  range,  range-rate  to 
an  arbitrary  user  location,  olus  some  simple  equations  for  extra¬ 
polation.  If  the  user  has  moved  a  significant  distance  prior  to 
acquisition  he  must  also  estimate  his  new  position  relative  to  his 
position  at  t  =  0. 


At  time  t,  the  user  receives  a  clock  signal  which  was  transmitted 
from  the  satellite  at  t  -  t  where 

T  =  ~  seconds 

R  =  satellite-user  range  at  t  -  T 
C  =  speed  of  light 
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The  sntellite  clock  sigr.nl  received  at  the  user  is  shifted  by 

g 

an  angle  of  2n  f  —  radians, 
o  C 

3.0  EFFECT  OF  RANGE  AND  VELOCITY  ESTIMATION  ERRORS 

To  make  the  satellite -user  clock  phase  error  as  small  as  possible,  the 
user  estimates  the  sate  11 ite -user  range  R  at  t  -  T.  If  the  user  soft¬ 
ware  predicts  R(t),  then  R(t  -  t)  can  be  derived  as  follows: 

R(t)  =  R(t  -  t)  +  Vt 


where  V  ~  the  satellite -use r  velocity  (range -rate) .  Combining  the  above, 
R(t  -  T)  -  (3) 

1  +  c 

Thus  the  user  must  also  estimate  the  range-rate  or  velocity,  V. 

Let  the  difference  between  the  estimates  value  of  R  and  the  true 
value  of  R  be  AR. 

The  phase  error  introduced  by  uncertainty  it;  range  prediction, 

02,  is 

02  -  2n  (f  +  6)  (  )  -  2tt  f  £ 

2  o  C  o  C 

-  2n  f  ^  +  2tt  6  (  R  )  (4) 

O  U  L 

Notice  that  the  user  thinks  the  satellite  frequency  is  fQ  +  6 
and  uses  this  to  calculate  the  phase  shift. 


The  frequency  (doppler)  error  introduced  by  uncertainty  in  velocity 
prediction,  Afj  ,  is  obtained  by  differentiating  (4). 


Af? 


1  dft2 

2tt  dt 


+  6 


V  +  AV 
C 


(5) 


4.0  TOTAL  TIME  AND  FREQUENCY  UNCERTAINTY 

The  total  phase  error,  H,  between  satellite  and  user  clock  at  time  t 
is  oh  .lined  from  equation  (2)  and  (4).  However,  all  of  the  error 
terms  are  uncorrelated  with  each  other  (except  for  the  last  term  in 
(4)  which  turns  out  to  he  much  smaller  than  thi  others  and  can  he 
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neglected).  That  is,  ft  ,  6,  a,  and  AR  are  considered  as  independent 
random  variables  with  Gaussian  distributions.  Then 


£R\2 


ft.  «  /  A*  +  (2n  6t  )2  +  (it  at2)2  +  (2n  f 

i.Ci ./  0  C  C 


(6) 


where  the  second  term  in  equation  (4)  is  dropped.  (See  Appendix  A.) 


Similarly,  from  (1)  and  (5)  we  get  the  total  difference  between 
satellite  and  user  clock  frequencies,  Af. 


' J 


+  <«>a  +  <»„  *$>’ 


(7) 


where  the  second  term  in  (S)  is  dropped.  (See  Appendix  A.) 

To  calculate  P-signal  acquisition  time,  it  is  convenient  to  express 

(6)  as  a  tin.e  error,  AT,  using  the  relations  8  ■  2nf  AT,  and 

G  *  2tt  f  AT  .  ° 

o  o  o 


AT 


RMS 


/  ,  .  .2 

i  , 

iKr + (-t) 

t3+i 

+ 

<# 

4J 

I  ° 

C' 

(8) 

Finally,  rewrite  (7) 


Af 


RMS 


/  /  s 

;  2  , 

•c 

Cf)  * 

o 

JL-)  ta  +  (AS 

1  '  c  ; 

(9) 


Equations  (8)  and  (9)  define  the  time  and  frequency  uncertainty 
existing  at  the  user  at  time  t.  The  time  to  directly  reacquire 
the  P-signal  is  a  function  of  these  parameters. 

5.0  ACQUISITION  TIME 

The  acquisition  time,  T^,  to  acquire  the  P-signal,  is  a  function  of 


AT1  and  Af'  as  follows: 

TA  =  TD  (*T'!  fc  INT 


^Af'  ^  ^  fRB^ 


(10) 
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where 


time  interval  searched  -  sec 
time  per  code  chip  -  sec 

hipping  rate  -  Hz 
of  code  chips  searched 

ition  bandwidth  of  rc-cei/er  -  Hz 
r  frequency  -  Hz 

al  carrier  frequency  searched  -  Hz 


number  of  frequency  bands  searched 

where  INT  [•]  is  the  smallest  integer 

larger  -han  the  quantity  in  the  brackets. 

Equation  (10)  is  based  on  a  sequential  receiver  which  can  detect  and 
evaluate  only  one  chip  position  in  one  frequency  band  at  a  time. 

Parallel  frequency  channels  (i.e.,  filter  bank)  could  be  implemented 
to  speed  up  acquisition  time  considerably.  (Ref.  -  Appendix  H  of  MRL 
Signal  Definition  Study.) 

Equation  (10)  gives  the  acquisition  time  as  a  function  of  total  time  and 
frequency  intervals  searched  while  equations  (8)  and  (9)  give  RMS  values 
of  AT  and  Af.  The  optimum  search  procedure  is  to  start  at  the  most  prob¬ 
able  code  chip  position  and  frequency  band,  and  then  test  positions  in  a 
two-dimensional  spiral  shaped  t ime -frequency  search  pattern  which  pro¬ 
gressively  moves  out  to  less  probable  time-frequency  positions.  Assuming 
that  A T  and  Af  are  statistically  independent  (worst-case  since 
equations  (8)  and  (9)  have  common  error  sources),  we  then  can  attach  a 
probability  of  acquisition  with  as  a  function  of  the  RMS  values  of 

AT  and  Af  given  by  (R)  and  (9)  as  shown  in  Table  1. 

TABLE  1 

PROBABILITY  OF  ACQUISITION 


*  1 

Li 

Li1 

JOINT  PROBABILITY 
OF  ACQUISITION 

AT  RMS 

of  RMS 

2.:) 

’.0 

0.47 

4.0 

4.0 

0.91 

6.0 

6.0 

0."9S 

The  maximum  acquisition  time  was  based  on  searching  all  time-frequency  cells 
within  AT*  and  Af'.  The  probability  oi  acquisition  was  derived  by  calculating 
the  following  joint  probability. 


AT'  =  total 
TD  =  dwell 

f  =  code  c 
c 


(AT')f  =  number 

c 

B  =*  acquis 


4-5 


Prob  acquisition  = 


X  Prob 


where 


AT  and  Af  in  equation  (11)  are  assumed  to  be  Gaussian  random  variables 

with  zero  mean  and  RMS  values  given  bv  equations  (8)  and  (9).  The  ratio, 

K,  of  AT'  and  Af’  to  AT_  and  Af_  yields  the  values  for  the  probability 

rms  rms 

on  the  right  hand  side  of  equation  (11). 


Substituting  AT'  =  KAT  and  Af 1  =  KAf 

rms  rms 

into  (10) 


1’  [KAT  f  1NT 
D  l  rms  I  c 


For  t  small,  and  aTq  «  =— 


equations  (8)  and  (9): 


6  AV 

and  —  «  —  ,  we  can  write 

o 


Af  «  AV 
rms  - 


Substituting  in  equation  (12): 


T,  "  T 
A 


n  K  /  ^  \  f  INT  /  ^  \  (  \ 

d  y  c  j  c  y  c  j  y  b  j 


Since  AT  and  Af  are  partially  correlated,  it  might  be  possible  to 
reduce  the  number  of  time-frequency  positions  in  the  acquisition  search, 
thereby  reducirp  the  acquisition  time. 
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6.0 


EXAMPLE  CASES 


Let 


AT 

in’8 

sec  . 

o 

r,  = 

io9 

ft /sec . 

f 

c 

io7 

chi ps / sec  . 

= 

1.6  x 

0 

in  Hz 

K  -  A 

Using  equations  (8)  (9)  and  (12)  plots  of  signal  acquisition  time,  T 

A 

versus  time  from  initial  user  clock  synchronization  v:re  computed  and 
are  shown  in  Figures  1,  2  and  3.  (Note  that  T  is  the  signal  acquisition 

A 

time,  not  the  time  to  first  navigation  fix,  which  is  longer  than  T^.) 

Figure  1  shows  the  effect  of  user  clock  offset  error,  6,  at  t  =  0; 
and  clock  frequency  drift  rate  error,  a.  Figure  2  shows  the  effect 
of  satelli'-e-to-user  range  and  velocity  estimate  errors,  AR  and  AV , 
by  the  user  at  time  =  t.  Figure  3  shows  the  effect  of  dwell  time, 

Tp,  and  acquisition  bandwidth,  B. 

When  acquiring  in  a  jammed  emironment,  it  is  necessary  tc  make 
long  and  B  small  at  the  expense  of  making  the  acquisition  time  longer. 

The  relationship  between  these  parameters  and  reliable  amuisition  in 
a  jamming  environment  is  complex  and  will  not  be  investigated  under 
this  task. 
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6/f  =  10-9 
o 

Td  =  10'1  Sec 


B  =  100  Hz 

-12 

a/f  =  10 
o 


cr 

u 

< 


10 


10 


10 


Figure  2  Effect  of  Range  and  Velocity  Estimate  Errors  AR,  A V 
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7.0  CONCLUSIONS 


Direct  acquisition  of  the  P-slgnai  without  the  aid  ot  the  C/A  signal  la 
possible.  Reasonable  signal  acquisition  times  (less  than  300  seconds) 
are  attainable  provided  the  user  has  an  accurate  knowledge  of  the  phase  and 
frequency  of  its  clock  relative  to  the  satellite  clock,  and  a  good  estimate 
of  the  sate! 1 ite-to-user  range  and  range-rate.  To  do  this,  it  is  necessary 
for  the  user  to  synchronize  his  clock  to  the  navigation  satellite  system 
at  some  time  prior  to  operational  use.  A  3-hour  interval  appears  to  be  a 
maximum  for  time  between  synchronization  and  P-code  direct  acquisition  for 
most  cases  of  interest. 

To  be  more  specific,  direct  acquisition  of  the  P-signal  can  be  attained  within 
200  seconds  (with  probability  of  0.9)  after  an  interruption  of  receiver  signal 
reception  of  1(/*  seconds  (2.8  hours)  provided  (see  Figure  1  in  Main  text): 

a.  Initial  user  clock  phase  synchronization  to  within  10  ns  (rms). 

.9 

b.  Initial  user  clock  frequency  synchronization  to  within  10  (rms). 

-13 

c.  U6er  clock  frequency  drift  rate  predicted  to  within  10  per 

-8 

sec  (10  per  day)  (rms). 

d.  User-to-satel lite  range  estimated  to  accuracy  of  1000  ft  (rms) 
at  time  of  direct  acquisition. 

e.  User-to-satellite  range-rate  estimated  to  accuracy  of  50  ft/sec 
(rms)  at  time  of  direct  acquisition. 

f.  User  receiver  dwell  time  of  0.1  sec/code  chip  during  code  search. 

g.  User  receiver  acquisition  bandwidth  of  100  Hz. 

wich  the  parameters  for  dwell  time  and  acquisition  bandwidth  specified 
above,  it  should  be  possible  to  acquire  the  P-eignnl  with  a  jararaing-to- 
signai  latio  In  the  order  ot  45  dB.  Further  work  is  required  to  determine 
acquisition  properties  for  specific  user  equipments  in  jamming  environments. 

It  is  planned  that  almanac  data  will  be  periodically  transmitted  to  the  user 
and  stored  in  the  user  computer  to  aid  in  satellite  acquisition.  The  accuracy 
ot  this  almanac  should  be  studied  to  determine  what  values  of  \R  and  \V  are 
leacibie. 
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Appendix  A 


In  equation  (4),  the  ratio  of  the  second  term  to  the  first  term  is; 

M  \ 

1  +  R  \ 

£R  / 

R  ' 

Typically,  — <  10'9  and  ^  >  10  ^ ,  which  makes  the  above  ratio 

*  f  —  R 

,3  ° 

<10  .  Therefore,  the  second  term  in  equation  (4)  can  be  neglected. 


I 

\ 

I 

T 


I 

'If 


In  equation  (5),  the  ratio  of  the  second  term  to  the  first  term  is 


6  ( V  +  MO 

(o(4V) 


Typically 


<  10'9  and  ^  >  10'3, 


-n 


<  10  .  Therefore  the  second  term  in  equation 


which  makes  the  above  ratio 
(5)  can  be  neglected. 
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1.0  INTRODUCTION 

This  document  summarizes  the  work  performed  to  date  by  WDL-SDD 
concerning  ionospheric  and  tropospheric  errors  in  the  proposed  Global 
Positioning  System  (GPS)  . 


2.0  STATEMENT  OF  THE  PROBLEM 

The  GPS  is  a  high-precision  navigation  system  which  permits  users  to 
receive  coded  signals  from  several  earth- orbiting  satellites,  and 
tnrough  a  suitable  processing  of  modulation  information  contained  in 
the  several  signals,  determine  his  position  and  velocity,  in  three 
dimensions.  The  baseline  system  currently  being  studied  will  utilize 
RF  carriers  in  the  lower  microwave  region,  ie,  nominally  1575  MHz  and 
1230  MHz. 

The  received  signals,  upon  processing,  permit  the  user  to  determine 
the  apparent  range,  or  pseudo-range,  to  each  of  several  (viz,  four) 
satellites.  Upon  referring  the  pseudo-range  measurements  to  a  common 
time,  and  upon  determining  the  satellite  position  at  that  time  (using 
data  transmitted  from  satellites)  the  user  computes  his  position. 

The  problem  of  computing  an  accurate  '‘fix"  is  compounded  by  certain 
atmospheric  radio  propagation  anomalies,  known  as  the  "tropospheric 
range  error"  and  the  "ionospheric  range  error".  The  former  is  largely 
frequency-independent,  and  normally  amounts  to  2-50  feet;  this  error 
is  determined  entirely  by  meteorological  conditions  in  the  near 
vicinity  of  the  GPS  user.  Th<2  latter  error  can  range  between  2-500 
feet;  this  error  is  strongly  frequency  dependent,  and  is  also  a 
function  of  the  radio  path  elevation  angle  and  the  ionospheric 
condition  along  the  user-satellite  path. 

Users  requiring  the  most  precise  fix  capable  of  the  G.?S  must  make 
corrections  for  both  tropospheric  and  ionospheric  range  errors. 
Various  methods  have  been  proposed  and  studied;  the  end  objective  of 
all  these  metnods  is  either  to  compute  from  a  prediction  model,  or  to 
make  measurements  on  or  related  to,  the  pertinent  errors.  The 
tropospheric  range  error  is  discussed  in  a  separate  document  (Error 
Budget  Analysis) ;  this  report  is  concerned  only  with  the  ionosphere. 


1.0  USER  AND  CONTROL  SEGMENT  REQUIREMENTS 

A  radio  ranging  system,  such  us  is  planned  for  GPS  users,  performs  an 
indirect  measurement  to  determine  range  between  user  and  satellite. 
The  measurement  consists  of  two  steps,  ie: 

•  Time  delay  between  user  and  satellite  is  actually  measured. 

•  The  time  delay  is  multiplied  by  a  number  which  represents  the 
velocity  of  light  along  the  ray;  the  resultant  product  is 
interpreted  as  the  range  (distance)  to  the  satellite. 
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Such  an  indirect  technique  is  far  more  convenient  for  GPS  than  a 
direct  measurement,  and  since  it  is  possible  to  measure  relative  time 
delays  with  extremely  high  precision,  the  indirect  technique  will 
yield  an  accurate  range  measurement  if,  and  only  if,  the  average  group 
velocity  of  the  radio  signal  along  the  ray  is  accurately  known. 
Unfortunately  the  ionosphere  forces  upon  us  a  range  correction  which 
can  oe  less  than  one  foot  (vertical  path,  low  Iv)  to  as  much  as  400 
feet  or  more  (low  elevation  angle,  high  Iv) ;  it  is  assumed  here  the  RF 
frequency  is  ir.  the  vicinity  of  1.2- 1.6  GHz. 

3. 1  Users 

User  fix  accuracy  requirements  may  be  divided  into  several  categories; 
for  the  purpose  of  assessing  atmospheric  range  errors  these  are 
conveniently  divided  as  follows: 

1.  Low  Accuracy  User.  These  are  users  to  whom  a  fix  error  of 
several  tens  of  feet,  or  even  200-400  feet,  is  of  no 
consequence.  Users  of  this  category  can  ignore  the 

atmospheric  effects. 

2^  Medium  Accuracy  Users.  This  category  contains  users  to  whom 
errors  of  100-400  feet  are  unacceptable,  but  also  to  whom 
correcting  atmospheric  errors  any  closer  than  50-60  feet  may 
very  well  not  warrant  the  additional  equipment  cost  and 
complexity. 

3.  High  Accuracy  Users.  These  users  possess  fix  accuracy 
requirements  which  force  them  to  correct  the  atmospheric 
effects,  even  under  worst-  case  conditions,  so  as  to  obtain  a 
residual  error  not  exceeding  a  few  feet,  certainly  less  than 
ten  feet. 

To  users  in  category  1  the  atmospheric  effects  are  of  no  consequence. 
To  those  of  the  second  category  some  degree  of  both  tropospheric  and 
ionospheric  correction  is  required,  but  simplicity  of  the  correction 
technique  is  also  of  paramount  importance.  Users  of  the  third 
category  require  the  best-available  correction  technique;  to  ti  ese 
users  accuracy  of  the  fix  is  weighed  more  heavily  than  equipment 
simplicity,  although  the  latter  is  certainly  not  ignorable.. 


3 . 2  Control  Segment 

A  major  function  of  the  GPS  Control  Segment  is  to  perform  high- 
precision  range  measurements  on  the  satellites,  thereby  obtaining  raw 
data  for  computation  and  prediction-ahead,  of  the  orbits.  It  is  a 
system  design  objective  that  monitor  stations  shall  perform  the  range 
measurements  with  a  residual  error  as  close  to  one  foot  as  can 
reasonaoly  oe  achieved.  Therefore,  the  control  segment  pseudo- range 
measurements  necessarily  will  use  the  best-available  techniques  to 
correct  for  tropospheric  and  ionoipheric  range  errors,  on  a  realtime 
basis. 
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4.0  BRIEF  SUMMARY  -  IONOSPHERIC  RANGE  ERROR 

a.  The  L-band  range  error  varies  markedly  with  time  and  signal 
path  elevation  angle,  from  a  few  feet  to  as  much  as  several 
hundred  feet. 

b.  The  range  error  can  be  computed  approximately  for  a  given 
path,  if  one  is  provided  with  a  prediction  model  for  both  the 
vertical  integrated  electron  content  and  for  the  effective 
scale  height  of  the  ionosphere. 

c.  Present  technology  does  not  provide  an  accurate  prediction 
model,  even  for  a  limited  geographical  region. 

d.  A  two- frequency  technique  is  available,  permitting  users  tc 
make  an  almost  perfect  correction  for  L-band  range  errors. 
Hign-precision  users  should  use  this  technique  until  such 
time  that  a  practical,  accurate  prediction  model  can  be 
formulat ed. 

e.  During  Phase  I  or  its  operation,  the  GPS  control  segment  is 
ideally  suited  to  gather  raw  range  error  data,  and  to  employ 
it  for  evaluating  prediction  models  of  varying  complexities. 


5.0  BRIEF  TECHNICAL  BACKGROUND 

This  memorandum  is  concerned  with  errors  arising  from  radio 
propagation  anomalies  in  the  earch' s  ionosphere. 

The  ionospheric  is  a  high-altitude  region  of  the  earth's  atmosphere, 
lying  between  roughly  200  and  2000  miles  altitude.  In  this  region  a 
fraction  of  the  atmospheric  gas  molecules  is  ionized  by  certain 
ultraviolet  radiation  wavelengths  from  the  sun,  thU3  causing  the 
ionosphere  to  become  a  plasma. 

By  solving  Maxwell's  equations  of  electromagnetic  theory  in  a  region 
of  space  containing  a  plasma,  it  is  possible  to  demonstrate  that  the 
group  and  phase  velocities  of  a  radio  wave  are  altered  from  the  free- 
space  value,  due  to  the  action  of  the  free  electrons  comprising  the 
plasma;  the  group  velocity  is  lowered  below  the  tree-space  value.  It 
is  also  possible  to  demonstrate  that  the  group-velocity  reduction 
factor  is  an  extremely  compJicated  function  of  (1)  the  degree  of 
ionization,  (2),  the  particular  frequency  of  the  propagating  wave,  and 
(3)  the  magnitude  and  direction  of  earth's  magnetic  field  at  the 
ionospheric  point  in  question. 

The  general  effect  of  the  ionosphere  on  signals  above  1000  MHz  is  to 
cause  an  additional  group  time  delay,  due  to  wave  slowing,  thereby 
introducing  a  pseudo-range  error  of  very  nearly  one  foot  additional 
range  for  every  nanosecond  of  wave  slowing.  The  dominant  ionospheric 
range  error  term,  in  the  microwave  reqion,  is  inversely  proportional 
to  the  square  of  the  radio  frequency;  a  more  exact  analysis  reveals 
additional  terms  varying  as  reciprocal  frequency  cubed,  and  reciprocal 


5-3 


PHILCQ  « » 

Philco-Ford  Corporation 
Waatarn  Development  Labo rate,  tea  Division 

frequency  fourth-power,  but  these  terms  can  be  shown  to  contrioute  a 
range  error  never  exceeding  a  very  few  centimeters,  ie,  well  under  one 
foot. 

For  the  and  L2  SPS  frequencies,  the  ionospheric  range  error  is 
seldom  less  than  2-3  feet  (vertical  path,  pre-dawn,  very  light 
ionization) ,  or  more  than  300  feet  (low  elevation  angle,  close  to 
noon,  intense  ionization) . 

If  the  path  elevation  angle  is  not  less  than  about  5  or  6  degrees,  and 
if  the  RF  frequency  exceeds  1000  MHz,  tropospheric  and  ionospheric 
range  error  effects  may  be  treated  separately,  ie,  coupling  between 
the  two  is  negligible.  On  the  other  hand  a  coupling  error,  which  can 
amount  to  several  feet,  appears  at  extremely  low  angles,  ie,  very 
close  to  local  horizontal. 

The  analytical  work  indicates  chat  by  far  the  most  important 
ionospheric  effect,  pertinent  to  GPS  ranging  measurements,  is  that  the 
group  velocity  of  a  microwave  radio  signal,  passing  through  the 
ionosphere,  is  less  than  the  velocity  of  light  in  a  vacuum.  The 
velocity  discrepancy  is  a  complicated  function  of  the  detailed  degree 
of  ionization  along  the  path  between  a  given  satellite  and  a  user;  the 
range  error  resulting  from  this  velocity  discrepancy  is  a  function  of 
the  length  of  the  path  through  the  ionosphere,  and  hence  of  the 
elevation  angle  of  that  path,  and,  to  an  excellent  approximation,  the 
range  error  varies  as  1/f*.  Other  types  of  ionospheric  errors  have 
indeed  been  identified  and  sized;  the  group  velocity  effect  is  the 
only  one  examined  which  appears  to  produce  range  errors  as  large  as 
one  foot,  (for  frequencies  exceeding  1  GHz. 

For  example,  W.  Waters  of  WDL,  and  A.  da  Rosa  at  Stanford  University 
have  independently  computed  the  range  error  resulting  from  the  fact 
that,  because  of  ionospheric  refraction,  the  user-satellite  path  is 
actually  curvilinear,  not  straight;  the  geometrical  length  of  a  curved 
path  between  two  fixed  points  (the  user  and  the  satellite  #  is 
obviously  greater  than  the  length  of  a  straight  line  between  the  same 
two  points.  Both  approximated  the  ionosphere  as  a  uniform  slab  of 
thickness  d,  center  height  h  aoove  earth's  surface,  containing  an 
assumed  integrated  electron  content  Iv  vertically.  (See  discussion 
below).  Da  Rosa  performed  numerical  integration  of  the  radio  ray 
equation,  using  several  frequencies  (100-1500  MHz),  whereas  Waters 
derived  an  analytical  approximation  from  the  basic  ray  equation  i.i  the 
refracting  ionosphere. 

Both  found  the  path-lengthening  range  error  to  amount  to  only  a  few 
centimeters  at  1200  MHz;  da  Rosa's  numerically-cor.ti^ed  points 
accurately  fit  an  empirical  relation  which  shows  range  error  varying 
as  f-3.74j  waters'  analytic  expression  varys  as  f-4,  and  jnows  this 
range  error  varying  as  the  square  of  the  integrated  election  content. 
Finally,  in  a  private  communication  to  Waters,  Dr.  Rodney  3ent 
indicated  that  he  found  a  path-lengthening  error  of  only  about  2  cm, 
at  the  frequency.  Consequently,  no  further  discussion  of  this 
error  is  given  in  this  document. 
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Waters'  analytical  expression  is  as  follows: 


A  R/ ray  bending  = 


2.  68*10" 4  ij  (1  +  d/2H) 


df 


(1) 


with 

Iv  =  vertical  electron  content  (defined  below),  hexams 
d  -  ionosphere  slab  thickness.  Km 
N  =  ionosphere  effective  height,  Km 
f  =  RF  frequency,  GHZ 
E  -  elevation  angle,  degrees  (at  least  10°) 


Let  us  now  pause  to  introduce  the  concept  of  integrated  electron 
content.  Suppose  a  radio  link  is  established  between  a  satellite  and 
a  user;  the  radic  path  is  almost  a  straight  line.  Now  imagine  a  long 
cylindrical  column,  having  a  cross* sectional  area  of  one  square  meter 
(ie,  a  cylinder  aoout  44  1/2  inches  diameter) *  extended  all  the  way 
from  user  to  satellite.  Move  along  the  cylinder,  from  user  to 
satellite,  and  with  a  suitable  instrument  measure  the  total  number  of 
free  electrons  contained  within  the  cylinder.  These  free  electrons 
are  the  result  of  ionization  of  the  earth's  atmospheric  molecules  by 
certain  ultraviolet  radiation  wavelengths  from  the  sur.. 

The  total  count  of  free  electrons  in  such  a  one-square-meter  column  is 
known  as  the  integrated  electron  content ,  and  is  designated  by  the 
letter  I.  Values  for  I  are  usually  referred  to  a  vertical  column,  and 
are  therefore  symbolized  Iv.  Numerical  values  for  Iv,  pertaining  to  a 
particular  place  on  the  earth's  surface,  can  vary  over  almost  a  1000 
to  1  range.  Low  val«ies  o  Iv  are  obtained  shortly  after  midnight  or  a 
day  during  which  the  characteristic  solar  radiation  was  unusually  low; 
such  a  value  is  of  the  order  ^f  10 4 5  free  electrons  in  a  one-square- 
meter  column.  High  values  of  Iv  are  obtained  at,  or  soon  after,  noon, 
with  the  sun  almost  directly  overhead,  and  with  a  relatively  active 
sun;  such  a  high  value  can  exceed  10 *•  free  electrons  per  square 
meter,  with  an  extreme  value  less  than  10**. 


It  is  convenient  to  express  the  vertical  integrated  electron  content, 
Iv,  in  units  of  IQ16  electrons  per  square  meter.  Such  a  measure  is 
known  as  a  HEXArl,  abbreviated  hex.  Thus,  a  relatively  ionized 
ionospheric  column  is  equivalent  to  iv  equal  to  a  few  tenths  of  a 
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HEXAM,  whereas  a  heavily  ionized  column  contains  several  hundred 
HEXAMs. 

The  value  of  Iv  over  a  particular  place  varies  with: 

1.  The  location  of  the  user  (or  monitor)  station 

2.  The  local  time  of  day  (ie,  position  of  the  sun  in  tne  sky) 

3.  The  time  of  year 

4.  The  solar  activity  (related  to,  but  not  the  same  as,  sunspot 
activity 


6.0  IONOSPHERIC  RANGE  ERROR 

The  ionospheric  range  error  is  considerably  more  complicated  to 
determine  in  the  GPS  than  is  the  tropospheric  error,  for  several 
reasons : 

1.  Tne  error  is  very  much  a  function  of  carrier  frequency.  As 
was  mentioned  in  section  4,  for  frequencies  anove  1  GHz  it 
can  be  shown  that  this  error  varies  inversely  as  frequency- 
squared,  if  smaller  terms  which  contribute  a  few  centimeters 
or  less  are  omitted. 

2.  At  any  given  time  the  structure  of  the  ionosphere  is 
complicated  function  of  position  over  tne  earth's  surface. 

3.  The  detailed  structure  of  the  ionosphere  varies  with  time. 
Of  primary  importance  are  a  24-hour  general  trend,  a  365-day 
trend,  and  a  (generally)  11-year  trend  as  solar  activity 
varies  cyclically.  However,  short-term  variations 
representing  significant  departures  from  the  trends 
frequently  appear,  and  are  far  from  ignorable  in  the  GPS. 

4.  The  ionospheric  range  error  itself  may  be  several  times 
larger  than  the  tropospheric  error. 

5.  The  ionospheric  error  is  the  resultant  of  solar  radiation  in 
a  high-altitude  layer  of  the  ionosphere.  For  this  reason 
measurements  made  at,  or  from,  earth- surface  locations  do  not 
provide  adequate  information  for  computing  the  range  error  of 
a  signal  completely  penetrating  the  ionosphere. 

A  straiqntf orward  analysis  reveals  that  the  range  error  for  signals  in 
the  1200-1600  MHz  range  is  roughly  one  foot  for  every  hex  of  electron 
content;  tnus,  a  30-hex  path  yields  roughly  a  30-foot  range  error 
(depending  upon  the  specific  frequency) . 

In  order  to  illustrate  the  ionospheric  complexity.  Figures  1  through  4 
show  typical  electron  content  variations.  Figures  1  and  2  illustrate 
the  2 4- hour  variation;  in  each  figure  a  set  of  curves  is  shown  for  the 
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electron  content  of  a  vertical  path,  for  various  magnetic  latitudes, 
and  for  two  different  geolongitudes  (110°  west  and  291°  west),  both 
for  the  same  day.  Figures  3  and  4  illustrate  how  the  vertical 
electron  content  varies  with  solar  activity;  curves  are  given  for  two 
different  days,  for  three  specific  locations,  in  each  case  through  a 
2 2 -hour  period. 

The  electron  content  along  a  path  other  than  vertical  is  greater  than 
along  the  vertical,  simply  because  the  path  is  longer.  It  can  be 
shown  that,  for  very  low  elevation  angles,  the  electron  content  is  as 
much  as  three  times  the  vertical  value.  (For  example,  compare  values 
of  range  error  AR,  computed  from  Eq  (2)  ,  for  3  =  0°  and  90°. ) 

Figure  1  shows  a  minimum  content  of  about  1  hex  (0500  hours,  -30° 
magnetic  latitude),  whereas  Figure  4  shows  a  maximum  of  about  75  hex). 
If  a  GPS  pseudo-range  is  measured  along  a  vertical  path,  at  the  time 
and  location  corresponding  to  the  minimum  of  Figure  1 ,  the  ionospheric 
range  error  for  that  path  would  oe  roughly  one  foot.  On  the  other 
hand,  corresponding  to  the  peak  of  Figure  4,  the  range  error  for  a  low 
elevation  angle,  below  about  5°,  would  be  roughly  225  feet. 

Although  the  solid  curve  cf  Figure  4  is  labelled  "high  solar 
activity",  this  curve  by  no  means  represents  an  extreme.  Vertical 
contents  of  160  hex  have  been  measured  on  many  occasions  over  Hawaii, 
and  a  value  of  240  hex  has  been  measured  occasionally.  Such  an 
extreme  value  implies  an  L-banci  range  error  of  o^er  700  feet  for  low 
elevation  angles. 
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DATE  *  6  JUNE  1971 

DAILY  FLUX  =  102.0,  12-MONTH  AVER.  FOR  FLUX  -  1 19.7,  FOR  SUNSPOT  *  66.7 
LONGITUOE  -  291° 

VERTICAL  ELECTRON  CONTENT  (1  •  E  16  E/M**2) 


figure  1  Ionosphere  Electron  Content  Curves  During  One  Day  Longitude  291° 
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DATE  -  6  JUNE  1971 

DAILY  FLUX  -  102.0,  1 2-MONTH  AVER.  FOR  FLUX  -  1 19.7,  FOR  SUNSPOT  -66.7 
LONGITUDE  -111“ 

VERTICAL  ELECTRON  CONTENT  (1  •  E16  E/M* *2) 


Figure  2  Ionosphere  Electrons  Content  Curves  Du.-ng  One  Day  Longitude  111° 
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VERTICAL  ELECTRON 
CONTENT  HO1*’  */m2) 


______  DATE  -  23  OEC  69;  HIGH  SOLAR  ACTIVITY,  OAILY  FLUX  -214.9 

_ _ _ DATE  -  6  JUN  71;  MEOI’JM  SOLAR  ACTIVITY,  OAILY  FLUX  -  102.0 


MAGNETIC  LATITUDE  -50' 
GEOGR.  LONGITUDE  -  Ilf 


MAGNETIC  LATITUDE  -  -20 
GEOGR.  LO'.GITUOE  -  219" 
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Figure  3  Ionosphere  Electron  Content  For  Two  Days  Two  Geographical  Locations 
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DATE  -  23  DEC  69;  HIGH  SOLAR  ACTIVITY,  DAILY  FLUX  -  214.9 


Figure  4  Ionosphere  Electron  Content  For  Two  Days  Single  Location 
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The  ionospheric  range  error  due  to  group  velocity  slowing  can  be  shown 
to  oe  represented  by  the  following  approximate  formula: 


AR  =  1.32(1  +  K/Rq)  I^f2  [sin2  E  +  2H/Rq  +  H2/R2] 


1/2 


(2) 


in  which 

R  =  range  error,  feet 

H  =  effective  height  of  the  ionosphere  (300-400  Km)  (350  Km  typical) 
Rq  =  earth's  equatorial  radius  (6378  Km) 

E  =  elevation  angle 
f  =  radio  frequency  (GHz) 

I  =  vertical  electron  content  (Hexams) 


A  user  or  monitor  station  wishing  to  determine  the  ionospheric  range 
error  must,  by  some  strategm,  evaluate  Eq  (2)  numerically,  for  the 
particular  path  t'.o  a  satellite,  at  the  particular  time  (to  within  20 
seconds)  that  a  pseudo-range  measurement  is  made.  L-band  frequencies 
for  the  GPS  are  Li  =  1575  MHz,  L2  *  1232.5  MHz.  Therefore,  in  Eq  2), 
f  and  Ro  possess  accurately  known  values. 

The  elevation  angle  £  strongly  affects  Eq  (2) ;  therefore,  this  angle 
must  be  computed,  from  knowledge  of  the  user's  approximate  position 
and  the  satellite  position. 

The  ionosphere's  effective  height  varies  from  place  to  place  and  time 
to  time.  For  low  elevation  angles,  below  20°,  Fq  (2)  is  strongly 
affected  by  the  value  of  H;  since  the  range  error  is  largest  at  the 
smallest  elevation  angles,  it  is  important  to  have  an  accurate  value 
for  H.  Unfortunately,  this  is  a  very  difficult  parameter  to  measure 
accurately;  a  10  percent  uncertainty  in  H  is  typical. 

In  order  to  evaluate  the  effect  of  an  uncertainty  in  K,  differentiate 
Eq  (2)  partially  with  respect  to  H.  The  resultant  may  be  cast  into  a 
form  which  yields  the  uncertainty  cf  the  computed  range  error,  AR, 
for  a  given  fractional  uncertainty  AH  in  H  (ie,  AH/H)  as  a  function 
of  Iv  and  of  elevation  angle.  Table  1  lists  the  end-product  of  such  a 
computation,  for  an  electron  content/ frequency  combination  which 
yields  a  AO-foot  vertical  range  error,  and  for  a  10  percent  (typical) 
uncertainty  in  scale  height  H. 
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TABLE  1 

RANGE  ERROR  UNCERTAINTY  DUE  TO  SCALE  HEIGHT  UNCERTAINTY 


R  =  40  foot  vertical 
H  =  approximately  350  kM 
AH  =  approximately  ±35  kM 


Elevation  Angle, 

Rang*.?  Error  Uncertainty 

Degrees 

feet 

0 

±1 .73 

5 

±1.71 

10 

±1.41 

15 

±1.09 

20 

±0.80 

This  table  illustrates  that  a  10  percent  uncertainty  in  H  is  tolerable 
(range  error  uncertainty  less  than  one  foot)  for  an  angle  of  at  least 
20°,  but  only  for  a  relatively  ,,mild,,  ionosphere  (40-foot  vertical 
range  error).  Intense  ionization,  occurring  about  noon  during  a  sun¬ 
spot  peak,  will  increase  the  range  error  uncertainties  by  a  factor  of 
3  to  6. 


7.0  DETERMINATION  OF  IONOSPHERIC  RANGE  ERROR 

Five  major  options  are  available  for  handling  the  ionosphere  range 
error,  ie: 

1.  Ignore  the  error;  this  option  is  viaole  for  low-precision 

users. 

2.  Compute  the  error  from  Eq  (2)  ,  after  making  a  determination 
of  all  the  parameters  in  the  equation.  Possible  techniques 
for  determining  Iv  and  H  are  discussed  below. 

3.  Compute  the  error  from  Eq  (2)  ,  using  fixed  values  ror  all 

parameters  except  elevation  angle  in  the  equation. 

• 

4.  Compute  the  error  from  Eq  (2)  ,  using  fixed  values  for  ail 

parameters,  including  elevation  angle;  this  is  equivalent  to 
assuming  a  fixed  ionospheric  range  error. 

5.  Exploit  the  fact  that  the  range  error  varies  as  1/f*,  make 
pseudo-range  measurements  using  two  frequencies  (L|  and  L*) , 
and  combine  the  results  such  as  to  eliminate  the  ionospheric 
range  error. 
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If  the  range  error  is  completely  ignored,  the  psuedo-range 
will  always  exceed  the  geometrical  range,  ie,  the  range  error 
is  always  positive.  A  better,  fixed  approximation  will  be 
made  if  the  range  error  is  always  assumed  to  be  some  fixed 
number  of  feet,  N.  The  following  argument  is  used  to 
r;?timate  a  meaningful  value  for  N: 

If  ranging  is  allowed  ever  a  full  hemisphere,  and  if  a  given 
direction  (elevation  angle)  to  a  satellite  is  as  probable  as 
any  other  direction,  it  is  easy  to  show  that  the  median 
elevation  angle  is  30°,  ie,  half  the  paths  involve  elevation 
angles  greater  than  the  median,  and  half  smaller. 

By  referring  to  Figure  1,  it  is  clear  that  an  approximation 
to  the  vertical  electrons  content  is  a  fixed  quantity  plus  a 
24-hour  sinusoidal  variation.  Under  this  approximation  the 
median  is  half  the  peak,  that  is,  averaged  over  a  24-hour 
period  the  median  electron  content  is  half  the  peak  value. 

From  other  ionospheric  data,  not  presented  herein,  it  can  be 
estimated  that  the  peak  value  of  Iv  for  each  day  of  the  year 
varies  by  about  3  to  1,  so  that  the  median  daily  peak  is 
about  twice  the  lowest  peak.  From  this  it  is  further 
estimated  that  the  median  world-wide  daily  peak  is  about  50 
hex,  half  of  which  is  25  hex. 

Therefore,  a  median  value  of  range  error  can  be  computed  from 
Eq  (2),  using  Iv  *  25  hex,  E  *  30°,  H  =  350  kM,  and  f  «  1.575 
GHz.  This  median  value  is  28  feet.  It  is  suggested  that  all 
low-accuracy  users  should  subtract  this  value  from  every 
pseudo- range  measurement;  half  the  measurements  will  be  over 
corrected,  and  half  uncorrected  (some  by  much  more  than  28 
feet) . 


8,0  THE  PROBLEM  OF  IONOSPHERIC  PREDICTION 
8.1  Magnitudes  of  the  Range  Error 

The  most  troublesome  quantity  in  Eq  (2)  is  Iv,  the  vertical  electron 
content.  The  rang3  error  is  directly  proportional  to  Iv#  hence  the 
fractional  error  in  AR  is  proportional  to  the  fractional  error  in 
Iv. 

The  GPS  is  concerned  with  absolute,  rather  than  fractional 
uncertainties  in  range  error.  When  the  range  error  is  small  (vertical 
path,  lighv.  ionization)  a  large  fractional  error  is  tolerable,  but 
when  the  range  error  is  several  hundred  feet,  a  fractional  error  of 
only  1  percent  results  in  an  absolute  uncertainty  of  several  feet. 
Therefore,  if  range  error  is  to  be  computed  using  Eq  (2),  accurate 
values  of  Iv  are  mandatory,  particularly  when  Iv  is  relatively  high. 

Consider  an  RF  frequency  of  1.575  GHz  (LI),  vertical  path  (E  ■  90°), 
ionospherically  quiet  time  (Iv  ■  1  hex)  ,  height  =  400  km.  Then  the 
ionospheric  term  in  Eq  (2)  amounts  to  about  0.6  feet,  uhich  is 
negligible  for  GPS  purposes.  cij 
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On  the  other  hand,  consider  a  low  elevation  angle  (E=16°),  1.2325  GHz 
( L 2 ) »  intense  ionization  (Iv  =  260  hex),  and  height  =  400  Km.  Then 
the  ionospheric  term  amounts  to  approximately  570  feet. 

Obviously  such  a  range  error  is  far  too  large  to  ignore.  Also, 
obviously  the  correction  itself  must  be  accurately  made,  say  to  within 
about  1  percent  (which  would  leave  an  unresolved  range  error  of  about 
t  feet) . 

The  problem  for  GPS,  then,  is  how  to  provide  '.he  correction  for  the 
ionospheric  term  in  Eq  (2). 

Strictly  speaking,  the  ionospheric  range  error  is  proportional  to  the 
integrated  electron  content  along  the  actual  user- sa tel lite  path.  Eq 
(2)  has  been  derived  on  the  assumption  that,  over  the  region  of  the 
ionosphere  "visible"  to  a  user  the  ionosphere  is  horizontally  uniform, 
that,  is,  gradients  of  Iv  with  respect  to  latitude  and  longitude  are 
ignored.  This  is  valid  over  a  mid-latitude  region  such  as  CONUS,  but 
the  assumption  is  less  valid  in  the  polar  and  near-equatorial  regions, 
where  large  gradients  frequently  occur. 

8.  2  Prediction  Models 

Computation  of  the  range  error  from  Eq  (2)  implies  that  values  for  Iv 
and  H  are  available,  for  the  particular  time  and  geographical  location 
at  wnich  a  pseudo-range  is  measured.  Numerous  methods  have  been 
proposed  for  supplying  this  data  to  users  and  monitor  stations,  among 
which  may  be  listed: 

1.  A  fixed  mathematical  prediction  model  which  permits 
calculation  of  Iv,  given  the  user's  local  time,  approximate 
geographical  position,  and  day  of  the  year. 

^2.  A  mathematical  prediction  model  which  largely  contains  fixed 
parameters,  but  which  may  be  updated  through  the  transmittal 
of  a  few  coefficients  from  the  ground  segment,  to  the 
satellites,  and  hence  to  users  on  the  P  or  C/A  data  frames. 

3.  A  prediction  model  for  which  all  coefficients  are  transmitted 
via  the  P  or  C/A  data  frames. 

4.  A  prediction  model  requiring  no  coefficient  transmission,  but 
which  does  require  the  user  to  refer  to  a  comprehensive 
lookup  table,  such  as  CCIA  world-wide  ionospheric  data. 

8.3  Raw  Data  for  Model  Update 

Accumulation  of  the  raw  data  constituting  any  prediction  model  is 
anocner  prooiem,  for  the  solution  of  which  numerous  techniques  have 
been  suggested,  such  as: 

1.  Processing  of  data  taken  from  ground-based  ionosonde 
measurements,  which  operate  at  low  HF  frequencies  (up  to  a 
few  MHz) ,  and  which  basically  measure  ionospheric  reflections 
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along  vertical  paths.  This  type  of  data  is  scattered  -  large 
areas  of  the  world  are  not  routinely  covered  -  and  the  data 
is  not  available  on  a  realtime  basis. 

2.  Processing  of  data  taken  from  long-range  ionosondes,  such  as 
the  3-30  MHz  unit  proposed  by  Raytheon.  This  apparatus  is 
said  to  be  accurate  to  about  ±10  percent  out  to  2000  km  (1200 
miles)  from  the  instrument,  ±20  percent  out  to  4000  km. 

Low  frequency  ionosondes,  whatever  their  embodiment,  provide 
what  are  called  ‘'bottom  side  soundings",  ie,  data  on  the 

lower  region  of  the  ionosphere,  only  up  to  the  altitude 

having  maximum  free  electron  density;  this  region 

contributes,  typically,  only  about  one -third  of  the  overall 
ionospheric  range  error.  Bottom  side  sounding  provides  no 
direct  information  concerning  the  upper  part  of  the 

ionosphere. 

3.  Two-frequency  ionospheric  range  error  data  accumulated  by  GPS 
monitor  stations  (the  two-frequency  technique  will  be 
discussed  presently) . 

4.  Faraday  rotation  measurements  of  satellite  downlink  signals. 

Historically,  much  of  ionospheric  research  and  data  gathering  has  been 
concerned  with  the  reflections  of  relatively  low-frequency  lup  to  a 
few  MHz  or  tens  of  MHz)  signals.  For  this  purpose  bottom-side 
sounding  is  ideally  suited.  It  is  only  relatively  recently  that 
attention  has  been  given  to  the  upper  ionosphere,  and  to  the  overall 
effect  on  UHF  and  microwave  signals  completely  penetrating  the 
ionosphere.  Thus,  much  of  the  available  data  is  incomplete  for  GPS 
purposes,  or  it  is  available  only  in  an  awkward  form,  requiring 
substantial  additional  modelling  and  data  processing  to  produce  L-band 
range  error  information. 

The  most  reliable  data  on  the  overall  ionospheric  range  error  is 
obtained  from  Faraday  rotation  measurements  on  signals  radiated  from  a 
small  numoer  of  satellites,  to  an  also  strall  number  of  ground 
stations.  This  data  has  revealed  several  facts  important  to  GPS: 

1.  The  top  structure  of  the  ionosphere,  above  the  altitude  of 
maximum  electron  density,  is  not  well  correlated  with  the 
bottom  structure.  The  top  structure  typically  produces  aoout 
2/3  of  the  total  range  error,  but  bottom-side  sounding 
provides  data  only  on  the  lower  region,  contributing  about 
1/3  of  toe  range  error.  Since  top  and  bottom  sides  are  not 
well  correlated,  bottom-side  sounding  cannot  be  expected  to 
produce  an  accurate  measure  « £  the  total  range  error  of  rays 
completely  penetrating  the  ionosphere. 

2.  There  are  geographical  regions,  largely  clustered  near 

latitudes  17°  N  and  S,  and  in  the  polar  regions,  where  the 
vertical  electron  content  varies  rather  rapidly  for 

relatively  small  changes  in  position,  ie,  large  horizontal 
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gradients  of  Jv  appear.  Furthermore,  the  highest  values  of 
lv  occur  in  these  regions. 

J.  There  are  regions,  notably  in  the  vicinity  of  the  magnetic 
poles  -  or  more  generally,  in  the  geographical  polar  regions 
where  the  vertical  electron  content  can  exhibit  large 
short-term  (minutes  of  c.ime)  rates  of  change,  up  to  2  hex  per 
minute.  Very  little  data  is  available  on  this  effect.  Tne 
data  does  indicate  that  the  fluctuations  can  be  large  only 
when  Iv  itself  is  relatively  high;  the  fluctuations  appear  to 
oe  unpredictable,  except  that  they  are  most  likely  during 
early  morning  hours. 


f 


i 


I 


The  only  raw  measurement  data  in  existence  pertaining  to  range  error 
of  signals  completely  penetrating  the  ionosphere  consists  of  Faraday 
rotation  measurements,  taken  at  a  few  ground  stations  in  CONUS,  Alaska 
and  Hawaii,  and  a  few,  short-term  data  sets  gathered  at  other  stations 
scattered  around  the  world.  Now,  Faraday  rotation  measurements  are 
extremely  useful  for  learning  aoout  Faraday  rotation,  but  these 
measurements  are  less  than  ideal  (although  they  provide  the  best  data 
available)  for  determining  the  range  error  of  signals  completely 
penetrating  the  ionosphere. 


It  is  possible  to  show  that,  when  an  electromagnetic  plane  wave 
propagates  in  a  plasma  (the  ionosphere)  which  is  immersed  in  a  steady 
magnetic  field  (the  earth's  magnetic  field  in  space),  such  that  the 
wave  propagation  direction  possesses  a  component  coinciding  with  tne 
magnetic  flux  lines,  the  direction  of  polarization  of  the  wave 
gradually  rotates  (Faraday  rotation)  as  the  wave  propagates.  On  the 
other  nand,  if  the  wave  propagation  is  entirely  perpendicular  to  the 
magnetic  flux,  no  rotation  occurs. 

It  is  further  possible  to  show  that  the  net  wave  rotation  of  a  wave 
completely  penetrating  the  ionosphere  is  proportional  to; 

•  The  integrated  electron  content  along  the  ray  path 

•  The  integrated  component  of  magnetic  flux  tangential  to  the 
wave  direction 

Tne  electron  content  is  the  quantity  pertaining  to  range  error;  the 
integrated  tangential  magnetic  flux  does  not  pertain  to  range  error, 
and  must  be  "removed”  from  Faraday  rotation  data  before  that  data  can 
oe  interpreted  in  terms  of  range  error. 

It  is  at,  ana  near,  earth's  geomagnetic  equator  (where  the  earth's 
magnetic  tiela  is  entirely  horizontal)  that  the  integrated  electron 
content  is  anomalously  high,  and  may  exhibit  large  horizontal 
gradients.  But  at  the  geomagnetic  equator  a  signal  reaching  the  earth 
trom  a  high  altitude  satellite  has  propagated  almost  entirely 
perpendicular  to  the  magnetic  flux,  f  nd  has  thereby  not  experienced 
appreciable  Faraday  rotation.  Therefore,  Faraday  rotation 
measurements,  as  a  technique  for  determining  range  error,  are  at  their 
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worst  in  just  those  regions  of  the  world  where  the  most  accurate  data 
is  desirable. 


Dr.  da  Rosa,  at  Stanford,  has  estimated  that,  over  CONUS,  Faraday 
rotation  data  provides  integrated  electron  content  data  which  is 
probably  in  error  by  at  least  10  percent,  and  that  what  little  data 
has  been  obtained  at  lower  latitudes,  near  the  geomagnetic  equator, 
provides  electron  content  figures  which  may  be  in  error  by  40-60 
percent.  Since  Faraday  rotation  measurements  constitute  the  only 
known  technique  (at  least,  as  far  as  the  author  can  determine)  for 
determing  integrated  electron  content  of  rays  completely  penetrating 
the  ionosphere,  and  since  such  measurements  are  largely  confined  to 
CONUS,  it  follows  that: 

•  No  data  bank  exists  pertaining  to  world-wide  electron 
content,  over  extended  time  periods. 

•  Such  data  as  does  exist,  even  for  CONUS,  is  of  questionable 
absolute  accuracy,  as  a  measure  of  electron  content. 

An  important  consideration  concerning  surface- located  ionospheric 
sounders  is  the  percent  of  earth  coverage  afforded  by  each  station. 
This  quantity  is  readily  calculated  if  the  ionospheric  effective 
height  is  unif orm  (say  350  km) .  Based  upon  this  assumption,  the 
coverage  from  a  single  station,  as  a  function  of  minimum  elevation 
angle,  is  presented  in  Table  2.  Note  that,  if  no  gaps  of  coverage 
occur,  each  station  covers  only  v/4  of  the  area  of  the  spherical  cap 
corresponding  to  the  ionosphere  subpoint.  Table  II  also  includes  the 
number  of  ground  stations  for  full  coverage  of: 


•  The  entire  earth  (ie,  the  entire  ionosphere) 

•  The  CONUS  area,  68°  w  to  124°  W,  25°  N  to  49°  N,  with 
additional  angular  limits  to  permit  line-of-sight  to  a 
satellite  right  down  to  the  horizon;  this  region  is  50°-142° 
W,  07-67°  N,  and  is  called  "extended  CONUS". 


TABLE  2 

PERCENT  IONOSPHERIC  COVERAGE  VS  ELEVATION  ANGLE 

H  =  350  km 


ELEVATION 

ANGLE 

DEGREES 


PERCENT 

COVERAGE  NUMBER  0?  STATIONS; 

PER  STATION  WORLDWIDE 


FULL  COVERAGE 
EXTENDED  CONUS 


0° 

2.6% 

49 

10° 

0.857% 

149 

20° 

0.376% 

338 

5 

15 

35 
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Tnis  taole  shows  that,  if  the  entire  ionosphere  is  to  be  monitored,  4^ 
strategically-located  stations,  each  taking  data  right  down  to  tne 
horizon  (where  the  tropospheric  error  is  extremely  insidious)  would  be 
required.  For  extended  CONUS  five  (5)  such  stations  suffice,  given 
suitaole  locations. 

Tne  requisite  number  of  monitors  increases  rapidly  as  the  minimum 
elevation  mask  increases  (to  alleviate  large  uncertainties  in  the 
tropospheric  range  error) .  In  fact,  three  times  as  many  stations  are 
required  tor  a  10°  mask,  and  about  seven  times  as  many  are  required 
tor  a  20°  mask.  Clearly,  it  is  a  sizeable  problem  to  monitor  even  tne 
extended  CONUS  ionosphere,  considering  the  co3t  of  the  monitor 
equipment  and  realtime  transmittal  of  the  data  back  to  a  central 
processing  facility  where  the  master  ionosphere  model  is  maintained. 

Four  (4)  monitor  stations  will  be  utilized  to  maintain  the  satellite 
orbit  computations,  at  least  in  GPS  Phase  I,  and  possibly  also  in 
Phases  II  and  III.  Obviously,  such  a  small  number  of  ground  stations 
would  provide  only  very  sketchy  data  on  the  world-wide  ionosphere,  and 
in  fact  would  provide  only  about  1/40  coverage,  assuming  a  10°  mask, 
or  1/84  coverage  with  a  20°  mask.  In  this  event  the  prediction  model 
itself  would  have  to  fill  the  gaps,  thereby  introducing  indeterminent 
uncertainties  in  prediction  accuracy. 

8. 4  Mathematical  Prediction  Models 

Numerous  techniques  are  conceivable  for  the  mathematical  form  of  an 
ionosphere  prediction  model.  Because  of  the  inherent  24-hour  cyclical 
nature  of  the  ionization  variation  over  any  specific  location,  it  is 
natural  to  expect  a  Fourier  series  with  a  basic  period  of  24  hours  to 
yield  meaningful  results. 

Even  a  casual  inspection  of  Figures  1  through  4  shows  that  the  Iv 
variations,  although  cyclical,  are  not  sinusoidal;  therefore,  several 
narmonics  must  be  included  in  a  Fourier  series.  Furthermore,  the 
variation  with  respect  to  latitude  also  requires  several  terms  for  its 
representation.  Finally  whatever  coefficients  represent  Iv  as  a 
function  of  latitude  and  time  of  day  necessarily  change  from  day  to 
day. 

Over  CONUS  the  ionosphere  is  known  to  vary  relatively  smoothly,  and 
seldom,  exhibits  large  horizontal  gradients,  either  with  respect  to 
latitude  or  longitude.  This  suggests  that  a  model  containing  only  a 
few  coefficients  could  represent  ihe  ionosphere  reasonably  accurately, 
re,  such  as  to  meet  requirements  of  medium- accuracy  users,  provided 
the  coefficients  are  updated  no  less  often  than  daily.  Such  a  model 
could  be  maintained  at  the  GPS  master  control  station,  with  raw  data 
being  supplied  by  monitor  stations.  Coefficients  would  then  be 
computed  from  the  master  model  for  transmittal  to  satellites  and 
tnence  to  users. 

ConsideraDle  work  has  been  performed  by  various  workers  in  attempts  to 
develop  ionospheric  range  error  models.  Almost  all  of  the  work  known 
to  WDL  has  been  limited  to  the  CONUS  or  near-CONUS  region  of  the  world 
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-  very  little  work  has  been  expended  upon  a  world-wide  model.  The 
results  oi  this  effort  can  bu  nUim'U'ited  as  follows: 


1.  Models  containing  several  huncirvd  coefficients  of  a  Fourier 
series,  updated  daily  with  a  single  coefficient  representing 
solar  radiation  activity,  statistically  will  yield  tne 
vertical  range  error  at  1.575  MHz  to  within  ±10  feet  (more 
correctly,  3  m)  about  70  percent  of  the  time;  the  error  will 
exceed  ±33  ft  (ie,  10  m)  about  5  percent  of  the  time.  These 
accuracy  fig-ares  apply  only  at  a  few  CONUS  locations,  and  are 
believed  to  hold  within  about  1000  km  (600  statute  miles) 
from  each  of  these  locations. 

2.  It  appears  that  no  one  has  developed  an  ionospheric 
prediction  model  which  has  Deen  evaluated  at  many  locations 
over  CONUS. 


It  also  appears  that  little,  if  any,  work  has  been  performed 
on  a  highly  simplified  model,  containing  only  a  relatively 
small  number  of  coefficients.  No  data  is  available  to 
indicate  how  fast  the  large-scale  model  deteriorates  if  the 
smaller  coefficients  are  omitted. 


wnat  is  desired  is  a  simple  mathematical  formula,  containing  a  few 
empirically-adjusted  constants  (ie,  coefficients),  from  which  a  user 
could  compute  the  vertical  electron  content  at  his  location  (latitude 
and  longitude)  and  local  time;  ideally  the  computation  would  result  in 
an  ionosphere  range  error  uncertainty  of  less  than  1  or  2  feet,  and  a 
given  set  of  coefficients  would  be  valid  for  at  least  24  hours  into 
tne  future. 


Most  previous  work  (Stanford  Model,  Bent  Model)  consists  of  curve 
fitting  to  past  data,  and  not  prediction  of  next-day  behavior.  What 
is  needed  is  a  technique  which  will  combine  range  error  data  measured 
today,  yesterday,  the  day  before,  etc,  and  from  this  data  produce  a 
prediction  of  next-day  range  error.  The  work  at  Stanford,  for 
example,  has  consisted  of  fitting  an  elaborate  Fourier  series  (507 
terms)  to  Faraday-rotat ion  data  taker,  (at  Palo  Alto)  at  5-minute 
intervals  over  about  3  years.  Having  fitted  the  Fourer  series  to  the 
d»ta,  computations  were  then  made  of  the  difference  between  the 
Fourier  series  and  the  actual  data.  On  the  other  hand,  no  attempt  was 
made  to  assess  the  accuracy  of  the  Fourier  series  for  predicting  the 
ionosphere  over  Palo  Alto  beyond  the  time  span  of  the  actual  data. 
(However,  Stanford's  raw  data  constitutes  an  excellert  data  bank  for 
some  future  worker  engaged  in  evaluating  prediction  models  of  varying 
complexity l ) 

6 . 5  Comp let s  Stanford  Model 

The  range  error  using  the  complete  Stanford  model  representing  the 
ionospheric  is  executed  in  five  steps,  outlined  below.  This  ♦■echnique 
requires  a  daily  update  of  a  single  coefficient  S,  which  represents  a 
moving  average  of  solar  flux  activity.  A  value  of  S  must  be  sent  to 
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users  via  the  satellites,  and  a  particular  value  of  S  will  hold  for  24 
hours. 

The  mathematical  algorithm  is  as  follows: 

Step  1.  Compute  a  reference  value  of  the  prognosticated  vertical 
electron  content  io  from  the  Fourier  series  given  below: 


12  12  2 

°  =  £  £  £  cijk  Fi<2",/24>  ^  (3) 

i=o  j=o  k=o 

in  which 

F^x)  =  cos(ix)  if  0  <  i  <  6 

=  sm(l-6ix  if  7  <  i  <  12 


The  series  represented  by  Eq  (3)  contains  a  total  of  507  fixed 
coefficients,  values  of  which  have  been  obtained  by  da  Rosa. 

Step  2.  Compute  a  geographical  factor  g  for  a  given  user 
location,  specified  by  geographical  latitude  and  geomagnetic 
declination,  and  also  including  day  of  the  year  d,  solar 
activity  coefficient  S  and  local  time  t.  The  factor  g  is  computed 
from  the  Fourier  series. 


.■it  g..  G. (1,5)11  (d,s) 
i=o  j=o 


(4) 


in  which 


G  =  1 
o 

G^  =  sin  A 
G^  =  cos  A 
G3  =  sin  5 


11^  "  S  cos  (27rd/365 
il.;  =  S  sin  (2rcd/36o) 

u 


5-21 


PHILCO 

PhilcoTord  Corporation 
Wtrtlorn  Development  leboratorte*  Oi vision 


The  coefficients  g  (ij)  change  with  each  whole  hour  of  local  tim^. 

Step  3.  Compute  the  prognosticated  vertical  electron  content  Iv 
from  tne  product, 

IVr  =  gIQ;  divide  by  10-»®  to  convert  to  HEXAMS. 

Step  4.  Compute  elevation  angle  E  of  a  straight  line  from  us»r 
to  satellite. 


Step  5.  Compute  the  ionospheric  range  error  AF  from  Eq  (2). 


The  technique  outlined  above  is  known  as  the  compl 
it  is  complete  in  the  sense  that  a  specific  mathema 
provided  for  computing  the  ionospheric  range  error 
time  anywhere  in  the  continental  US,  taking  account 
time,  latitude,  and  (geomagnetic)  declination, 
knowledge  of  about  700  fixed  constants,  plus  a 
wnich  changes  from  day  to  day,  and  which  must 
satellite. 


ete  Stanford  modex; 
tical  algorithm  is 
on  any  day,  at  any 
of  local  (us<=r) 
Tne  model  requires 
single  coefficient 
be  supplied  via  tne 


Errors  pertinent  to  Stanford  University,  to  Ft.  Collins,  Colo,  and  to 
Urbana,  Illinois,  and  within  about  1000  km  therefrom,  are  as  follows; 
(NOTE:  herein  "error"  is  defined  as  the  uncorrected  range  difference 
between  an  overhead  satellite  and  one  having  an  elevation  angle  of 
15°) 


pocations 

X  of  time 
errors  ±1  meter 

%  of  time 
errors  ±3  meters 

%  of  time 
errors  i  10 

Stanford 

69% 

5% 

- 

Ft.  Collins 

62% 

6% 

0.  2% 

(J  roana 

63% 

5% 

0.04% 

meters 


No  study  effort  has  been  expended  to  determine  how  much  the  Stanford 
model  can  be  simplified,  and  the  error  statistics  resulting  therefrom. 

Tne  method  is  applicable  at  best  to  CONUS;  extension  to  a  world-wide 
coverage  implies  the  utilization  of  a  substantial  number  of 
ionospheric  sounding  stations  which  neither  exist  nor  are  currently 
planned  by  any  known  agency,  foreign  or  domestic. 


8.6 


Approximate  Trigonometric  Model 


An  examination  of  the  coefficients  for  the  Stanford  ionosphere  model 
leads  to  the  following  conclusions: 

1.  Coefficients  for  K  =  1  and  X  =  2  are  generally  two  to  five 
orders  of  magnitude  smaller  than  those  for  K  =  0.  This 

immediately  suggests  that  a  reasonably  good  approximation  to 
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the  Stanford  model  should  be  possible  by  ignoring  all  terms 
rot  wnich  K  =  1  or  2. 

Tne  coefficients  for  J  =  1,  2,  3  are  generally  three  or  more 
orders  of  magnitude  smaller  than  those  for  J  =  0.  This 

suggests  that  the  g  factor  can  be  approximated  as 

6  =  +  cos  X  +  Son  sin  X  +  Kan  sin  S* 


Furthermore,  the  coefficient  g30  is  generally  much  smaller 
(10  percent  or  less)  than  the  other  three  coefficients  in  the 
above  approximation  to  g;  hence  it  appears  reasonaole  to 
neglect  g30. 

3.  According  to  a  statistical  analysis  made  by  Dr.  da  Rosa  at 
Stanford,  the  Stanford  model  results  in  residual  errors  of  ±3 
meters  or  more  (about  10  feet)  for  some  5  percent  or  6 
percent  of  the  time.  Now  if  the  maximum  range  error 
predicted,  at  low  elevation  angles,  is  about  300  feet,  tnen 
the  model  predicts  this  error  to  within  about  t3  percent  for 
94  or  95  percent  of  the  time.  Therefore,  it  is  meaningful  to 
ingore  all  terms  in  the  Stanford  model  small  than  about  ±3 
percent  of  the  largest  term. 

4.  coefficients  of  the  3rd,  4th,  5th  and  6th  harmonic  terms  are 

never  larger  than  about  7  percent  of  the  largest  term,  C000. 
Secondly,  in  the  list  of  coefficients  for  1=0,  1,  2,  7,  and 

8,  K  =  0,  there  are  a  number  of  values  smaller  than  7  percent 

Of  C0 oo  (I  »  0,  J  «  0,  K  *  0,  C0oo  *  4.642  *  10»*). 

These  considerations  have  led  to  a  gross  simplification  of  the 
Stanford  model,  in  which  all  coefficients  smaller  than  7  percent  of 
Cooo  are  omitted;  there  are  27  retraining  coefficients.  Deletion  of 
all  terms  having  K  =  i  or  2  in  Eq  (3),  and  retention  only  of  g00»  g,0» 

and  g20  in  Eq  (4)  ,  results  in  an  approximate  formulation  of  I0  and  of 

g  wnich  does  not  contain  the  solar  flux  parameter  S,  and  whicn 
therefore  requires  no  input  data  from  the  satellites.  In  summary: 

Step  1 .  Compute  I  from  the  relation 


o  ‘  2Lw  „  ijo 

1=0, 1,2, 7,8  j~0 


V"*  C.  F.(27rt/24)  F.(27rd/365) 
/  j  ijo  r  j 


Step  2.  Compute  g  from 


s  -  *00  +  SlO008*  +  t!0Si"' 


wnere  x  is  the  latitude  of  the  user. 
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steps  3  ana  4  are  as  described  in  section  8.5,  above. 

The  accuracy  of  this  approximation  is  not  known,  but  it  is  certainly 
not  expected  to  be  as  good  as  the  complete  Stanford  model.  The  number 
of  coefficients  is  reasonable,  and  no  inputs  are  required  from 
satellites  (better  accuracy  should  be  obtainable  if  all  the 
coefficients  are  updated  perhaps  quarterly  or  yearly,  but  not  more 
often) . 


5.0  A  TWO- FREQUENCY  CORRECTION  TECHNIQUE 

9. 1  The  Basic  Algorithm 

It  was  stated  in  section  4  that  the  ionospheric  range  error  (above  1 
GHz) ,  pertaining  to  a  given  path  at  a  given  time,  varies  as  inverse 
frequency  squared.  This  suggests  that  if  a  satellite-user  pseudo¬ 
range  is  measured  using  two  well- separated  carrier  f requencies ,  it 
snould  be  possible  to  combine  the  results  of  the  measurements  in  suen 
a  way  as  to  eliminate  the  range  errox.,  and  thereby  obtain  true  range 
between  satellite  and  user.  Not  only  is  this  true,  but  it  is  also 
true  that  the  data-processing  algorithm  which  completely  eliminates 
the  f-«  range  error  will  also  strongly  suppr<r&~  higher  frequency 
dependence;  this  point  order  range  error  terms,  such  as  a  term  having 
f-«.  in  the  UHF  region)  . 

Let  us  therefore  develop  the  data  processing  algorithm  which 
eliminates  the  relatively  large  f-*  term,  but  simultaneously  including 
two  nxgner-order  terms  varying  as  f”3  and  f~*. 

Since  we  are  concerned  at  this  point  with  the  development  of  a 
suitable  data  processing  algorithm,  and  not  with  an  error  analysis,  it 
is  assumed  for  simplicity  that  individual  pseudo-range  measurements 
are  perfecc,  ie,  not  confounded  by  roundoff  or  finite  signal-to-noise- 
ratio  error.  An  error  analysis  is  given  in  section  10. 

The  two  carrier  frequencies  are  designated  as  f,  and  f2,  with  t  ,  >  f2; 
it  rs  assumed  these  frequencies  are  precisely  known.  Then  the  two 
pseudo- r* nge  measurements  yield  the  following  results: 

“  Rj.  +  A/fJ  +  B/r  +  C/f J  (5) 

and 

H2  =  +  A/f^  +  B/fij  +  C/f \  ,  (6) 

in  which 

R^,  R2  are  the  two  measured  pseudo-ranges, 

Rp  is  the  true  range, 
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b#  C  are  parameters  which  depend  upon  the  satellite-user  path  and 
the  instantaneous  integrated  electron  content  of  the  ionosphere. 

The  object  now  is  to  combine  Eqs.  (5)  and  (6)  so  as  to  obtain  the  true 
range  R  T  ,  and  eliminate  the  1/f*  term.  This  is  accomplished  by: 

1.  multiplying  Eq  (6)  by  (f2/fi) 2 

2.  subtracting  the  result  from  Eq  (5 j 

3.  solving  for  RT;  that  is,  upon  letting  f2/fj  K  P 


Rx  =  Up  +  A/fJ  +  B/f2  +  C/f J 
p2  =  p2  Rj,  +  p2  A/f^  +  p2  B/f2  +  P2  C/t 

p2  R2  =  p2  Rj.  +  A/f^  +  p2  B/f 2  +  p2  C/f4 


(5) 


CO 


Subtraction  of  Eq  (7)  from  Eq  (5)  yields 


R1  -  p2r2  =  (!  -  P2)  Rr  +  u^'i  -  p2/'2 )  +  c(vt 1  -  P2/4); 


this  is  solved  for  Rr  upon  transposing  the  B  and  C  terms,  and  dividing  by  i  -  p2,  ie, 


Ur  =  (R!  -  p"  Ro  )/d  ■  P2)  +  (  u/f|  )  CP2/1  +  P)  -  (c/4)p2. 


(8) 


2  9  o 

because  p “/£>  =  l/f^. 
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There  i-ire,  the  measured  pseudo-ranges  R,  and  R2  should  be  combined 
with  ;.ne  aid  of  Eq  (9)  . 

On  the  other  hand,  if  B  and/or  C  are  not  zero,  and  if  Eq  (9)  is  used 
to  compute  the  true  range,  that  computed  range  will  be  in  error 
because  of  the  terms  in  B  and  C. 

It  is  possible  to  show  that  coefficient  B  is  proportional  to  the  cube 
of  earth's  magnetic  field  strength  averaged  along  the  satellite-user 
patn;  in  addition,  it  is  also  possible  to  show  that  the  range  error 
term  B/f23  does  not  exceed  a  few  centimeters  if  f2  is  at  least  1 
GHz. 

Now,  in  Eq  (9),  the  term  involving  B  contains  the  factor  B/f23  (the 
"magnetic"  range  error  at  the  lower  frequency  f2) ,  but  this  factor  is 
reduced,  or  suppressed,  by  p2/(1+P),  which  is  less  than  unity.  In 
tact,  for  f|  =  1575  MHz,  then  p  ~  0.781,  p2  =  0.6  10,  p2/(1+P)  = 
0.6  1 0/  1.78  1  =  0.342. 

Similarly,  the  term  involving  C  in  Eq  (9)  is  also  small  -  a  few  inches 
or  less  -  for  frequencies  above  1  GHz;  in  Eq  (8)  C/f2*  is  the  range 
error  at  the  lower  frequency,  but  this  error  is  suppressed  by  the 
factor  p2 (  =  0.61  in  the  case  aoove) . 

In  summary,  the  two-frequency  data-processing  formula  represented  by 
Eq  (9)  completely  eliminates  the  relatively  large,  troublec^e  f-2 
term,  and  suppresses  high-order  range  error  terms  in  frequency. 

It  is  extremely  important  to  note  that  the  term  containing  C  in  Eqns 
(5)  and  (6)  increases  rapidly  at  frequencies  below  1  GHz.  For 
example,  if  C/f*  equals  1"  at  1230  MHz,  then  in  the  UHF  range,  at  1/4 
or  f2  (ie,  at  307.5  MHz)  this  term  contributes  a  range  error  wnich  is 
44  =  256  times  larger,  cr  21.3  feet.  At  such  a  low  frequency  the  f-2 
term  can  exceed  1.5  miles  when  the  ionization  is  intense. 

The  outstanding  advantage  of  this  two-frequency  technique  is  that  it 
directly  and  simply  provides  for  elimination  of  what  is  by  far  the 
dominant  ionosphere  range  error  terms,  ie,  the  f-2  term,  at  the  exact 
moment,  alone  the  exact  path,  that  the  correction  is  needed.  The 
methed  neither  over-corrects  nor  under-corrects ,  and  it  does  not  rely 
upon  a  prediction  model  of  dubious  accuracy  and  complexity. 

The  outstanding  disadvantage  is  that  the  method  requires  measurements 
usinq  two  separate  carrier  frequencies,  a  fact  which  unfortunately 
increases  receiving  hardware  and  software  complexity. 


5-26 


^^fg^yn  V*#»**ag&!^  :r^,,^*w/'»wr^  *tgf*r:4. 


PHILCO  *Z2> 

Phtico-Ford  Corporation 
Waattin  Development  laboratories  Division 

9.2  Non-Simultaneous  Measurements 

i i  tne  two  range  measurements,  at  i(  and  tz,  are  not  made  precisely 
simultaneously  the  results  of  the  previous  analysis  must  be  modified 
in  tour  (4)  important  ways.  These  are: 

1.  If  Rt  is  the  true  range  when  the  first  measurement,  say  at 
r'j,  is  made,  this  range  will  have  changed  by  an  amount  art 
when  the  second  measurement  is  made.  However,  if  the 
relative  velocity  and  acceleration  between  user  and  satellite 
are  known,  A RT  is  a  predictable  quantity. 

2.  In  the  ionospheric  term  the  elevation  angle  E  will  in  general 
change  by  an  amount  AE  =  (dE/dt.)  At,  where  At  is  the  time 
increment  between  first  and  second  measurements,  and  At  is 
assumed  short  enough  to  permit  a  first-order  approximation. 
The  angle  E  and  the  rate  (d£/dt)  are  calculable,  given  the 
( approximate)  positions  and  motions  of  satellite  and  user. 

i.  In  the  interval  At  the  integrated  electron  content  Iv  along 
a  fixed  path  will  in  general,  experience  a  change  AIV  = 
(dIv/3t)At. 

4.  Because  of  the  change  in  elevation  angle  by  the  amount  E, 
the  second  measurement  will  be  made  alonq  a  different  path, 
having  in  general  a  different  1^,  than  the  first  path.  Thus, 
the  integrated  electron  content  for  the  second  path  differs 
from  that  of  the  first  by  an  increment  AIV  *  (IIV/3E)AE. 

The  first  effect,  ARX,  is  assumed  to  calculable  by  the  user  receiving 
equipment. 

The  changes  in  the  ionospheric  term  have  been  estimated  under 
approximately  worst-case  conditions,  subject  to  the  following 
assumptions: 

1.  Measurements  are  being  made  along  a  path  for  which  Iv  is 
increasing  from  virtually  0  hex  (pre  dawn)  to  a  peak  of  240 
hex  in  4  hours.  Thus,  dlv/dt  =  1  hex/minute. 

2.  Orbital  data  pertinent  to  the  Vandenberg  monitor  station  were 

used  to  obtain  the  maximum  value  of  dE/dt  (*  5  x  10-3 

deg/sec)  and  the  elevation  angle  at  which  this  maximum  occurs 
(E=45  degrees) . 

The  details  of  this  part  of  the  anlaysis  are  not  included  here;  the 
final  results  are: 

1.  The  range  error  increment  resulting  from  effect  2,  time  rate 
of  change  of  elevation  angle,  never  exceeds  -0.03 
foot/second.  In  one  second  the  error  is  -0.03  foot,  and  in 
ten  seconds  -0.3  foot. 
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2.  The  range  error  increment  resulting  from  effect  3,  rate  of 

change  of  I  with  respect  to  time,  never  exceeds  +0.05 

foot/ second.  In  one  second  the  error  is  +0.05  foot,  and  in 

ten  seconds  +0.5  foot. 

3.  The  range  error  increment  resulting  from  effect  4,  rate  of 

change  of  Iv  with  respect  to  E,  is  extremely  small,  amount  to 

±1.4  x  10-4  foot/second,  depending  upon  whether  Iv  increases 
or  decreases  with  increasing  longitude.  In  one  second  this 
error  amounts  to  ±0,00014  foot,  and  in  ten  seconds  ±0.0014 
foot. 

From  these  estimates  it  is  concluded  that  as  far  as  the 
ionospheric  correction  term  is  concerned,  if  a  pair  of  measurements  on 
two  frequencies  ft  and  f2  are  performed  within  20  seconds  of  one 
another,  the  measurement  may  be  considered  to  be  simultaneous.  In 
other  words,  a  time  lapse  of  20  seconds  does  not  introduce  an 
additional  range  uncertainty  of  more  than  one  (1)  foot.  It  is 
empnasized  that  this  conclusion  pertains  only  to  measurements  between 
a  given  user  and  a  single  satellite,  ie,  along  essentially  the  same  RF 
path.  In  view  of  the  approximate  nature  of  the  modelling  employed  to 
reach  tnis  conclusion,  to  be  on  the  safe  side  the  time  increment  At 
Detween  ft  and  f2  measurements  should  be  held  as  far  below  20  seconds 
as  can  be  accomplished  without  undue  user  equipment  cost  and 
complexity.  In  particular,  the  conclusion  is  valid  only  for  a 
stationary  or  low- velocity  user.  A  high-speed  user  analysis  has  not 
been  performed;  but  it  is  only  reasonable  that  as  user  speed  increases 
the  whole  time  scale  of  the  measurement  process  should  shrink, 
ionospheric  range  error  variations  not  withstanding. 


10.0  L> /L2  RAhGE  ERROR  STATISTICS 

10.1  Statement  of  the  Problem 

It  has  been  established  in  previous  sections  that,  through  the  use  of 
two  carrier  frequencies  ft  and  f2  the  troublesome  ionospheric  range 
error  can  be  essentially  removed  from  user -satellite  pseudo-range 
measurements.  This  section  derives  and  discusses  formulas  from  whicn 
range  error  statistics  can  be  calculated,  given  pseudo-range 
measurements  on  two  separate  frequencies,  and  given  the  statistics  of 
measurement  error  pertaining  to  a  single  measurement. 

Several  assumptions  are  made  in  the  derivation,  namely; 

1.  The  rarge  measurement  error  pertaining  to  a  single 
measurement  is  assumed  to  obey  a  Gaussian  distribution,  that 
is,  the  probability  P  (x)  that  a  measured  range  R  experiences 
an  error  X  is  given  by  the  relation 


P(x)  =  h  exp(-h“  x**)/ yf* 


(10) 
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Standard  references  on  statistical  analysis  can  be  consulated 
(such  as  J.  B.  Scarborough,  "Numerical  Mathematical 
Analysis",  Johns  Hopkins  Press,  1958,  sections  122  and  133) 
to  verify  that  the  root-mean-square  error  Xrms  is  related  to 
the  index  of  precision,  ie. 


Xrms  =  l/^h  (11) 


2.  Although  it  is  understood  that,  in  the  proposed  GPS  user 
receiver  a  small  time  lapse  occurs  between  range  measurements 
on  two  separate  frequencies,  and  that  both  the  satellite  and 
the  user  generally  will  experience  relative  motion  and 
acceleration  during  this  time  lapse,  it  is  assumed  that 
motion/  acceleration  effects  have  been  "corrected  out"  of  the 
measurements.  It  is  not  the  purpose  of  this  section  to 
discuss  errors  associated  with  the  velocity  and  acceleration 
corrections. 

3.  It  is  assumed  the  two  measurements  are  close  enough  together 

in  time  that  the  user- satellite  ray  path  through  the 
ionosphere  and  the  troposphere  is  donstant.  In  section  9  it 
was  stated  that  two  measurements  are  essentially 

simultaneous,  as  far  as  the  ionosphere  and  troposphere  are 
concerned,  if  they  are  made  within  20  seconds  of  time. 

• 

4.  It  is  assumed  that  the  tropospheric  range  error  R  tropo, 
along  a  given  path  at  a  given  time,  is  independent  of  carrier 
frequency.  Because  the  tropospheric  range  error  is  assumed 
not  to  vary  with  carrier  frequency  it  follows  that  range 
measurements  performed  using  two  frequencies  provides  no 
information  concerning  the  troposphere.  This  error  must 
therefore,  be  "removed"  through  the  use  of  a  prediction 
model.  This  section  is  not  concerned  with  residual  errors  of 
such  a  model. 

5.  It  is  assumed  that  the  ionospheric  range  error,  along  a  given 
path  at  a  given  time  (within  20  seconds)  varies  as  the  inver 
se  square  of  the  carrier  frequency,  R  ionos  =  K/f*.  This 
assumption  -  basically  that  the  ionospheric  error  is  an 
exactly  deterministic  function  of  frequency  is  the  key  to  the 
two- frequency  method  of  correcting  pseudo-range  measurements 
for  the  ionospheric  group  delay  effects. 

10.2  Conclusions 

The  following  two  statements  will  be  proved  or  justified  subsequently: 

1.  The  root- mean- square  range  error  of  the  two  frequency 
technique,  as  a  consequent  of  Gaussian  errors  pertaining  to 
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the  individual  measurements,  is  given  by  the  followinq 
formula : 


a-(R) 


4  2 
+  p  a 


ql/2  f  2 

(?-}]  /  (1  "  P  ) 


(12) 


in  which 

cr,(R)  is  the  RMS  measurement  error  pertaining  to  the  higher  frequency 

(ie,  Lx) 

cr2(R)  is  the  RMS  measurement  error  pertaining  to  the  lower  frequency 

t2(ie,  l2) 

P  -  fg/fj  <  1* 


2.  Eq  (12)  is  valid  regardless  of  the  algorithm  used  to  process 
the  measured  ranges,  R,  and  R2. 

Tne  RMS  measurement  errors  and  cr2  in  general  will  not  be  equal, 

primarily  because  the  carrier-to-noise  ratios  C,/N0  and  C2/Nn  will  not 
in  general  be  equal  at  the  two  frequencies.  It  is  recognized  the 
effective  values  of  these  errors  car  be  reduced  by  making  multiple 
measurements  and  averaging.  It  xs  also  recognized  that  a,  and  o2 
actually  are  the  resultants  of  three  predominant  components,  ie,  a 
noise  error  (due  to  finite  C/N) ?  quantization  error  (due  to  the 
digital  nature  of  the  measurement)  and  instrumentation  errors.  Here 
it  is  assumed  only  that  c,  and  a2  are  the  consequences  of  Gaussian 
error  statistics;  TRW  has  provided  detailed  data  on  the  magnitudes  of 
these  RMS  errors,  for  an  assumed  receiver  design  and  for  various  C/N 
values  (DNSDP-AG-230,  7  January  1974,  A.  Garabedian  to  M.  Deckett, 
with  corrections  as  supplied  by  H.  Perasso  of  WDL) . 

10.3  Derivation  of  the  Range  Error  Equation 

Suppose  pseudo-range  between  a  user  and  a  satellite  is  measured  w?th 
two  frequencies  f<  and  i 2,  with  f,  >  f?.  After  correction  for 
relative  motion  and  acceleration,  and  c iter  averaging  over  a  number  of 
measurements  to  reduce  tne  RMS  measurement  error,  the  results  of  the 
measurements,  ie,  the  "measured  and  corrected"  pseudo- ranges  R,  and 
R^  can  be  represented  in  the  following  equations: 

rJ  =  Rr  +  K/^  +  iKtropo  +  ^  ,13) 


R2  ~  «T  +  K/f2  *  iBtropo  +  *2  •  (14) 

rt  is  the  true,  or  geometrical  range,  K  is  true  value  of  the  governing 
ionospheric  constant,  AR tropo  is  tropospheric  range  error,  the 
same  fcr  Doth  measurements.  is  the  residual  error  pertinent  to  the 
pseudo-nnge  measurement  using  f ,  ,  and  e£  similarly  corresponds  to  f?. 
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The  object  of  the  measurements  is  to  obtain  the  best  possible  value 
for  Rr,  pertaining  along  the  particular  user-satellite  path,  at  the 
particular  time  (ie,  corrected  reference  time)  of  the  measurements. 

A  user  has  no  need  for  the  ionospheric  constant  K;  the  user‘s  job  is 
to  combine  Equations  (13)  and  (14)  such  as  to  eliminate  the 
ionospheric  range  error  terms.  On  the  other  hand,  GPS  monitor 
stations  will,  in  addition  to  obtaining  RT,  also  wish  to  obtain  K,  for 
the  purpose  of  supplying  input  data  to  an  ionosphere  prediction  model. 
A  user  will  not  require  this  raw-data  coefficient. 

For  a  single  set  of  measurements  the  errors  «  and  t2  are 
uncorrelated,  although  both  are  assumed  subject  to  Gaussian 
distributions. 

It  was  stated  in  section  2  that  the  tropospheric  term  ARtropo  is  to 
be  removed  with  the  aid  of  a  prediction  model.  It  is  immaterial  at 
what  stage  of  the  data  processing  this  correction  is  made,  ie,  Eqns 
(13)  and  (14)  may  be  combined  as-is  to  obtain  RT  ♦  ARtr0p0  ,  following 
which  ARtropo  be  substr acted,  or  AR txopo  Y  be  subtracted  from 

botn  R*  and  R2  ,  and  then  these  results  comoined  to  obtain  RT.  With 
no  loss  of  generality  it  is  therefore,  assumed  that  AR^q^  is 
removed  first,  yielding 


Rx  +  K/f^  +  e1 


(15) 


R2  =  R2-  AR.ropo  =  rt  +  K/,2  + V  <16> 

now  combine  these  two  equations  to  obtain  a  value  for  RT. 

10.4  First  Method.  Direct  Solution 

In  order  to  obtain  RT  directly  from  Eqns  (15)  and  (16) ,  and  eliminate 
tne  terms  in  K,  proceed  as  follows: 

1.  Multiply  Eq  (16)  by  (f2/f,)*;  let  f2/ft  =  p.  This  yields 


p2  Rg  =  p2  Rj,  +  p2  K/f^  +  p2  «2  ; 

p2  R2  =  p2  Rj  +  K/f^  +  p2  <2  ,  (17) 

since 

p2  K/t2  =  K/f^  . 


5-3’ 


PHILCO 

PhHco-Ford  Corporation 
Weittrn  Development  Laboratories  Division 

2.  subtract  Eq  (17)  from  Eq  (15),  yielding 


2  2  2 
Rx  -  p  R2  “  R^i  -  P  )  +  -  P  «2  ;  solve  for  RT: 

Rrp  =  (Rx  -  P2  R2)/(l  -  P2)  +  (P2  e2  -  €1)/<1  -  P2)  •  (18) 


In  this  equation  the  first  term  on  rhe  right  side  represents  the 
apparent,  or  computed  value  of  the  range;  it  is  this  number,  and 
this  number  only,  which  wili  be  computed  from  the  measured  ranges 
R,  and  R2  (ie,  after  correcting  the  actual  measurements  for  the 
troposphere)  . 

In  Eq  (18)  the  term  (p*«2 )  /1-p*  ,  represents  the  (unknown) 
error  in  the  knowledge  of  R  .  Since,  during  a  single  pair  of 
measurements  there  is  no  way  to  determine  the  quantities  c,  and  t2 
(else  they  would  be  deterministically  correctable,  hence  would  not 
represent  errors) ,  the  computed  value  of  range  must  differ  from 
the  true  range  by  the  error  term  in  Eq  (18). 
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10.5 


Second  Method.  Indirect  Solution 


In  this  method  Eq  (15)  is  first  subtracted  from  Eq  (16)  to  provide  a 
range  difference  quantity  A  =  R2  -  R, ;  next  the  difference  equation  is 
solved  for  K;  finally  the  computed  K  is  substituted  back  into  Eq  (15) 
(the  measurement  made  at  frequency  £.),  and  that  equation  solved  for 
Rt.  Thus 


(ID  * 


R2-R1  =  d  =  +  €2  “  €i  ; 


Solving  for  K  yields 


K  =  d/q  +  (€2  =  cj/q  ;  q  =  l/q.  i/f*  . 


Tften,  upon  substituting  for  K  in  Eq  (15),  using  Eq  (20),  and  solving 
for  Rt  there  is  obtained 

rt  =  K-P^d-P2,  t  (P2<2  ^l)/(1-p2,  .  ,21. 


In  Eq  (21)  the  measured  quantities  are  R,  and  A,  p  is  the  (accurately 
known)  frequency  ratio  t2  / f,  ,  and  the  computed  apparent  range  is  R, - 
p2A/(1-p2).  Once  again,  in  exactly  the  same  form  as  in  Eq  (18),  the 
error  term  is  (p2*2 -t,  / ( 1-p2) • 

Consequently,  the  residual  error  is  exactly  the  same,  regardless  of 
whether  the  range  is  computed  (directly)  from  R,  and  R2,  using  Eq 
(16),  or  from  R,  and  a ,  using  Ec  (21).  Given  the  two  measured  ranges 
R,  and  R2,  each  containing  an  unknown  error,  one  cannot  improve  upon 
the  accuracy  of  the  computed  range  RT  by  selecting  one  computational 
algorithm  over  another.  The  algorithm  is  selected  for  computational 
convenience,  and  not  because  one  is  more  accurate  than  another. 
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10.6 


The  RMS  Range  Error  Equation 


The  measurement  error  term  in  Eqns  (18)  and  (21)  is  simply  E  =  (pzt2- 
cT)/(1-p2).  If,  as  has  been  asserted,  t1  and  individually  follow 
Gaussian  statistics,  then  so  does  t,  which  is  a  weighted  linear 
combination  of  t,  and  t2  (see  Scarborough,  loc.  cit.,  section  122). 
Following  Scarborough’s  analysis  it  is  therefore  straight-forward  to 
prove  that,  if  a,  is  the  RMS  value  of  range  measurement  error 
corresponding  to  f,  ,  and  similarly  for  c.  ,  corresponding  to  f  ,  tne 
RMS  value  a  of  the  weighted  combination  is  ‘given  by 


=  (°'2l 


V<^)/a-pV 
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TRW  Values  for  RMS  Ran qe  Errors;  Empirical  Approximations 


TRw  has  supplied  values  for  o,  and/or  <7.  ,  for  various  values  of  C/No; 
a  distinction  is  made  for  the  P-code  ana  the  C/A-code.  The  data  are 
listed  in  Taole  3,  oelow.  (See  DNSDP-AG-230,  pages  8  and  9; 
corrections  to  the  listed  data  have  been  supplied  by  H.  Perasso  of 
WDL.)  These  approximations  are  useful  for  determining  the  optimum 
power  division  between  Lt  and  L2  signals,  given  that  the  sum  of  the 
signal  povers  is  a  constant. 

TABLE  3 

RMS  RANGE  ERROR  VS  C/No 


C/NO 


(RMS) ,  feet 


dB 

P-CODE 

C/A-CODE 

24 

9.0 

171.2 

26 

6.2 

111.2 

26 

4.5 

72.6 

30 

3.3 

48.7 

32 

2.5 

33.3 

34 

1.9 

23.3 

36 

1.5 

16.8 
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It  is  straightforward  to  show  that  these  sets  of  data  closely  follow 
the  empirical  approximations  given  below,  with  C/No  given  as  a  ratio, 
ie,  not  in  decibels. 


a ■  =  17000  /(C/No)0,843  feet  . 


(23) 


For  the  P  code 


<r  =  316 /(C /No)0, 65  feet  . 


(24) 


1 

i 
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11.0  OPTIMA  POWER  DIVISION  BETWEEN  Lt  AND  L2  SIGNALS 

11.1  Statement  of  the  Problem 

This  section  examines  the  effect  on  the  overall  residual  RMS  range 
error  of  a  two-frequency  (L,/L2)  technique  for  eliminating  the 
ionospheric  range  error,  as  a  function  of  relative  power  of  the  L,  and 
L 2  signals;  it  is  assumed  that  the  total  power  of  the  two  signals,  ie, 
the  sum  of  the  individual  signal  powers,  is  a  constant.  The  analysis 
is  based  upon  the  fundamental  inputs  provided  from  earlier  sections; 
these  are: 

1.  Detailed  values  of  user  receiver  range  error  (one-sigma)  as  a 

function  of  signal  carrier- to- noise  ratio.  This  data  is 

given  in  section  10. 

2.  A  formula  for  the  residual  RMS  range  error  associated  with 
the  two-frequency  ionosphere  correction  technique.  This 
formula  is  Eq  (22)  . 

11.2  Summary 

The  following  statements  are  proved  or  justified  subsequently: 

1.  Regarding  the  P-ccde  signal  only,  the  RMS  range  error  is 

minimized  if  the  L,  signa^  power  is  1.86  dB  above  tne  L2 

signal  power  at  the  user  receiver  RF  input  terminal. 

2.  Regarding  the  C/A-code  signal  only,  the  RMS  range  error  is 

minimized  if  the  L,  signal  power  is  1.59  dB  above  the  L* 

signal  power  at  the  user  receiver  RF  input  terminals. 

3.  For  both  the  P-code  and  C/A-code  the  renge  error  minimum 

varies  only  quite  slowly  regarding  the  L, /L2  relative  power 
ratio.  For  either  code  a  variation  of  the  power  ratio  by  one 
dB  in  either  direction  away  from  the  optimum  will  increase 
the  RMS  range  error  by  less  than  2  percent,  and  a  variation 
of  ±2  dB  will  increase  the  RMS  range  error  by  less  than  6 
percent.  The  C/A-code  signal  is  slightly  the  more  sensitive 
to  non-optimum  relative  power  ratio. 

4.  If  the  L,  signal  is  adjusted  to  a  level  Z  dB  above  the  L2 

signal,  the  C/A-code  RMS  range  error  will  be  3.2  percent 

greater,  and  the  P*code  RMS  range  error  will  be  1.4  percent 
greater,  than  if  the  optimum  power  ratio  is  obtained. 

5.  The  optimum  L(/L2  power  ratios  do  not  depend  upon  the 
absolute  C/No  ratio  at  the  receiver  terminals;  consequently 
these  power  ratios  do  not  depend  the  aosolute  ERP  radiated  by 
the  satellite.  However,  the  absolute  RMS  range  error, 
obtained  when  the  L,/L2  power  ratio  is  adjusted  to  optimum, 
very  definitely  is  a  function  of  radiated  ERP;  this  range 
error  decreases  steadily  as  the  ERP  is  increased. 
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b«  Disregarding  user  receiver  antenna  gain  difference  between 
the  L,  and  I 2  frequencies,  and  considering  only  the 
difference  in  space  path  loss,  (ie,  2.19  dB) ,  the  optimum 
ratios  of  Lt/L2  ERP  at  the  satellites  are  4.05  dB  (P-code) 
and  3.78  dB  ( C/A- code)  ,  L  being  the  weaker  signal  in  both 
cases. 

11.3  Derivation  of  Optimum  L^/L2  Power  Ratio 

It  is  shown  in  section  IQ  that,  if  cr,  and  a2  reprerent  the  RMS 

measurement  errors  pertaining  to  pseudo-range  measurements  at 

frequencies  ft  and  f2,  respectively  (f,>f2),  and  if  p=  fr/f7,  the 

residual  RMS  range  error  a  ,  after  combining  a  pair  of  L,/L2 

measurements  to  eliminate  the  ionospheric  group  delay  effect,  is  given 
by  the  relation 


<r 


2 


(22) 


Also,  in  section  10  values  of  a,  ard/or  cr2  ,  as  a  function  of  C/No 
ratio  at  the  user  receiver  input,  are  tabulated;  both  of  these 
quantities  are  of  the  general  form 

cr  =  A  /  (C/No)b  .  (25) 


It  is  assumed  here  that  some  fixed  amount  of  power  P T  is  available  for 
radiation  from  the  satellite,  but  that  this  power  can  be  arbitrarily 
divided  between  the  Lt  and  L}  signals;  thus,  if  the  L,  signal  is 
increased  the  L2  signals  must  be  correspondingly  decreased,  or 
conversely,  such  that 

p  *  P  4  ♦  P  £  *  constant. 


An  increase  in  the  L,  signal  from  some  earlier  level  will  increase 
C  /No  at  the  receiver  terminals;  according  to  Eqns  (23),  (24),  or  (25) 
this  will  cause  the  RMS  error  a,  ,  pertaining  to  the  higner  (L, ) 
frequency,  to  decrease.  But  at  the  same  tine  the  L2  signal  must 
become  weaker,  ie,  C./No  will  decrease,  and  a,  will  therefore 
increase. 

Now,  according  to  Eq  (22)  ,  cr,  and  v,  *re  combined,  but  with  different 
weigntinq  factors,  to  obtain  the  two- frequen  'y  RMS  range  error.  Eq 
(22)  snows  that  a2  ,  the  lower-frequency  ;LS)  measurement  error,  is 
weiqhted  considerably  less  heavily  tnan  is  *  cr,  (p  -  1232.5/1575  = 

0.78254,  p*  =  0.61237,  p«  *  0.  37500).  Therefore,  intuition  would  lead 
to  the  conclusion  that,  the  L,  signal  should  provide  a  lower  RMS  error 
than  the  Lj  signal,  and  hence  that  I.2  should  be  the  weaker  signal. 
Tne  detailed7 ana  lysis  now  to  be  presented  verifies  this  conclusion. 
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and  also  indicates  that  the  optimum  power  ratio  is  given  by  the 
equation 


PL1  ^  PL2  “  1 » 


(26a) 


with 


Q  =  4/ (2b  +  1)  ; 


(26b) 


in  these  expressions  b  *  0.65  for  the  P-code  (Eq  (23),  b  -  0.843  for 
the  C/A-code  (Eq  (24) ,  independent  of  the  receiver  noise  No.  In  other 
words,  the  optimum  L,/L,  power  ratio  is  a  function  only  of  the 
frequency  ratio  p  (because  of  the  p*  relative  weighting  factor  in  Eq 
(22))  and  of  the  rate-of -change  exponent  b,  in  Bqs  (25). 

Let  C,  and  represent  the  respective  L  and  L  carrier  levels  at  the 
receiver  input.  Then,  C*  ♦  C2  *  C  =  constant,  so  that  *  C  -  Cf . 
Thus,  using  Eq  (25i  twice. 


a,  =  A  /  (C./No)1 


(27a) 


"  A  (C2/No)b  =  A  /(jc  -  Ci]/N°) 


(27fc) 


Upon  substituting  Eqns  (27a)  and  27b)  into  Eq  (22)  there  is  obtained 


<72  = 


--a_ r 

(C1/No)b[ 


+  p4  f  - 


K 


c  -c 


No 


(28) 


=  a2  Nf  {c-2b  +  p4  (c-Clr2b} 
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At  a  critical  value  of  C,  ,  a1  §  and  hence  a  ,  will  pass  through  a 
minimum.  This  critical  value  is  obtained  by  differentiating  Eq  (2fi) 
p-  tialiy  with  respect  to  C^,  and  setting  the  derivative  to  zero. 

TrJ.p  leads  to  the  result 


C/Cj  =  1  +  pQ,  Q  given  by  Eq(26b). 

Also, 

C2  =  C  -  Cx  »  C  dQ/(1+pQ), 

so  tt 


But 


n  In  -  _  — Q 

C1^2  "p 


C]/C2  PL1//PL2  * 


consequently  Eq( 2 6a) results. 


It  is  now  found  directly  from  Eq  (26a) ,  for  p  =  0.78254,  that  if  b  = 
0.65  (P-code)  then  Pi^/Pi-a  =  1 . 527  =  <-1.86  dB,  and  if  b  *  0.843  (C/A- 
code)  then  Pt4/PLa  *  0.433  *  +1.59  dB. 

11.4  Deviation  from  Optimum  Power  Ratio 

If  the  L, /L4  power  ratio  is  not  adjusted  to  the  optimum  value  given  by 
Eq  (26a)  the  RMS  range  error  will  not  have  the  lowest  possible  value. 
Noting  that  b  is  different  for  the  P-cude  and  C/A-code  signals,  it  is 
clear  that  a  single  adjustment  of  L*/ L?  will  not  be  optimum  for  both 
codes.  In  orde^  to  examine  the  consequences  of  non-optimum 
adjustment,  let  us  introduce  a  parameter  k  such  that  when  k  =  1  the 
optimum  ratio  is  obtained,  and  if  k  is  above  or  below  unity  the  ratio 
is  non -optimum.  Thus,  let 

Cx  =  k  C/(l  +pQ)  .  (29) 


and  again 


=  C  - 


1  * 


Then  u.-big  Eq  (29)  in  (28)  we  obtain 


(T 


i 


A2  No2b  (1  +  pQ)2b 

7s 


I  i 

-  l 


k-^  +  P4  (!  -  k  ♦  P^)-2b 


?b* 
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For  a  fixed  value  of  b,  when  k  =  1  the  minimum  value  of  a  is  obtained; 
this  value  *s  designated  as  amin.  Then,  from  Eg  (30) 


min 


A2  (1  »  PQ)2b 


L  (C/No) 


2b 


[i+PQ]  ; 


(31) 


tnis  result  shows,  very  reasonably,  that,  with  optimum  adjustment  cf 
the  Lf/L2  power  ratio,  the  minimum  RMS  range  error  decreases  steadiJ'' 
as  the  total-carrier-power-to-noise  ratio,  C/No,  increases. 

For  non-optimum  adjustment  substitute  Eg  (31)  back  into  Eg  (30), 
yielding 


2  2 
a  =  cr  . 

min 


k“2b  +  P4  (1  -  k  +  pQf 26 


]/[■*-“]  ■ 


(32) 


Taole  4  presents  a  few  results  from  Eg  (32),  for  k  between  0.8  and 
1.2,  for  both  the  P-code  and  C/A-code;  these  results  are  shown 
graphically  in  Figure  5.  It  is  evident  that  the  RMS  range  error  , 
although  actually  passing  through  a  minimum  -rhen  the  L1 /L^  ratio  is 
optimum,  increases  only  rather  slowly  for  .ion-optimum  adjustment  (See 
summary,  paragraph  3) . 

TABLE  4 

RELATIVE  RANGE  ERROR  FOR  NON-OPTIMUM  POWER  RATIOS 


k 

P-CODE 

C/A-CODE 

Pu/PLJ/dB 

alo  . 
mm 

Pl1/PL2/dB 

o/o  • 
mm 

0.8 

-0.27 

1.043 

-0.48 

1.062 

0.9 

+0.78 

1.011 

+0.54 

1.01(5 

1.0 

+  1.85 

1.000 

+  1.59 

!  1.1 

+2.98 

1.012 

+  2.68 

1.018  ! 

1.2 

+4.23 

1.050 

+3.86 

1.077 
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RELATIVE  NET 
1-fl  RANGE  ERROR 


C/A-CODE 


P-CODE 


1.59  dB 


1.86  dB 


-1  0  +1  +2  +3  +4.0 


POWER  RATIO,  {L./LJ 


NOTE:  THE  ABSOLUTE  1  -o  RANGE  ERROR 

DEPENDS  UPON  NET  RECIEVED  POWER 
AND  RECIEVER  NOISE 


Figure  5  Relative  Range  Error  for  Non-Optimum  Power  Ratios 
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Figure  6  Distorted  Pulse  Waveforms 
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-  PULSE  ALIGNMENT  PARAMETER  r 


Figure  7  Autocorrelotor  Output  Function; 


5-43 


PH  I  LCD  <SB* 

Phllco-Ford  Corporation 
Wottorn  Development  Laboratories  Division 


12.0  PULSE  DISTORTION  DUE  TO  THE  IONOSPHERE 

The  pulse  distortion  produced  by  the  ionosphere  on  the  100-nanosecond, 
1575  MHz  pulses,  has  been  analyzed,  starting  with  earlier  analyses 
performed  by  TRW  (see  DNSDP-WEW-025  for  references) ,  and  adding  some 
material  discussed  by  J.  J.  Jones  and  W.  K.  S.  Leong  (Filter 
Distortion  Effects  on  Correlation  Detection  and  Ranging  Accuracy,  Tech 
Memo  216,  WDL-IRDP -G6 12. HHGA,  November,  1972).  Limited  computer 
analysis  of  the  envelope  distortion  produced  on  100-nanosecond,  1575 
MHz  pulses,  over  a  rather  wide  range  of  ionospheric  range  error  (at 
1575  MHz),  ie,  0.1  foot  to  1000  feet,  has  been  also  been  performed. 
From  tnis  work  the  following  conclusions  are  drawn: 

1.  Pulse  distortion  is  produced  almost  entirely  because,  over 
the  relatively  small  bandwidth  occupied  by  100  nanosecond 
pulses  centered  at  1575  MHz,  the  ionosphere  produces  a  non¬ 
linear  frequency- sensitive  phase  variation  (ie,  phase 
distortion)  .  Almost  no  amplitude  distortion  occurs. 

2.  The  envelope  distortion  produced  even  by  relatively  severe 
ionization,  ie,  corresponding  to  a  1575  MHz  range  error  of 
100  to  300  feet,  is  relatively  mild  (see  Figure  6  for 
computed  envelopes)  .  Some  moderate  rounding  of  the  leading 
and  trailing  edges  appears,  together  with  a  small  degree  of 
pulse  ringing.  Only  for  a  range  error  well  in  excess  of  100 
teet  do  these  distortions  become  severe. 

3.  Since  auto- correlation  involves  integration  over  a 
consideraole  number  of  pulses,  and  since  the  integration 
process  is  relatively  insensitive  to  pulse  phase  distortion 
(particularly  insensitive  to  ringing) ,  the  auto- correlator 
output  function  is  only  slightly  affected  by  ionosphereic 
range  error  (see  Figure  7  for  computed  auto-correlator  output 
functions,  corresponding  to  the  distorted  pulses  depicted  in 
Figure  6) . 

This  conclusion  is  advantageous,  from  the  point  of  view  that 
successful  operation  of  the  GPS,  which  will  utilize  auto¬ 
correlation  of  received  pulses  and  user -generated  pulses,  is 
virtually  unaffected  by  even  fairly  severe  ionospheric  range 
error,  at  1575  MHz.  On  the  other  hand,  the  conclusion  is 
disadvantageous,  from  the  point  of  view  that  virtually 
nothing  can  be  "measured"  concerning  ionospheric  range  error, 
by  manipulating  the  auto- correlator  output. 
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4.  The  phase  transfer  effect  of  the  ionosphere  is  fully 
equivalent  to  that  of  a  linear,  constant-amplitude  filter 
having  the  following  complex  transfer  function: 


y(f)  =  exp(j2»k/f) 


with  k  =  a  constant,  increasing  linearly  with  the  total 
integrated  electron  content  along  the  satellite-user  RF  path, 
f  =  excitation  frequency,  in  the  vicinity  of  1575  MHz. 

The  GPS  signals  occupy  a  narrow  spectrum  centered  about  the 
LI  carrier  frequency,  fo  (*  1575  MHz) .  Therefore,  the 

frequency  f  in  the  above  phase  function  can  be  represented  as 
a  linear  deviation  from  fo,  tl-at  is,  f  *  fo  ♦  a  ;  in  this 
expression  fo  =  1575  MHz,  and  o  does  not  exceed  about  ±20 
MHz.  The  phase  function  may  be  expanded  into  a  power  series 
in  cr ,  yielding 

Y(f )  =  exp(j2irK/fo)  (1  -  6/fQ  +  52/£q  +  -  -  -  ) . 

The  successive  terms  represent,  respectively: 

Carrier  Phase  Shift  2T«K/fo 

Group  Time  Delay  2irK/fo* 

Quadratic  Phase  Distortion  2irK/fo3 

Kigh-order  terms  occur  in  the  expansion,  but  are  negligibly 
small. 

Thus,  the  phase  distortion  is  quadratic  in  a.  Uow,  Jones  and 
Leong  develop  an  elegant  proof  that  "a  purely  even  phase 
deviation  produces  a  symmetrical  correlation  function"  (Lae 
Jones  and  Leong,  page  3-8,  paragraph  1).  Therefore,  the 
correlation  output  curves  shown  in  Figure  7  should  be 
symmetric  with  respect  to  their  peaks;  the  fact  that  these 
curves  as  computed  are  not  quite  symmetric  ney  be  because  of 
quantization  errors  in  computation  of  the  curves  and  because 
of  certain  approximations  in  computation  of  the  Fresnel 
integrals  wnicn  unlie  the  correlator  output  function. 

The  Jones-Leong  proof  of  symmetric  correlator  functions 
strongly  suggests  the  futility  of  attempting  to  "measure"  the 
pulse  distortion  by  any  process  which  involves  partial  pulse 
sampling  and  integration.  This  is  particularly  true  when  it 
is  recognized  that,  in  GPS  user  receivers,  correlation  occurs 
at  IF  (70  MHz)  ,  and  a  single  "pulse"  actually  consists  of 
about  7  IF  cycles.  (For  example,  C.  E.  Gilchriest  discusses 
distorted  pulse  sampling  (JPL  Space  Programs  Summary  No.  37- 
16,  Vol.  IV,  31  August  5  962,  pages  81-93;  ?»ee  especially  page 
89  and  Figure  18). 
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5.  If  the  distorted  GPS  pulses  could  be  sampled  point-by- point 
there  would  be  some  hope  of  •'measuring'*  the  distortion,  and 
thereby  in  effect  determining  the  ionospheric  range  error. 
On  the  other  hand,  integration  over  many  pulses  seems 
necessary  in  view  of  the  relatively  low  signal- to- noise 
ratios  character izing  the  system.  Integration  has  the  effect 
of  greatly  reducing  sensitivity  to  waveform  distortion,  hence 
makes  the  measuring  process  insensitive  to  ionospheric  range 
errcr. 

6.  In  a  subsequent  TRW  analysis  (P.  R.  Karr,  Effect  of 

Ionospheric  Dispersion  on  UHF  Pulse  Transmission,  Memo 
7353.3-11,  19  November  1970)  it  is  shown  that  IF  bandwidtn 

limiting  of  the  DN&S  ranging  pulses  produces  more  serious 
pulse  distortion  than  would  be  expected  from  the  ionosphere, 
but  not  enough  distortion  to  seriously  degrade  the  auto¬ 
correlator  output.  Thus,  the  ionospheric  effect  would  be 
very  difficult  to  separate  from  bandwidth-limiting  effects. 


13.0  RECOMMENDATIONS  FOR  PHASE  I 

It  is  recommended  that  during  Phase  I  the  ground  segment  should  be 
tasked  to  evaluate  ionospheric  prediction  models  of  varying  degrees  of 
complexity.  It  is  only  to  be  expected  that  a  major  tradeoff  occurs 
among: 

1.  Accuracy  of  the  prediction 

2.  Time  duration  of  the  prediction 

3.  Geographical  coverage 

4.  The  number  < nd  locations  of  stations  acquiring  raw  input  data 

5.  The  aivisability  of  using  monitor -station-only  (Lf/L$)  data, 
vs  supplementary  data  from  other  types  of  receivers  and/or 
other  satellites  (such  as  ATS-F ,  due  for  launch  in  April 
1974) 

6.  Hardware  costs 

7.  Data  communications  considerations  including  the  transferral 
of  raw  data  to  a  prediction  model  processing  center,  and 
transferral  of  prediction  data  to  users 

8.  Software  and  data  processing  costs 

During  Phase  I  this  tradeoff  should  be  performed;  the  end  result  will 
oe  recommendations  for  supplying  users  with  ionospheric  data  during 
Phases  II  and  III. 


PHILCO 


At  some  risk  of  prejudging  the  success  of  a  prediction  technique,  it 
is  conjectured  that,  for  the  purpose  of  the  highest  precision 
navigation*  no  prediction  will  exceed  the  inherent  accuracy  of  the 
technique;  it  is  therefore  recommended  that  during  Phase  I,  and 
probably  also  thereafter,  high-precision  users  should  relv  on  the  two- 
frequency  correction- method.  On  €Ke  other  hand,  again  making  a 
conjecture,  it  is  probable  that  a  practical  prediction  model  will 
evolve  during  Phase  I,  adequate  for  the  needs  of  medium-precision 
users  (ie,  RMf  residual  range  errors  of  perhaps  30-60  feet). 

The  four  permanent  monitor  stations  which  will  be  used  primarily  to 
supply  ephemeris  data  during  Phase  I  will  provide  limited,  although 
regular  and  systematic,  ionospheric  range  error  data,  through  the  use 
of  both  L  and  L  measurements  (in  essence,  subtract  Eq  (13)  from  Eq 
(14) ,  thereby  eliminating  RT,  and  solve  for  the  ionospheric  constant 
K).  However,  because  the  GPS  satellites  from  which  theses  stations 
obtain  Lf/L4  measurements  are  constantly  moving  across  the  sky,  as 
seen  from  any  one  of  these  monitors,  and  because  both  the  in-view  time 
spans  and  satellite  look  angles  vs  time  are  accurately  duplicated  from 
day  to  day,  it  is  not  at  all  certain  that  the  Lr/L)  data  obtained  from 
the  monitors  will  constitute  an  adequate  data  base  for  updating  a 
meaningful  prediction  model.  Consequently  it  may  be  highly  desirable, 
or  even  virtually  mandatory,  to  provide  both  additional  monitor 
t. cation  locations  and  monitor  receiving  equipment  capable  of  acquiring 
ionospheric  data  from  other  than  GPS  satellitas.  A  more  specific 
recommendation,  including  a  detailed  plan  for  Phase  I  activities,  will 
be  prepared. 

An  ultimate  objective  will  be  a  model  useful  for  predictions  at  least 
24  hours  into  the  future;  during  Phase  I  an  opportunity  will  be 
available  to  test  several  models  with  respect  to  accuracy, 
geographical  coverage,  prediction  time  span,  and  both  formats  and 
sizes  of  data  flow  to  users.  Technology  does  not  permit  such 
evaluations  to  be  made  at  the  current  tine;  reliable  raw  data, 
gathered  on  a  systematic  basis,  simply  does  not  exist.  Phase  I  will 
permit  this  lack  to  be  supplied,  and  in  the  process  of  so  doing  will 
provide  valuable  data  to  knowledge  of  the  ionosphere. 
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A  Survey  of  Ionospheric  Effects  Upon 
Earth-Space  Radio  Propagation* 

k.  S.  LAWRENCEf,  C  G.  LITTLEf,  mkmrkk,  ieee,  and  H.  J.  A.  CHIVERSj 


Summary — The  frequency  dependence  it  derived  end  the  order 
3f  magnitude  it  pretented  for  vtriout  ionospheric  effecta  upon  radio 
earn  which  have  frequenciea  greater  than  the  penetration  frequen¬ 
cy  of  the  ionoephere.  Among  the  phenomena  conaidered  are  phaae- 
path  length  change,  refraction,  frequency  change,  group-path  delay, 
polarixation  rotation,  and  abaorption.  A  detailed  discussion  it  given 
of  the  mean  value  end  variability  of  ionoepheric  abaorption,  refrac¬ 
tion,  ecintillationa,  and  polarization  changea. 

ISTHODI  CTION 

HIS  Sl'RVEY  treats  the  effects  of  the  ionosphere 
upon  radio  waves  of  frequency  greater  than  the 
vertical-incidence  ionospheric  penetration  fre¬ 
quency.  Thus,  our  remarks  apply  to  radio  frequencies 
above  about  10  or  20  Me.  and  as  high  as  several  thou¬ 
sand  Me.  Rationalized  inks  units  are  used  throughout, 
and  the  following  symbols  will  !>e  employed: 

C *=  .ree  sp.ice  velocity  of  light 
e  =  charge  on  an  electron 
/  =  w/2v  =  frequency  of  a  radio  wave 
//  =  geomagnetic  field  iircnsitx 
m  =  niass  of  an  riectron 
.V  =  »u»iIkt  density  of  free  electrons 
«e -electric  pcruiittiuii  ;  free  space 
8  =  angle  between  wave  norm:*!  and  geomagnetic 
field 

A  =  2zt  'u  -  free-sismt  wavelength  of  a  radio  wave 
U  =  real  part  of  ’.in;  refractive  iudey. 

mngnebe  permittivity  of  ftee  space 
ir  =  frequency  of  collision  of  free  electrons  with 
iu*. ivy  particles 

a)  =  angular  frequency  of  a  radio  wave 
uiH  mu*Ur/m  -  angular  gyro  frequency  of  an  election 
U1  =  W/r  I  os  8 

Wv  -  v  .Y t-  »nm  -angular  plasma  Irequencv 
utr  -  u>n  sin  0 
X=u>G  u>- 
Y •‘Uhl  u> 

¥ t“W;  u> 

»V  =  U)T  u} 

An  essentialb  plane  radio  wave  may  Ik*  specified  i:i 
terms  of  five  parameters:  its  amplitude,  direction  of 
propagation,  phase,  frequency,  [l  (2v)Xtime  rate-of- 
change  ol  phase).  and  jiol.irization,  together  with  their 
time  and  spatial  variations.  A  r  idio  wave  traveling  from 

*  K*  rixtsi  Jnnr  1*).  rt*\ised  iimiiiim rijn  rtitiMfi  ()i  IiiIht 
196  V 
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some  object  in  space  and  incident  upon  the  earth’s 
surface  has  of  necessity  traversed  the  earth's  ionosphere, 
a  region  in  which  the  refractive  index  may  deviate 
significantly  from  unit}  .  Particularly  at  frequencies  be¬ 
low  1000  Me  the  ionosphere  may  affect  any  or  even  all 
of  the  five  basic  parameters  defining  the  radio  wave. 
Thus  the  amplitude  of  the  radio  wave  received  at  the 
ground  may  be  affected  by  absorption,  or  by  large- 
scale  focusing  effec  ts  or  by  sntall-st  ale  Tffract  ion  effects; 
the  angle  of  arrival  may  be  changed  by  refraction  or 
diffraction;  the  instantaneous  frequency  of  the  radio 
wave  may  be  affected  by  fluctuations  in  the  received 
phase;  and  the  polarization  of  the  radio  wave  may  be 
changed  by  the  magneto-ionic  splitting  and  subsequent 
differential  absorption,  refraction,  and  phase  changes. 
The  time  and  space  variations  of  these  five  basic 
parameters  may  be  affected  by  ionospheric  irregularities 
of  various  sizes  and,  for  a  moving  source,  even  by  a 
smooth,  non  varying  ionosphere. 

In  the  next  two  sections,  we  mention  briefly  the 
magnitude  -.sad  lrequency  dependence  of  these  effects; 
in  later  sections  we  consider  the  more  important  effects 
in  greater  detail. 

SlMfUFH  UtOSSOK  THE  Ari’l-KTON-H AHTREE  EQt'ATIOS 
FOR  FKKqi  KHir.i  L.'.:;'’.::  r'»wP\R>:D  WITH 
Penetration  Freqit.no: 

Quasi- Longitudinal  and  Quasi-Transrerst  Proportion 
at  VHP 

At  frequencies  large  compared  v/ith  the  ionospheric 
peneiiaton  frequency,  tie  exact  expression  for  the  re¬ 
fractive  index  may  be  replaced  by  uppruxiiv.a'e  forms  as 
follows  [  1 ). 

The  first  approximation,  and  one  which  is  well  satis¬ 
fied  by  the  normal  ionosphere  for  frequencies  greater 
than  the  critical  frequeno  ,  is  to  equate  the  absorption 
term  to  zero.  1'nder  such  circumstances  we  write 

Y 

u'  ■=  1 - - - (1) 

i -  i  JV  V  -  Y>  ±  [>  ly/fl - .Y),+  iv|,,» 

\Ve  sec  that  the  refractive  index  in  a  given  direction  is 
double-valued,  because  of  the  +  and  -  -igns  in  the 
equation.  The  two  values  refer,  respectively,  to  the  or¬ 
dinary  and  extraordinary  waves. 

At  frequencies  large  compared  with  the  gyro  fre¬ 
quency,  ,t  is  convenient  to  divide  the  propagation  into 
either  of  two  classes,  nameiy,  quasi-longitudinal  and 
quasi-transverse  propagation,  depending  upon  which  of 
the  two  terms  inside  the  square  root  is  the  larger. 
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(1  -  Ay 
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Since  both  VL  and  X  are  very  much  less  than  unity  at 
VI IF,  this  can  be  expressed  as 

M  «  1  -  4-V(l  +  I  /.).  (8) 


the  propagation  is  said  to  be  quasi-tronsverse  (QT  ap¬ 
proximation)  since  Y  >.  may  be  ignored.  In  this  case  the 
|K>sitive  sign  gives  a  refractive  index  which  tends  toward 
'he  index  for  the  same  ionosphere  in  the  absence  of  the 
mug.t«..v  fiii?  the  negative  sign  ,’ives  a  reft  ac¬ 

tive  index  wh!"h  is  still  dependent  i.;  cr  'he  strength  of 
the  (transverse)  magnetic  field. 

For 

iV 

- «4I’r  (4) 

(1  -  X'r 

the  propagation  is  said  to  be  quasi-loiigiiudinal  (QL), 
since  the  Y i.  term  is  dominant  over  the  IV  term,  in  this 
case,  the  refractive  index  for  both  the  F  and  —  signs 
is  dependent  upon  the  magnitude  of  die  longitudinal 
component  of  the  magnetic  field.  Note  that,  in  the 
quasi-longitudinal  case,  the  presence  of  the  magnetic 
field  increases  the  refractive  index  for  the  ordinary 
wave,  and  retimes  the  refractive  index  for  the  extraor¬ 
dinary  wave,  relative  to  the  same  ionosphere  in  the 
absence  of  the  magnetic  field. 

At  Vi  IF,  where  .V  may  Ik-  taken  as  very  iua!i,  ;ae 
conditions  for  QL  and  QT  propagation  heron 

4  IV 

— *»1  (Ql.)  (41 

1  r 

and 


Approximate  Expression  for  Ionospheric  Refractive  Index 
at  VUE 

I'ndcr  conditions  where  the  magneto-ionic  splitting 
of  the  ray  s  may  he  ignored,  tin;  refractive-index  expres¬ 
sion  may  he  still  further  simplified  by  equating  Ft 
and  IV  to  zero.  I  Aider  such  e-ire  instances  we  have 

u2  =  1  -  .Y.  (9) 

At  VI IF,  X  will  lie  small  compared  v,:th  unity  and  we 
iiki  write 

n  «  1  -  J.V,  (10) 

Defining  A/i  by  Ap  =  (l  — p)  and  noting  that  X  —u\t/u'! 
=  .Vr,/tnWwI,  we  see  that 

V 

Am  =  6  - .  (1‘) 

u! 

where 

b  —  _ —  =  l .6  X  H>4  (mks). 

2(,m 

In  ott  er  words,  at  VI  IF,  and  ignoring  the  effects  of 
the  mag  jetic  field  and  of  absorption,  the  deviation  of 
the  ionospheric  refractive  index  from  unity  is  propor 
tionai  to  the  electron  density,  and  inversely  propor¬ 
tional  to  the  square  of  the  operating  frequency. 


41V 

-rr  «  1  (W-  (5) 

r  r 

Since  l'/.-(w/(w)  cos  6  and  ir-\  «iu  6,  the 

transitional  angled  at  which  4 IV  Yt1  —  1  is  given  Oy 

sin  6,  tan  0,  =  —  ■  (6) 

urn 

Since  w«  is  of  the  order  107  radians  sec,  and  is  there¬ 
fore  very  much  less  than  w  at  VI IF,  it  can  he  seen  that 
tan  9  must  he  much  greater  than  unity,  and  dr  must  he 
close  to  90s.  In  oilier  words,  a!  VI IK,  propagation  in  all 
directions,  except  those  which  are  almost  exactly  trans¬ 
verse  to  the  magnetic  field,  will  lie  quasi-longitudinal. 
The  magnitude  of  the  transitional  angle  is  about  89°  at 
40  Mr.  For  quasi-longitudinal  propagation,  the  charac¬ 
teristic  polarizations  are  circular,  and  remain  essen¬ 
tially  circular  as  6  increases  until  they  rather  suddenly 
liecome  elliptical  at  6  -6,  and  then  linear  as  the  trans¬ 
verse  direction  <9  =  (Hi")  is  reached. 

For  quasi-longitudinal  propagation  at  VI IF.  (1)  re¬ 
el  uces  to 

.Y 


Change  in  Phase-Path  Length  Introduc'd  at  VHP  by  the 
ionosphere 

!n  order  to  determine  the  effect  of  the  ionosphere 
••non  the  phase-path  length  of  a  VI IF  radio  path  from 
a  satellite  to  the  ground,  we  remember  truer  the  effective 
phase-path  length  P  is  given  In 


where  the  ui’egral  is  taken  along  the  ray  path.  (We 
have  omitted  a  factor  cos  a,  where  a  is  the  tingle  be¬ 
tween  the  wave  normal  and  the  ray.  At  VI IF",  this  factor 
is  essentially  uniiy.)  T*"*  change  A /  in  the  (phase)-path 
length  introduced  In  the  presence  of  the  ionosphere  is 
given  by 

A 2  =  |  (m  —  \)dl  =  —  f  Audi 
b  f 

- - -  I  Xdl  metere  (1.1) 

111'  J 

and  we  see  that  A /  is  proportional  to  the  integrated 
electron  density  rlong  the  |>ath  and  is  inversely  propor¬ 
tional  to  the  sept. ire  of  the  operating  frequency.  Notice 
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that  (ho  Hlcr t  ol  the  ionospheric  electrons  is  to  reduce 
the  phase-path  length,  relative  to  free  space. 

Ionospheric  HWgr  kef  rut  lion  at  VUE 

The  refractive-  effects  ol  the  ionosphere  may  he  con¬ 
sidered  as  due  Ion  giaclienl,  in  a  direction  transverse  to 
the  optical  line  of  sight,  of  the  radio  path  length  from 
the  radio  source  to  the  observer.  Such  a  gradient  couhl 
be  pcoduced  by  a  wedge  of  ioui/.n  ion  as  indie  ited  in 
f'ijj.  1.  The  tilting  ol  the  wave  Iroc.i  produced  by  such  a 
wedge  is  given  by 

d  f  X<!l 
,  l(M)  b  J 

t  =  —  -  — - radians.  (14) 

c/.r  u-  c/.i 


grated  electron  density  along  the  line  of  sight.  Any 
change  of  this  integral  with  time  (prcKlnced,  for  ex¬ 
ample  by  the  motion  of  the  source  across  the  sky)  will 
result  in  a  corres|xmdmg  variation  in  the  phase  change 
due  to  the  ionosphere.  Such  a  variation  with  time  of  the 
received  phase  is,  of  course,  a  perturbation  of  the  ob¬ 
served  'rcepiency. 

I  he  ionospheric-ally  induced  shift  of  the-  obsci  ved  Ire- 
"liciiry  is  therefore  given  by 

J  f.Y/Il 

. ,  -±  A — 

2r  til  2ruc  til 

and  is  inversely  proportional  to  the  operating  frequency. 


Note  that  the  wedge  refraction  is  inverseb  proportional 
to  the  sepia  re  of  the  o|ierating  frequency,  and  is  pro¬ 
portional  tci  the  transverse  gradient  of  the  electron  con¬ 
tent  ;  since  the  refractive  index  in  the  ionosphere  is  less 
than  unity,  th"  ray  is  bent  away  from  the  normal  upon 
entering. 


Group- Path  Delay 

because  the  ionosphere  is  a  dispersive  medium,  a 
pulse  of  radio  energy  centered  on  an  angular  frequence 
u  travels  in  the  ionosphere  with  a  group  velocity  dif¬ 
ferent  from  the  phase  voles  it y  appropriate  to  the  angu¬ 
lar  Ireepioncy  u>.  The  equiva'cut  group-path  length 


Fix.  t — The  tilling  of  a  wave  friml  l»y  a  wedge  of  ioiii/alion. 


where  the-  “group  refractive  index"  |l]. 


\l  —  tl(ttw)  du  =  /!  +  ii)  —  ' 

dot 


from  which  it  follows  that 


(17) 


(IK) 


Irregular  Phase  Changes  Introduced  by  the  Ionosphere  at 

1  'II F 

irregular  amplitude  scintillation  effects  are  produced 
whenever  inhomogemoilies  in  the  ionosphere  cause 
phase  distortions  comparable  with  one  radian  in  (trans¬ 
verse)  distances  of  the  erder  of  one  Fresnel  zone  radius 
[2 1—  [4  ].  (The  Fresnel  zone  radius  on  a  plane  wavefroni 
at  a  distance  R  from,  and  traveling  tc.w  hi  observer 
is  given  by  r=  %//(«.  At  \  II!-'.  and  for  normal  iono¬ 
spheric  heights,  r  is  of  the  order  of  1  km.) 

The  phase  change,  5,  introduced  In.  the  ionosphere 
is  given  bv 

2 ir  ~b  r 

S  -  — 4/  =  -  |  A  ill  radians  tf.S) 

\  cu  J  « 

and  is  inversely  props,  tiomd  to  i he  o|x,r.u ing  frequency. 
For  this  reason,  and  hec.iMSc  iiic  radius  of  the  l-rcsnel 
zone  is  pro|>ortiou.il  to  sc  intillations  are  most  pro¬ 
nounced  at  the  lower  Irecpiencies. 

Frequency  Changes  Introduced  by  the  Ionosphere 

It  has  I  teen  shown  above  that  the  phase  change  in¬ 
troduced  by  the  ionosphere  is  proportional  to  the  intt- 


dP 

P'  =  /»  +  «-—• 

doi 

The  factor  cos  a,  which  is  negligible'  different  from 
unity,  has  been  omitted. 

At  VI IF,  ignoring  the  magnetic  field,  we  inay  use 
(10).  Combining  this  with  (IX)  we  see  that 

1 

M*  "  —  *  (10) 

n 

The  c  hange  A/  in  the  group-path  length  introduc  ed  In 
the  presence  of  the  ionosphere  is  given  by 

A/'  =  f  (»'  -  1  )dl  -  f  (1  -  M), U  -  -  M  (20) 

and  we  find  that  A/'  is  positive  and,  like  A/,  is  propor¬ 
tional  to  the  integrated  electron  density  along  the  path 
and  is  inversely  proportional  to  the  square  of  the  operat¬ 
ing  irecpiencv.  The  group-path  delay  is,  of  course, 
simply 

AT  -=  A/'  c.  (21) 

Notice  that  the  effect  of  the  ionospheric  electrons  is  to 
ir  crease  the  group  path,  relative  to  free  space. 

V 


Hr  :3***1*»«W* 


= w«Jii 
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Diffe  rentiai  Phase-Path  Length  for  the  Ordinary  and 
Extraordinary  Waves 

As  already  indicated,  in  the  presence  of  the  magnetic 
field  the  ionosphere  acts  as  a  birefringent  medium  and 
in  general,  splits  an  incident  VHF  radio  wave  into  two 
components.  These  two  components  proceed  independ¬ 
ently  through  the  ionospnerc  with  different  phase 
velocities.  If  both  components  reach  the  observer,  there 
is  a  differential  phase-path  length  given  bx 


\  -  P-  =  f  (m+  -  n-)dl  «  A/t  - 

J  II 


SL  (22) 


where  the  subscripts  +  and  —  denote  the  ordinary  and 
extraordinary  waves,  respectively. 

From  (8),  for  the  quasi-longitudinal  case  at  VI  IF, 


i*  -  a  =  VI',.  = 


Hence 


/  lb  f 

(a+  —  n-)dl  =  —  I  Xur.dl  meters 

U  id"  J  (I 


where,  as  beio, 


< dv •  e- 

b  =  —  - - -  1.6  X  10’  (mks). 

2  \  2«(ini 


Polarization  Rotation  at  VHF 

The  differential  phat  r-path  length  for  the  two  mag¬ 
neto-ionic  com|)oi,ents  results  in  a  rotation  of  the  plane 
of  polarization,  as  discussed  in  detail  under  “Polariza¬ 
tion  Effects,"  p.  21.  This  polarization  rotation,  U,  in 
radians,  is  equal  to  one  hall  of  the  differential  phase 
path  multiplied  bx  2ir/X,  i.e., 

r  r-  b  l  /•' 

12  =  —  I  (m *  “  m  )<Ii  =  —  • —  I  \ui.dl  radians.  (25) 
X  J  n  tjp  c  •’  „ 

We  see  th.it  this  polarization  rotation  is  inversely  pro¬ 
portional  to  the  square  of  the  operating  (requeues,  and 
because  of  its  dependence  on  w,.  is  dirccth  |>ro|x>r- 
tionnl  to  II  cos  8,  the  longitudinal  component  of  the 
magnetic  field. 


Ionospheric  Absorption  at  VHF 

The  absorption  ot  radio  waves  in  the  ionosphere 
arises  from  the  collisions  of  the  electrons  (which  arc 
oscillating  under  the  influence  of  the  incident  radio 
wave)  it  It  the  neutral  and  ionized  constituents  of  the 
atmosphere.  The  absorption  max  lie  calculated  from 
fie  complete  Appleton- 1  lartree  expression  For  a  plane 
wave,  the  elect  tic  field  is 

/•;=/•>  <  2.M 


where  E0  is  the  amplitude  of  the  incident  wave  and,  for 
quasi-longitudinal  propagation  [l], 


2  metv  n  v5  +  (id  +  uit)J 

Here  x  is  the  exponential  decay  coefficient  for  the 
amplitude  of  the  radio  wave  in  unit  distance.  At  VHF 
(and  indeed  at  HF),  it  is  customary  to  assume  that 
u±c oj.»v,  and  if  jc=1  the  absorption  in  decibels  is 
given  by 

.1  =  —  2ft  login  —  « - - - I  Xvdl.  (27) 

Ft l  (lD  +  ID/.)3  J  it 

At  VHF,  w»o>/.,  so  the  absorption  of  VI I F  radio  waves 
in  the  ionosphere  is  therefore  inversely  proportional  to 
the  square  ol  the  operating  frequency. 

Differential  Ionospheric  Absorption 

Kq.  (27)  shows  that  the  absorption  of  radio  waves  in 
the  ionosphere  is  different  for  the  two  characteristic 
modes.  This  differential  absoiption  is  given  by 

-  .4+  =  -  2ft  log, n 

■  exp  ■!  —  — •-[ - - - - 1  f.\wA  .  (28) 

l  Imctfl  n  L(id  —  id/.)2  (iD-riDz)*J  J  » 

At  VHF,  w»iD/.,  and  it  follows  from  (28)  that 


I-  “  U  *  “  •  (29) 

ID* 

We  see  that  this  differential  absorption,  which  would 
Le  accompanied  by  changes  in  the  polarization  of  the 
resultant  radio  wave,  decreases  verv  rapidly  with  fre¬ 
quence ,  bring  inversely  proportional  to  the  cube  of  the 
observing  frequency.  J.ikc  the  polarization  rotation,  its 
de|>ende»ce  upon  cd/  makes  the  differential  absorption 
pro|x>rtional  to  H  cos  6,  the  longiiudinal  component  of 
the  magnetic  field. 

(>Kt)KR  I»t  MaGNITI  t>K  «>l  loMisintKKtl  KtH-CTS  i  fON 
K.XRTtl-StW  t-  C'oMMI  Ml  ATtON 

The  conclusions  oi  the  preceding  section  are  sum¬ 
marized  in  Table  I,  which  shows  the  frequence  depend¬ 
ence  of  the  various  ionospheric  propagation  effects  at 
VHF  and  higher  frequencies.  It  should  l>e  noted  that 
the  expressions  are  based  on  approximations  to  the 
Appleton-I lartree  equations  and  max  not  be  valid  in 
ihc  qii.isi-transver.se  case. 

Table  II  has  Iv-en  prepared  to  give  some  feeling  lor 
the  magnitude  of  the  ionospheric  effects  at  a  frequency 
of  Iftft  Me.  The  values  arc  (vised  on  the  total  ionospheric 
contribution  for  zenithal  quasi-longitudinal  propaga¬ 
tion  through  ir.  ionosphere  xvhere  foNdh  is  10n/ni5 
rolmiiii.  and  on  —  5  10*  radians  sec.  The  wedge  refrac- 
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tion  is  l);iscd  up. in  a  trims  verso  gradient  in  l,\.vtlh  of 
|011  electrons  in-  coliimn  per  meter,  /.<..  I  per  cent  per 
10  km;  t lie  value  of  Si  is  (used  upon  a  sutclliic  observed 
near  the  horizon  in  a  typical  oriiit  just  almve  the 
ionosphere.  The  value  ol  f,,Xtlli  ul  I  O' ’  in  '  coin  , no  is 
lieiieved  to  he  typiril  ol  an  avr  ii;e  ionosphere,  aid 
could  vary  by  at  leas'  a  factor  u!  >et.  in  each  direction, 
la'.,  from  10'*  to  101'  in',  depend', i*j-  upon  the  time  of 
day,  the  season,  the  position  in  the  s;nis|>ot  cycle,  and 
the  geographical  location.  For  ionospheric  conditions 
other  than  those  used  in  Table  II,  the  proportional 
change*'' in  fi,.\ill  and  ui  should  he  used  to  estimate  the 
ionospheric  elicit-  at  Ititt  Me;  for  Mil  and  III!-' 
frequencies  othei  th.ui  100  Me.  the  lre<picnc\  depend¬ 
ences  ol  I'alile  I  should  t  hen  lie  used. 

I’he  alisorol ion  v.dnes  are  ordcr-ol -ni.iguit  ude  cs 
I i males  of  I  he  one- it  .n  alisorpt  ion,  at  \  cri  ica I  incidence, 
of  a  100  Mr  radio  wave  daring  the  night,  during  the 
day  ,  ..ml  during  a  strong  da\  time  polar. rap  absorption 


l<  >\i  isfltl  nil  \IISOKMION  \  T  \  III' 

Qu-ttillhlhPi  /  IlfOry 

Magneto-ionic  theory  shows  that,  lor  quasi- longi 
tudinal  prop  ig.  it  ion  at  VIII',  the  absorption  coefficient 
*,  in  mpers  per  mm  length  is  given  with  good  .iccuracy 


where  v  is  the  frccpieticy  ol  collisions  between  an  electron 
and  heave  particles.  At  \  llh.  n  will  i.c  approximately 
unity  in  the  normal  ionosphere,  and  we  may  ■..nit  the 
I  'fj  facto,-.  This  omission  of  the  refractive-index  (k 
pendenee  ol  ;ibs<-  p‘*ou  is  an  indication  of  the  fact  that, 
at  Mil’,  the  io  aspheric  absorption  occurs  in  a  non- 
devi.itim;  medim.i  Si;  Ji  absorption  is  commonly  termed 
"nondeviative. " 

The  exponential  decay  experienced  by  a  MU'  radio 
wave  travehrg  from  the  satellite  to  the  ground  is  there- 
lore  tiiven  by 


f  K,u = r  — 

2 mch,J  h  r-  H 


+  (u  +  ui)- 


Numerically,  the  absorption  in  decibels  is  given  by 

f  *  Svdl 

I  =  4.6  X  I0~4  I  - - - — ;•  (32) 

Since  the  absorption  of  V'  1 1 F  normally  occurs  in  a  re¬ 
gion  where  ui  is  large  compared  with  v,  and  w »«/.,  the 
ahsorption  may  be  written  as 

4.6  X  JO'5  r  ’ 


4.6  X  JO  5  r  ’ 

s —I  ■' 


►  4"  (u!  +  UI  )’ 


and  is  inversely  proport ional  to  the  square  of  the 
opera  tiny  frequency. 

Regular  D-Kegtou  Absorption 

During  daytime  hours,  much  of  the  absorption  of 
VI  IF  radio  waves  occurs  in  the  D  layer.  This  layer  is 
primarily  produced  by  solar  ultraviolet  radiation,  and 
therefore  has  a  pronounced  diurnal  and  seasonal  varia¬ 
tion.  As  shown  in  Table  If,  the  regular  /)-reyion  ah¬ 
sorption  at  100  Mr  is  less  than  1  dh,  even  after  allowing 
for  the  effect  of  oblique  incidence;  hence  ionospheric  ah¬ 
sorption  in  the  normal  D  region  is  negligible  for  fre¬ 
quent  ics  above  about  100  Me.  This  regular  /5-region 
..oMii  pl  ion  has  been  found  to  obey  the  I  (w  ±Ui )':  rela¬ 
tion  down  to  frequencies  of  a  few  Mr.  At  30  M< ,  tlicre- 
lorc.  ■’  iettce  transmissions  throngl’  the  nor¬ 
mal  d.-  i  '"ion  could  be  ex|K'ded  to  undergo  up 

to  se\ e.  .it..!'  of  attenuation. 

Solar  /•'lure  Effects  on  I)- Region  Absorption 

During  the  phenomenon  known  as  a  solar  flare,  the 
output  ol  ultraviolet  and  X-ray  photons  by  the  sun  can 
increase  very  mntkcdly.  The  resultant  enhancements  in 
the  ionizing  flux  incident  upon  the  D  region  over  the 
sunlit  hemisphere  can  produce  large  increases  in  the 
D-region  ionization,  and  honre  large  change?  in  the 
absorption  of  radio  waves  |>eiiet rating  the  P  region. 
Fig  2  shows  the  absorption  of  10-Mc  cosmic  radio  noise 
at  College,  Alaska,  dttrirg  the  large  solar  flare  of  Julv 
11,  l‘)6l. 
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2 — Solar  flare  absorption  event.  College,  Alaska,  Jul\  tt,  t<f6l. 

The  two  curves  refer  to  the  ordinary  and  extraor¬ 
dinary  waves,  respectively;  it  will  he  seen  that  at  this 
relatively  low  frequency  the  differential  absorption  el- 
fect  is  large.  The  ratio  of  the  differential  absorption  to 
the  ordinary-wave  absorption  is  essentially  that  pre¬ 
dicted  for  absorption  in  a  region  where  w»t';  we  may 
therefore  compute  the  100- Me  absorption  with  con¬ 
fidence  using  a  l/(w±w;.)2  dependence.  This  gives  a 
maximum  zenithal  one-way  absorption  of  1.1  dl>  at  100 
Me  for  this  flare,  i.e.,  of  the  order  20  times  greater  than 
the  normal  //-region  daxtune  absorption. 

Solar  Hare  absorption  events  may  be  expected  to  he 
at  a  maximum  at  the  subsolar  point,  and  are  not  de¬ 
tected  on  the  night  side  of  the  earth.  The  Hares  them¬ 
selves  occur  most  frequently  during  sunspot  maximum 
and  typically  have  durations  of  several  minutes  (for  the 
smaller  flares)  to  a  few  hours  (for  the  most  intense 
flares). 

Aaroral  Absorption  Events 

Anomalously  high  P- region  ionization  densities  may 
occur  during  an  aurora,  apparently  due  to  ionization  by 
hremssf  ihlnng  X  rays  generated  in  the  upper  atmos¬ 
phere  by  the  bombarding  electrons  producing  the 
the  aurora  |5|,  (6 1  These  aurorullv  associated  ab¬ 
sorption  events  occur  primarily  at  the  auroral  zones, 
and  at  higher  magnetic  lati'udes.  These  events  are 
closelv  associated  with  huiiiitous  aurora.  'I  l-.ey  are  seen 
with  decreasing  frequenev  as  one  moves  to  lower  geo¬ 
magnetic  latitudes. 

Typical  values  of  absorption  are  of  the  order  .1  db  at 
.10  Me  at  vertical  incidence,  though  on  rare  occasions 
the  amorally  associated  absorption  reaches  .about  10 
db  at  30  Me.  Auroral  absorption  events  are  seen  almost 
daily  at  the  auroral  zone  during  equinoctial  months, 
and  are  closely  related  to  the  local  geomagnetic  K  index. 
They  may  occur  at  essentially  any  hour  of  the  day, 
.hough  Matistic.illv  there  is  a  pronounced  minimum  in 
the  occurrence  probability  for  the  three  hours  centered 
on  21  hours  local  time.  The  auroral  absorption  events 


typically  have  periods  of  several  minutes  to  a  few  hours. 
The  detailed  correlation  between  absorption  values  is 
usually  poor  for  observations  made  at  separa-'ons  of 
more  than  a  few  hundred  kilometers. 

Tor  frequencies  greater  than  30  Me,  the  aurorall> 
associated  absorption  is  believed  to  obey  the  l/(tf±«z.)2 
relation  quite  accurately.  However,  there  is  evidence 
that  this  approximation  begins  to  break  down  for 
auroral  absorption  events  at  about  15  Me,  and  is  in 
serious  error  at  frequencies  as  low  as  5  Me,  the  observed 
absorption  being  considerably  less  than  that  predicted. 
'This  fact  indicates  that  the  absorption  takes  place 
mainly  at  heights  where  v/2ir>5  Me. 

Polar-Cap  Absorption  Events 

On  relatively  rare  occasions,  a  solar  flare  can  result 
some  hours  later  in  a  widespread,  long-lasting  absorp¬ 
tion  event  which  iK  detectable  over  both  polar  caps 
down  to  the  equatorial  limits  of  the  respective  auroral 
zones.  Such  events  occur  most  frequently  during  the 
[leak  of  the  sunspot  cycle,  and  may  last  for  up  to  four 
days  j7  ].  The  absorption  is  greater  during  the  daylight 
hours  than  at  night  by  a  factor  of  about  five.  While 
Table  II  slows  a  strong  PCA  event  giving  a  vertical- 
incidence  absorption  of  about  1  db  at  100  Me,  the  oc¬ 
casional  occurrence  of  10()-Mc  absorption  up  to  3  db 
was  probably  produced  by  the  strongest  PCA's  seen 
during  the  recent  sunspot  maximum.  The  frequency  de¬ 
pendence  of  this  characteristic  polar-cap  absorption  is 
approximately  (but  not  exactly)  l/(u>±u>/.)5  for  fre¬ 
quencies  above  30  Me;  very  little  is  known  about  the 
frequency  dependence  below  30  Me. 

The  polar-cap  .absorption  events  are  due  to  ionization 
in  the  lower  P  region  produced  by  a  flux  of  energetic 
protons  (low-energy  co~mic  rays)  of  solar  origin.  Pig.  3 
illustrates  the  zenith  d  absorption  of  30- Me  cosmic 
noise  at  College,  Alaska,  during  the  outstanding  (tolar- 
cap  absorption  event  of  February  23,  1956. 

E-Region  Absorption 

Several  of  the  observers  who  have  reported  measure¬ 
ments  of  the  total  attenuation  of  cosmic  radio  waves  at 
various  magnetic  latitudes  have  attempted  to  separate 
the  contributions  !uc  ;  •  the  D  air.!  /Tegiuns  jtfj  [it  j. 

Although  the  conclusions  reached  by  these  workers 
conflict  iu  detail,  :  is  apparent  that,  at  least  during 
vears  of  high  suns[>ot  number,  the  absorption  in  the 
undisturbed  t  region  mn  be  conip.u.ihlc  wiiii  the  ab¬ 
sorption  in  the  undisturbed  daytime  D  region.  The 
median  /-'-region  absorption  when  transformed  to  100 
Me  by  a  l/(w±wj.)!  scaling  factor,  is  usually  within  a 
fac'or  of  3  of  0.1  db  at  vertical  incidence,  and  is  therefore 
hardly  of  significance  to  space  communications  at 
frequencies  above  about  100  Me.  Because  of  the  great 
height  of  the  F  region,  the  correction  for  obliquity  does 
not  exceed  about  a  factor  of  two,  even  at  large  zenith 
angles.  The  /-'-region  absorption  is  believed  to  In?  much 
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Fig.  3 — 30-Mc  cos  mil-  imi-c  absorption  measurements  during  lhe 
February,  1956  pol.ir-< .ip  absorption  event. 


i  ;*s  affected  by  solar  flares,  aurora,  and  polar-cap  aft- 
sorption  events  than  the  D  region  absorption. 

At  frequencies  below  about  30  Me,  deviative  absorp¬ 
tion  mav  also  be  observed,  since  at  times  n  may  be 
significantly  less  than  unity.  1‘nder  such  circumstances, 
we  see  from  (30)  that  the  absorption  at  the  lower  fre¬ 
quencies  will  increase  more  rapidly  than  is  predicted  by 
the  1/(m  +  u »/)•’  law. 

loNOSl’in-KK  P.1.1  K.KTION 
Ray  Tracing  in  .  I  ntsrtropic  Media 

Insofar  as  the  usual  assumptions  ol  geometrical  optics 
are  satisfied,  the  retractive  index  given  l;y  the  Appleton- 
Hartree  equation  may  be  used  for  ray  tracing  through 
the  ionosphere.  However,  when  the  effect  of  the  geo¬ 
magnetic  field  is  included,  the  lesulting  anisotropc 
properties  ol  the  medium  introduce  several  complica¬ 
tions.  Jir.t  as  it:  the  optics  of  crystals,  the  wave  normal 
does  not  coincide  with  the  direction  of  the  ray.  The 
reason  lor  this  becomes  apparent  if,  with  reference  to 
Fig.  4,  we  consider  . in  ungulurs|>ectrum  of  monochromat¬ 
ic  plane  waves,  all  in  phase  at  point  O,  traveling  in  the 
general  direction  OH  Because  of  the  anisotropy  of  the 
refractive  index,  the  phase  fronts  at  some  later  time 
are  given  bv  the  lines  AD,  HD,  and  CD  where  the 
points  .1  H,  and  ('  are  at  different  distances  from  0. 
The  various  components  interfere  constructively  only 
at  the  point  D.  I  hits,  while  the  wave  normals  lie  in  the 
general  direction  OH,  the  energy  flow  (and  therefore  the 
“ray")  lies  in  the  direction  OD. 

There  is  another  way  in  which  the  anisotropy  of  the 
medium  contributes  to  the  complexity  of  ray  tracing. 
Suppose  the  ray  arrives  at  the  plane  boundary  separat¬ 
ing  one  homogeneous  isotiopii  medium  Ir  un  another 


Fig.  4— \  sketch  illustrating  the  difference  between  the  direction  of 
the  wave  normal  and  that  of  the  ray  in  an  anisotropic  niHiiim. 


If  the  media  were  isotropic,  one  should  simplv  calculate 
the  refractive  indices  of  the  two  media  and.  knowing 
the  angle  of  incidence  (the  angle  between  the  phase 
I  rout  and  the  boundary),  would  use  Snell's  law  to  de¬ 
termine  the  angle  of  refraction.  In  the  anisotropic  case, 
however,  the  refractive  index  cannot  be  determined  un¬ 
til  the  angle  of  refraction  is  known,  but  that  tingle  in 
turn  depends  upon  the  refractive  index.  The  values  of 
these  two  related  quantities  must  be  obtained  by  e 
process  of  iteration,  successively  improving  a  first  trial 
value  o!  the  refractive  index. 

liven  in  the  ideal  case  of  a  plane  or  spherically- 
stratified  ionosphere,  the  anisotropy  caused  by  the  geo¬ 
magnetic  field  may  cause  the  ray  to  deviate  from  the 
plane  of  incidence.  Thus,  for  a  complete  picture  of  the 
ray  path  through  the  ionosphere,  it  is  necessary  to  use  a 
three-dimensional  coordinate  system  for  the  ray-tracing 
process.  The  various  complications  of  ray  tracing  have 
been  discussed  in  detail  by  Bremmer  [  1 2  J  and  by 
Booker  1 13]. 

The  Geometry  of  Ionospheric  Refraction 

Elevated  Refracting  Layer:  As  we  have  seen,  the 
ionospheric  refractive  index  is  *ess  than  unity,  is  fre¬ 
quency  dependent,  and  is  anisotropic.  The  effective 
ionosphere  exists  onb-  within  a  definite  range  of  heights 
outside  of  which  the  refractive  index  is  unity.  The  simple 
statement  ol  Snell's  lew  ol  refraction,  ju  sin  i  “constant, 
applies  il  we  .ire  willing  to  represent  the  ionosphere 
crrtlely  by  tin  elevated,  plane-stratified  slab.  Ii.  this 
ease,  as  shown  in  big.  5,  the  ray  is  deviated  within  the 
ionosphere  but  its  direction  above  the  ionosphere  is  the 
saute  as  that  below.  I  here  is  bending  within  the  Inver 
blit  the  “total  bending,”  re.,  the  difference  in  direction 
between  the  ray  at  the  source  and  at  the  observer, 
is  zero.  (In  Fig.  5,  aa  in  those  which  follow,  the  “ob¬ 
server"  is  shown  at  the  top  of  the  vffectiv  ■  troposphere 
or,  what  is  equivalent,  the  retraction  of  the  tropo¬ 
sphere  is  neglected.) 

Although  the  ionosphere  in  this  case  causes  no  total 
bending  ol  the  ray,  the  appart  ut  and  true  directions 
of  the  source  from  the  observer  do  not  agree.  The  dif¬ 
ference,  is  •  alien  the  “angular  error  at  the  observer” 
and  is  equal,  in  this  case,  to  the  “angular  error  at 
the  source.  The  effect  ol  the  plane-slab  ionosphere  is  to 
increase  the  apparent  elevation  angle  of  the  source. 

Ut  have  tin',  dy  mentioned  the  simple  form  ol 
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Fig.  5 — Bending  in  a  plane -stratified  ionosphere. 

Snell’s  Jaw  which  applies  for  the  case  of  a  plane-strati¬ 
fied  ionosphere,  it  may  be  writ  en 

a  sin  i  =  sin  /V. 

where  p  is  the  refractive  index  in  (he  ionspliere,  /  is  the 
local  zenith  angle  of  the  ray  (we  neglect  the  effect  of  the 
magnetic  field),  and  i,>  is  the  zenith  angle  of  the  ray  at 
the  ground.  From  this  relationship  it  is  clear  that  a  ray 
will  penetrate  the  ionosphere  if  and  only  if  #j^sm  t»  at 
all  ionospheric  heights.  In  particular,  if  we  denote  by 
H„  the  refractive  index  at  the  height  of  maximum  elec¬ 
tron  density,  all  rays  outside  the  cone  r u  =  sin "'ill 
be  reflected  back  to  the  earth.  This  blocking  effect  of 
the  ionosphere  for  zenith  angles  greater  than  the  crit¬ 
ical  value  is  sometimes  called  the  “iris”  effect. 

The  effects  which  we  have  mentioned  for  a  plane- 
stratified  ionosphere  are  modified  slightly  In  t lie 
curvature  of  the  ionosphere  (sometimes  called  ‘’curva¬ 
ture  of  the  earth").  Fig.  6  shows  the  somewhat  more 
realistic  situation  of  a  spheri.  ...iy  stutificd  ionsosphe.e. 
Here  the  total  bending,  r  =£f+d’i  is  no  longer  zero.  The 
contrast  between  Figs.  5  and  6  shows  that  the  total 
bending  which  occurs  in  a  ray  passing  entirely  through 
a  spherically  stratified  ionosphere  is  a  second-order  ef¬ 
fect  caused  only  In  the  curvature  of  the  ionosphere, 
since  the  bending  ol  a  down-coming  ray  on  entering  the 
medium  is  compensated  for  (actually,  overcompeusated 
for)  by  the  bending  on  leaving  it.  With  the  exception  of 
the  s|K’cial  case  of  radio  astronomy  where  the  distance 
front  the  observer  to  the  source  is  essentially  infinite, 
the  angular  error  at  the  observer  generally  differs  from, 
and  may  be  greater  or  less  than,  the  total  bending.  K.\- 
a tuples  ol  each  case  will  be  evident  later  when  we  com¬ 
pare  Figs,  b  and  I’.b 

It  is  well  known  that  the  refraction  which  occurs  in 
the  troposphere  increase!,  very  rapidly  yvith  zenith 
angle  as  the  zenith  angle  approaches  ‘>0°,  Ionospheric 
refraction  behaves  in  a  quite  different  manner.  Because 
the  elevation  of  the  ionosphere  is  a  sizeable  fraction  of 
the  radius  of  the  earth,  it  is  impossible  lor  a  ray  which 
originates  on  she  surface  of  the  earth  to  arrive  at  the 
ionosphere  wit  it  an  angle  of  incidence  of  b()°.  Accord¬ 
ingly,  ionospheric  refraction  increases  relatively  slowly 
as  the  rav  approaches  the  observer’s  horizon  and,  in 
the  last  four  or  live  degrees,  becomes  relatively’  inde¬ 
pendent  of  elevation  angle. 

The  iris  effect  which  «e  have  mentioned  in  cornier  - 
i 'c::  with  a  plane-stratified  ionosphere  becomes  con- 


Fig.  6 —  BeiKiiiig  in  .i  »|)herii.ill>  -stratified  ionosphere. 


sidernbly  more  complicated.  The  .one  of  rays  which 
pass  through  the  edge  of  the  iris  leaves  the  ionosphere 
with  a  cone  angle  greater  than  that  subtended  by  the 
iris.  Thus,  the  portion  of  the  actual  sky  yvhicli  is  visible 
from  the  ground  exceeds  the  size  of  the  iris,  the  apparent 
position  of  each  point  having  been  moved  toyvard  the 
zenith  by  ionospheric  refraction.  The  “mapping”  of  this 
extra  part  of  the  sky-  into  the  ionospheric  iris  reduces  the 
intensity  of  the  radio  wave  received  from  a  point  source. 
This  divergence  effect  has  been  treated  in  detail  by 
Brcmmer  1 1 2 j .  For  an  antenna  with  a  narrow  beam 
which  lies  entirely  within  the  iris,  the  apparent  bright¬ 
ness  temperature  of  the  background  sky  is  unaffected  by 
the  iris,  and  thus  the  signal-to-noise  ratio  available  from 
a  point  source  in  the  antenna  beam  is  decreased  by  the 
presence  of  the  ionosphere. 

Anisotropic  Medium:  The  primary'  effect  of  the 
anisotropy  which  the  geomagnetic  field  introduces  into 
the  refractivity  of  the  ionosphere  is  the  splitting  of  a 
radio  wave  into  two  characteristic  modes  called  the  or¬ 
dinary  and  extraordinary  waves.  Their  polarization  is  of 
opjrosite  sense  and,  for  most  directions  of  propagation, 
practically  circular. 

The  two  ray  s  are  deviated  in  op|>ositc  directions  from 
the  plane  of  incidence  but,  for  moderate  or  large  zenith 
angles,  the  deviation  from  the  vertical  plane  is  ten  to 
one  hundred  times  smaller  than  the  vertical  deviation 
from  the  line  of  sight.  Thus,  we  get  a  good  approxima¬ 
tion  to  the  actual  ray  path  if  we  ignore  this  deviation. 

Figs.  7  and  8  show  examples,  projected  on  the  vertical 
plane  and  not  drawn  to  scale,  of  calculated  ray-  pa. Its 
emanating  from  a  20- Me  satellite-borne  transmitter.  In 
this  case,  the  observei  is  located  in  the  northern  hemi¬ 
sphere  (Boulder,  Colo,;  geomagnetic  latitude  40°)  and 
the  satellite  is  in  the  northern  ( Fig.  7)  or  southern  ( Fig. 
s)  sky’  at  a  height  which  is  well  above  the  maximum 
electron  density  of  the  ionosphere. 

The  Apple  ton -I  lartree  equation  shows  that,  for  fre¬ 
quencies  as  high  as  20  Me.  the  refractive  index  for  the 
ordinary  ray-  is  always  closer  to  unity  than  the  refrac¬ 
tive  index  for  the  extraordinary  ray.  This  fact  has.  fr< 
quentb  led  to  the  erroneous  conclusion  that  »'  .  “ex¬ 
traordinary  satellite"  always  appears  high  .  m  the  sk\ 
lit. in  the  ‘‘  nlin.iry  satellite."  Fig.  7  i.oyvs  tlt.it  this  is 
not  the  case.  The  proper  state-  .cut  is  that  the  total 
bending  along  the  ext rao*”'. nary  ray  always  exceeds 
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Fin-  7 — An  cN.implo.  prnjolitl  on  I  hi-  ii-rlir.il  pl.im-  .mi*  mil  (Iran  I! 
lo  xak*.  of  i .tli'iil.iicd  rn\  |xiih-  from  a  iff-Mc  -.ii-.-IMe-lioriic 
Ir.in-iniltei  in  I  hi-  n-iriln-rn 


f  ix;.  M  Ai*  example,  proji-t 'itl  on  t hi  n-rtn.il  plane  and  nol  (pawn 
lo  M  ale,  of  i  all  nlated  rav  palhs  from  a  20-Mr  ■..I'l-llili-liorik* 
trn-i-inil  ler  in  l he  miuherit  ck\ 


i ho  total  bending  .dong  tin-  ordinary  ru\ .  In  Fig.  7  the 
ev  ens  is  0.12° 

I ppm  rations  :r  the  Refnution  m  Sphrriiully  Stratified 
'.odd  Ionospheric 

(Ynnpli-ie  ray  tracing  through  an  ahitrnry  mode! 
ionosphere  a  i  iiio,ilieami  process  and  it  is  fortunate 
that  there  ,n.  m.:nx  practical  cases  for  which  it  is  not 
necessary.  I  In  most  common  useful  approximations 
inc  lude  neglecting  the  magnet u  -field  effects  and  m. iking 
the  assumption  of  a  spheii-  alh  stratified  ionospuere. 

1‘nder  these-  mudii..  is.  Bailee  1 1 4 j  has  derix’ed 
tilt  following  approxim.ite  expression  for  the  total 
l  ending,  r,  in  a  model  of  the  ionosphere  for  which  the 
height  profile  oi  electron  densilx  is  paraliolic : 

it  +  d’  //,,  \-  (  h-.\  /  2/(„\  1 

r  —  — -  —  \  f  /  \  1  ^  }  \  '*  _  Sl"  **’  ' 


Here,  d  and  d'  are  the  thicknesses,  not  necessarily  the 
same,  of  the  two  half  parabolas  which  comprise  the 
ionospheric  layer,  /u  is  the  critical  frequency  of  the 
layer,  /  is  the  wave  frequency,  h,„  is  the  height  of  the 
lex-el  of  maximum  electron  density,  a  is  the  radius  of 
the  t  ir tli,  and  a  is  the  apparent  zenith  angle  of  the  rax- 
at  the  ground.  Since  it  is  only  an  approximation,  this 
formula  should  be  used  only  for  frequencies  which  are 
at  least  twice  the  Ml'F  (maximum  frequency  which 
would  be  reflec  ted  from  the  layer  at  the  given  value  of 
a).  We  now  know  that  the  upper  part  of  the  electron- 
density  profile  of  the  ionosphere  differs  markedly  from 
a  parabolic  form,  and  that  Bailey's  formula  tends  to 
give  refraction  values  which  are  too  small.  Nevertheless, 
>1  provides  a  conx-enient  and  useful  method  of  estimat¬ 
ing  total  bending. 

fvx’eii  when  the  magnetic  field  is  neglected,  the 
analytic  solution  becomes  unpractically  complex  for  an 
ionospheric  layer  of  more  realistic  shape,  such  as  the 
Chapman  model.  However,  Weisbrod  and  Anderson 
[  1 5  J  have  derived  a  convenient  approximate  procedure 
which  is  applicable  to  an  arbitrary  ionospheric  profile. 
Their  method  is  even  more  gttmral,  since  they  include  a 
process  for  estimating  the  angular  error  of  a  source 
within  the  ionosphere.  Weisbrod  and  Colin  [  1 6 j  show  a 
numerical  example  of  the  method.  Carru,  C.eniirin, 
and  Kevssat  [  1 7  ]  have  given  several  examples  of  rax  - 
•racing  calculations  of  total  bending  and  of  angular 
error  for  sources  at  finite  distances.  Figs.  9  and  10  shoxv 
their  results  for  20-Mc  signals  passing  through  an 
ionosphere  of  12.7-Mc  critical  frequency,  at  apparent 
zenith  angles  of  less  than  52°.  The  critical  apparent 
zenith  angle  fo-  this  particular  ionosphere  model  is  54°. 
Counter  [iXj  has  used  a  ray-tracing  computer  program 
to  produce  a  large  collection  of  graphs  which  shoxv  the 
angular  erro>-  to  be  expected  under  a  variety  of  geo¬ 
metric.  I  conditions. 

I Vedgc  Refraction 

The  work  which  we  have  just  been  discussing  is  lim¬ 
ited  to  consideration  of  spherical  refraction,  i.e.,  to 
cases  xvhere  (ne  ionosphere  is  spherically  stratified.  Al¬ 
though  the  actual  ionosphere  usually  differs  significantly 
from  this  simple  model,  very  little  serious  investigation 
has  been  made  of  the  effects  of  horizontal  gradients  and 
ionospheric  irregularities.  Smith  [19*  encountered  the 
problem  of  such  irregular  refraction  when  he  was  mak¬ 
ing  careful  measurements  of  the  absolute  positions  of 
radio  stars.  He  derived  (14),  which  gives  the  relation¬ 
ship  lietweeu  the  amount  of  “wedge  refraction,”  r, 
near  the  zenith  and  the  horizontal  gradient  of  the 
total  electron  content  of  the  ionosphere.  Komesaiou 
(20]  gives  a  more  detailed  discussion  of  wedge  refrac¬ 
tion  at  high  elevation  angles.  Lowen  (21  ]  has  derived 
some  relatively  simple  integrals,  involving  the  electron 
densilx  profile  and  its  horizontal  gradients,  which  ap¬ 
proximate  the  spherical  and  xvedge  components  of  radio- 
astronomical  refract  ion. 


106! 


Lawrence,  ct  at.:  Ionospheric  Effects  Upon  Earth-Space  Proposition 


13 


Hig.  9 — The  l<a,  I  bending  (It),  given  ns  ,i  inminni  nl  smine  ntlniide. 
of  n  20- Mr  radio  ray  pas-.iiig  ihre  igh  an  iono-phere  of  rrilii  it 
frequency  12.7  Mr.  The  par.nneter  (/..)  is  I  In-  npivirenl  /einlh 
angle  al  the  ground,  (From  '.  arm.  (kndrin.  and  Rry»«iit  |I7|.) 


Kig.  10 — The  angular  error  (i),  al  ihe  ground,  given  ,sa  film  lion  ol 
source  altitude.  of  a  20-Mi  i.tdio  ray  nassiiig  ’hrnugh  .in  iono¬ 
sphere  of  iriliial  frequency  !2.7  Mi  ihe  paramelcr  (k)  is  the 
iippnrenl  zenith  angle  al  Inc  ground  (From  (’arm.  fiend r in, 
and  Hcyssai  1 1 7 1. ) 


Vitkevich  [22 1.  \’it kevi«  !i  and  Kokiirin  |23j,  and 
Wild,  Sheridan,  and  Nevlan  1 24  |  have  all  reported  re¬ 
fractive  effects  in  the  observed  [Misitions  of  the  sun  and 
of  radio  stars  These  they  have  attributed  to  ionospheric 
irregularities  having  horizontal  dimensions  of  ihe  order 
oi  200  km.  although  little  can  be  deduced  regarding 
their  shape  or  orientation. 

Fig  1 1  shows  an  extreme  example  of  the  irregular  mo¬ 
tion  of  the  radio  star  Cygous-A  observed  at  10H  Me  at 
boulder,  Colo.  Such  irregularities  are  observed  at 
Moulder  on  about  one  third  of  till  days  [25  [ 

The  derivations  of  wedge  refraction  given  by  Smith, 
by  Ku  mesa  roll  and  by  l.owen  { 2 1  ]  are  restricted  to  the 
high  elevation  angles  which  tire  generally  of  interest  to 
radio  astronomers  The  rate  tit  which  wedge  refraction 
might  be  ex|tccted  to  increase  near  the  horizon  is  a  more 
difficult  problem,  and  few  pertinent  observations  exist. 
The  calculations  summarized  in  Tig.  12  arc  a  first  step 
in  this  direction.  The  refraction  shown  in  this  figure  is 
that  which  would  be  imposed  upon  a  1 00- Me  radio  wave 
b>  thin  horizontal  prisms  at  various  heights.  The  re¬ 
fracting  surfaces  of  the  prisms  are  taken  to  intersect  at 
an  angle  of  5°.  The  vertex,  the  line  of  intersection  of  the 
retracting  faces,  is  assumed  to  lie  in  a  horizontal  plane 
and  lo  l»e  |>erpei)di<  iilar  to  the  line  of  sight.  One  such 
prism  is  assumed  to  be  in  the  line  of  sight  for  each  eleva- 
t ion  angle  computation.  The  prisms  are  assumed  to  have 
a  plasma  frequency  of  12  Me.  Within  3.S°  of  the  zenith 
the  refraction  varies  slowly,  approximately  as  esc  H, 
the  cosecant  of  the  elevation  angle.  It  then  increases  l.S 
to  2  times  as  fast  as  esc  H,  down  to  within  10°  of  the 
horizon.  Below  10°  elevation  tingle  the  effect  of  the 
prism,  like  all  ionospheric  refraction  effects,  varies  rela¬ 
tively  slowly  down  to  the  horizon.  The  zeniih-angle  cf- 
feci  shown  here  is  lor  very  thin  prisms  and  so  represents 
;m  extreme  case  As  the  irregularities  heroine  thicker, 
approaching  a  spherical  sh;i|)e,  the  elevation-tingle 
variation  of  the'  refracting  effect  will  disap, tear. 


The  literature  oi  radio  astronomy  contains  several 
references  (mentioned  lx  low)  to  observations  of  irregu¬ 
lar  ionospheric  retraction  nod  of  the  more  regular  lorm 
of  wedge  refraction  which  results  from  ihe  tormal  di¬ 
urnal  variation  in  total  electron  conic  ol  the  iono¬ 
sphere.  It  was  this  !iit ter  form  of  wedge  refraction  which 
was  studied  cpiantitativelv  by  Smith  1 1  J . 

Front  measurements  ;  variations  in  the  apparent 
position  ol  radio  stars  at  SI .5  Me.  Smith  was  able  in 
deduce  that  the  total  electron  content  of  the  ionosphere 
is  two  or  three  times  greater  than  the  electron  content 
below  the  level  of  ui.Aiimini  density,  lie  alluded,  in 
passing,  to  irregular  effects  with  time  durations  of 
twenty  minutes  or  less,  but  he  made  no  quantitative 
study  ol  them.  More  recently,  Komesaroff  ( 20 J ,  ob¬ 
serving  at  the  much  lower  frequency  oi  10.7  Me,  has 
also  been  able  to  deduce  total  electron  content  from  re¬ 
fraction  measurements  and.  in  addition,  to  observe  the 
irregular  couqioneiit  of  refraction. 


Rons’  and  Doppler  Effects 

In  discussin;;  the  refractive  effects  ol  the  ionosphere 
we  ha\  *  sn  far  been  concerned  only  wi'h  the  direction 
of  arrival  of  the  radio  wave  'The  ionosphere  also  affects 
the  “radar  range"  and  the  observed  Doppler  shift  of  an 
object  which  lies  in  or  above  it. 

The  deviation  in  radar  range,  being  the  change  in 
group  path  -length,  can  lie  evaluated  for  any  specific 
case  by  integrating  the  quantity  (n‘ —  I)  along  the  ray 
path.  For  a  frequency  ol  100  Me,  Counter  (lff|  ha*  cal¬ 
culated  range  deviations  lor  a  large  nunilier  of  special 
cases.  At  frequencies  above  about  40  Me.  the  range  de¬ 
viation  varies  as  the  square  of  the  wavelength,  so 
Counter's  calculations  can  be  applied  easily  For  lower 
frequencies,  there  is  no  substitute  for  applying  a  de¬ 
tailed  ray-tracing  treatment  to  the  specific  problem  at 
hard. 

The  Doppler  shift  of  observed  frequency  is.  of  course. 


- •••---  - - -  - -  - 
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Fig.  II — A  one-hour  record  showing  the  effects  of  large  ionospheric 
irregularities  upon  the  apparent  position,  at  108  Me,  of  ihc  radio 
source  Cygmis-A  relative  to  its  mean  apparent  track. 
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Fig.  12—  \  calculation  of  the  rate  at  which  wedge  refraction,  caused 
by  thin  ionospheric  prisms  at  heights  of  200  400  km,  increases 
toward  ihe  horizon  The  value  of  refraction  at  the  zenith, r (90°), 
is  0  010° 

proportional  to  I  be  rate  ol  t  nangc  of  phase  path.  If  there 
•  ere  no  ionosphere,  tin*  Doppler  sliilt  in  the  frequency 
of  a  radio  signal  transmitted  from  an  arbitrary  height, 
and  received  on  the  ground,  would  he  determined  solely 
hy  the  component  ol  the  velocity  of  the  transmitter  in 
the  direction  of  the  straight  line  between  the  transmitter 
and  the  receiver.  The  presence  of  the  ionosphere  modi¬ 
fies  this  Doppler  shin,  first  beeause  retract  ion  causes 
the  ray  to  leave  the  transmitter  in  a  different  direction 
front  that  ol  the  straight-line  path,  and  secondly  because 
the  ionosphere  adjacent  to  the  transmitter  makes  the 
phase-  velocity  there  differ  from  the  free-space  value. 
Hiblterd  |2ft]  and  W'eekes  [27  J,  using  slightly  different 
lines  of  approach,  have  each  derived  expressions  for  the 
Uutieqfiu-f ir  effect  opuo  the  Doppler  shilt  of  the  signal 
Irr.nt  ...t  artilici.il  earth  satellite.  Ol  necessity,  the  useful 
forms  ol  their  results  have  Iwen  limited  to  the  highly 
simplified  case  of  circular  orbit,  spherically  stratified 


ionosphere,  and  no  magnetic  field.  Ross  [28  j  considers 
a  variety  of  corrections  which  must  tie  applied  in  order 
to  approximate  an  actual  situation.  He  gives  particular 
attention  to  the  “dispersive  Doppler  shift,”  i.e.,  to  t lie 
difference  in  relative  Doppler  shift  at  two  different  rad io 
frequencies.  While  the  ionospheric  contribution  to  the 
Doppler  shift  is  only  a  second-order  effect,  the  iono¬ 
sphere  is  solely  responsible  for  the  disper  ,  e  Doppler 
shift  and  so  this  quantity  which  is  directly  observable 
gives  a  first-order  measure  of  the  rate  of  change  of  total 
number  of  electrons  along  the  ray  from  the  satellite 
to  the  observer. 

A  related  technique  for  measuring  the  total  electron 
content  of  the  ionosphere,  the  exosphere,  and  inter¬ 
planetary  space  has  been  discussed  by  Eshleman,  ct  a!. 
[29].  Variations  of  their  technique  involve  measuring 
the  relative  phase  difference  of  the  modulation  en¬ 
velopes  of  two  identically  modulated  carrier  frequencies 
or  measuring  the  relative  phase  of  the  various  side¬ 
bands  of  a  modulated  carrier 

Fig.  13  illustrates,  with  a  particular  example,  the 
typical  magnitude  of  the  ionospheric  effect  upon 
Doppler  shift.  It  is  calculated  for  the  20-Mc  signal  from 
an  artificial  satellite  and  gives  a  comparison  between 
the  correct  result  obtained  by  actual  ray  tracing  and  an 
approximation  which  involves  simply  integrat'ng  the 
refractive  index  along  the  straight  iine  joining  the 
satellite  and  the  observer. 

The  Mean  Value  and  Variability  of  Ionospheric 
Refraction 

The  best  readily  available  single  indicator  of  the 
spherical  component  of  ionospheric  refraction  is  the 
critical  frequency,  foF2,  of  the  F  region.  I  he  F  region 
varies  diurnally  and  seasonally;  it  varies  with  latitude 
and  v/ith  the  sunspot  cycle.  World-wide  observations 
of  ft>F2  have  been  available  for  many  years,  and  the 
general  behavior  of  its  regular  variations  is  summarized 
in  a  set  of  world  maps  by  Zachariser.  [30],  In  addition 
to  the  regular  variations  shown  on  the  maps,  the  iono¬ 
sphere  undergoes  day-to-day  changes  of  a  factor  of  two 
or  more,  and  the  world  maps  must  not  be  considered  an 
adequate  substitute  for  actual  observations. 

Considering  the  variability  of  ftF2  and  the  fact  that 
fully  three  fourths  of  the  ionosphere  lies  above  the  level 
of  maximum  electron  density  (the  highest  level  which 
can  be  studied  by  conventional  ground-based  ,-efiection 
measurements),  it  is  difficult  to  arrive  at  a  detailed  de¬ 
scription  of  the  variability  of  spherical  ionospheric  re¬ 
fraction.  Fig.  14  gives  x  very  rough  estimate  of  the  median 
and  the  5  and  95  percentile  values  of  spherical  iono¬ 
spheric  refraction  of  theVHF  radio  waves  in  temperate 
latitudes. 

A  casual  kUuiY  at  the  w m  Id  imps  ©1 ftft  reveals  that 
the  horizontal  variation  of  even  the  “monthly  median” 
ionosphere  frequently  exceeds  one  per  cent  in  a  hundred 
kilometers.  These  ubiquitous  diurnal  and  latitudinal 
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Kig.  t.i—  I  he  lalnil, iicd  cllcci  of  the  ionosphere  upon  the  Doppler 
shift  ot  a  20-Mi  signal  from  a  satellite  The  result  of  complete 
ray  tr;e  ing  is  compared  with  the  result  deduced  liy  simply  inte¬ 
grating  the  refractive  index  along  the  straight  line  which  joins 
the  satellite  and  the  oltserver.  Satellite  1058  S2  as  olMTved  al 
Boulder.  Colo.,  August  1,  1 458 


APPARENT  ELEVATION  ANGLE  (DEGREES) 


hig.  14 — Kough  estimates  ol  ihe  magnitude  of  spherical  and  irregular 
ionospheric  refraction  al  temperate  latitudes. 

variations  account  lot  an  important  component  o! 
wedge  refraction  In  addition,  when  the  ionosphere  is 
“disturbed.”  (as  during  a  magnetic  storm),  much 
stronger  horizontal  gradients  occur  |3l).  Furthermore, 
variable  wedge  refraction,  lliictuatiug  front  one  ttl- 
minute  |>eriod  to  the  next,  is  frequently  observed  in  the 
daytime.  I  he  inagiiitiidc  of  this  variable  wedge  refrac¬ 
tion  is  comparable  with  the  more  order  I  \  varieties,  and 
it  is  <|uite  unpredictable.  Fig.  14  includes  a  curve  which 
indicate*  I4i  import  cnee  of  itregulaf  wedge  u4>  action. 
I  his  curve  has  been  sketched  from  the  limited  uumlier 
of  observations  which  are  descril>ed  in  the  literature. 
However,  its  elevation  angle  dependence  is  steeper  than 
the  calculations  of  Fig.  12  would  have  predicted.  We 
suggest  that  this  apparent  discrepant*)  max  lie  the  re- 
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suit  ol  contamination  of  low-angle  observations  by  ir¬ 
regular  i  ropospheric  refraction  which  becomes  dominant 
at  sufficiently  high  frequencies. 

Ionospheric  retraction  may  be  predicted  in  n  ver> 
crude  wax'  by  using  the  value  of  /oF‘2  from  world  maps, 
assuming  a  model  for  the  i  pper  ionosphere,  and  apply¬ 
ing  the  approximate  inetlt  xls  described  by  Komesarotf 
1 20 1  or  by  Weisbrod  and  Anderson  [  1 5  J .  In  any  particu- 
lai  case,  the  result  should  be  correct  to  within  a  factor 
of  live.  II  actual  observations  of  the  ionosphere  nre 
ax'.iil.iblc  at  the  time  and  place  ol  interest,  the  esti¬ 
mated  refraction  will  usually  Ik1  correct  to  within  a 
factor  ol  two. 

The  oil!;  wax  to  obtain  a  really  accurate  estimate 
of  ionospheric  refraction  is  to  make  use  of  ionospheric 
dispersion  by  obtaining  simultaneous  observations  at 
two  or  more  frequencies.  The  refrnctivity  of  the  iono¬ 
sphere  varies  in  pro|X>rtion  to  the  square  of  the  wave¬ 
length  of  the  radio  wave  and.  to  a  very  good  approxi¬ 
mation  for  frequencies  above  about  50  Me,  the  total 
bending  and  angular  errors  behave  in  the  same  wax'.  !f 
txx  o-lreqnenry  ol  r  vat  ions  are  contemplated,  the  loxver 
of  the  txxo  frequein ics  might  very  well  lie  in  the  range 
between  50  and  100  Me.  It  is  advantageous  for  the 
frequencies  to  be  sufficiently  loxx  so  that  ionospheric 
effects  will  predominate  over  tropospheric  effects.  On 
the  other  hand,  they  must  not  he  so  loxv  that  the  ray 
paths  differ  appreciably  on  the  two  frequencies.  For 
instance,  observations  shoxv  that  the  magnitudes  of  the 
ionospheric  effects  upon  the  20-  and  40- Me  transmis¬ 
sions  from  artificial  satellites  are  not  in  the  predicted 
ration,  nor  do  they  nlwavs  differ  in  the  expected  ;>ensc 

Ionospheric  Scintiu,  \tk»\s 
General  Description 

A  radio  wave  passing  through  :hc  ionosphere  is 
scattered  by  irregularities  in  the  electron  density  dis¬ 
tribution.  The  scatter  results  in  a  redistribution  of  the 
amplitude  of  the  radio  wave  in  a  macner  similar  to  the 
effect  of  a  diffraction  grating,  and  also  causes  irregular 
Hnctuations  in  the  apparent  position  of  a  radio  source 
viewed  through  the  ionosphere.  These  processes  are 
usually  described  as  amplitude  and  angular  scintilla¬ 
tions,  respective!) ,  and  were  first  noticed  during  the 
observations  ol  radio  stars  xvhich  heralded  the  begin¬ 
ning  ol  the  radio  astronomy  of  discrete  sources  (32 ], 
|33|.  The  radio  noise  from  the  skx  was  found  to  fluc¬ 
tuate  in  amplitude  at  times  and  this  was  first  thought 
to  be  an  indication  ol  an  inherently  variable  star  signal. 
Hoxxexer,  records  obtained  simultaneous!)  Irom  stations 
separated  by  200  kilometers  showed  no  similarity  when 
the  lading  patterns  were  compared  |34 J,  |35|,  whereas 
it  was  found  that  when  the  receiving  site  separation  was 
onlx  about  I  km.  then  the  lading  patterns  ol  the  two 
records  xvere  verx  similar.  This  result  showed  that  the 
scintillations  were  caused  In  irregular  refraction  in  the 
ionosphere  rather  than  variations  in  the  source,  and  the 
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scintillation  phenomenon  has  since  proved  to  be  useful 
ds  ;i  tool  for  ionospheric  research. 

Both  radio  stars  and  satellites  have  now  been  used  as 
sources  lor  scintillation  studies,  and  the  differences  in 
the  characteristics  of  these  sources  ran  be  very  impor¬ 
tant.  The  radio  stars  give  rise  to  plane  electromagnetic 
waves  at  ih:  ionosphere  and  appear  to  move  slowly 
across  the  sky,  whereas  most  satellites  are  sufficiently 
near  tiie  earth  to  produce  spherical  wave  fronts  in  the 
ionosphere  and  move  relatively  quickly  across  the  sky 
Radio  stars  are  wideband  noise  transmitters  of  finite 
angular  size  whereas  satellites  are  essentially  narrow- 
band  point  sources  of  coherent  waves. 

Amplitude  scintillations  of  a  radio  source  appear  as 
fairly  rapid  and  irregular  variations  in  the  recorded 
signal  strength  and,  in  the  case  of  the  more  intense 
sources,  are  usually  much  larger  than  the  output  noise 
fluctuations  of  the  receiving  system  in  the  absence  of 
scintillations  (see  Fig  15).  The  magnitude  of  the  scintil¬ 
lations  is  often  <  ran  parable  with  the  source  signal 
strength  at  low  \  III"  band  frequencies,  but  there  is 
much  variability. 
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Fig  t.S — S.miple  rc  ,.nt-  Irmn  t< o .i1-jh  wer  -<  itililUuna  ii|iiipincnt 

In  rudio->tur  u  oik,  recording  time  constant  ol  about 
0.5  sec  is  inmmiiiih  used,  and  tin  periodicity  of  the 
seintil!  ition-  oIim  rved  varies  wideh  in  the  range  from  1 
sec  to  seve  r.  I  mil, tiles  The  "scintillation  rate"  is  de¬ 
termined  n  nilv  l>\  i lie  drilling  ol  'he  ionospheric  ir¬ 
regularities  mi  the  radio  star  ease,  lat;  when  satellites 
are  observed,  tin  rapid  motion  of  the  satellite  deter¬ 
mines  the  rale,  uni  the  etfect  ol  ionospheric  drills  is 
negligible  Tv  pit  illv .  satellite  signals  produce  a  scintil¬ 
lation  rate  «>l  about  10  i  ps  and  a  recording  time  constant 
as  small  as  0.01  sec  is  nti  css.irv 

Phase  scintillations  can  mo-t  easily  Ik- observed  using 
a  pair  of  antenna-  connected  as  .in  alerfcrnincter.  1  he 
principal  phase  ditleremc  between  tile  antennas  will 
varv  cyclic. dlv  as  the  source  moves  through  tile  inter¬ 
ferometer  lobes,  and  plias,  si  m! ill. 1 1 ions,  when  present. 


will  Ik  superimposed  on  this  otherwise  smooth  varia¬ 
tion.  Phase  scintillations  may  have  a  magnitude  of  1 
radian  or  more  in  the  low  VI IF  band,  and  this  is  equiv¬ 
alent  to  an  apparent  flicker  in  the  direction  ot  th‘ 
source  if  about  ±1°.  Values  much  smaller  than  this  are 
mote  cr.’i  ’on,  and  a  value  of  a  few  minutes  of  arc  could 
be  i  i  red  as  a  typical  direction  error  for  the  VI  IF' 
ha:  I  linrng  scim, Nation  conditions. 

Diffraction  ai  a  Phase-Changing  Screen 

Observations  of  scintillations  have  shown  that  t  ie 
ionosphere  contains  irregularities  in  electron  density 
which  arc  elongated  along  the  earth's  magnetic  field, 
and  at  a  given  time,  patches  of  these  irregularities  ex¬ 
tend  over  wide  geographic  areas.  It  has  been  shown  by 
various  authors  [36 j  [AO J  that  such  a  distribution  of 
irregularities  can  be  treated  as  a  random  phase-changing 
screen,  although  opinions  differ  as  to  the  effect  of  the 
thickness  of  the  postulated  screen.  If  we  assume  a  plane 
wave  to  be  incident  upon  the  ionosphere  and  that  no 
absorption  of  the  wave  takes  place,  then  immediately 
below  the  region  containing  the  irregularities  the  sur¬ 
face  of  constant  phase  in  the  emergent  wave  will  he  cor¬ 
rugated  in  an  irregular  way.  The  amplitude  distribution 
will,  however,  »til!  be  uniform  across  the  wavefront  since 
no  energy  has  been  extracted  from  the  wave. 

To  investigate  the  process  by  which  amplitude  var  ,  - 
i'liis  ;ire  built  up  from  the  purely  phase-modulated 
wave,  we  must  first  consider  the  angular  spectrum  of 
the  wave.  The  angular  spectrum  of  a  phase-changing 
screen  is  analogous  to  the  frequency  spectrum  of  a 
phase-modulated  carrier  wave,  the  deviation  in  angle  of 
a  particular  component  being  equivalent  to  the  shift  in 
frequency  of  a  particular  sideband  with  respect  to  the 
carrier  wave.  For  the  case  of  a  phase-modulated  earlier 
wave  it  is  well  known  that  the  sidebands  occur  not  only 
at  fill  the  frequencies  in  the  Fourier  analysis  of  the 
phase-modulation,  hut  also  at  sums  and  differences  and 
multiples  of  these  frequencies,  and  that  the  relative 
magnitude  of  these  sidebands  de^nds  on  the  phase 
deviation.  By  analogy,  it  can  be  shown  [40  j  to>  she 
case  of  diffraction,  without  sjR-eifying  the  screen  in  any 
det  ail,  that  the  total  spread  of  the  angular  spectrum 
depends  on  the  phase  deviation  as  well  as  on  tile  lateral 
scale  of  the  phase  variations  measured  across  the  wave- 
front. 

Now  the  phase  relationship  Ft  :»cen  the  components 
of  the  angular  s|x-clriiin  is  sum  as  to  produce  a  pure 
phase  mndiil.it ion  at  the  screen  itself.  As  the  wavelront 
leaves  the  screen,  howeve",  the  relative  phases  will  be 
changed  owing  to  the  different  directions  nl  propag  it  ion 
within  tile  angular  s|K-ctrnin,  and  in  tins  way  amplitude 
variations  w  ill  be  introduced  into  the  diffraction  pattern 
I  he  amplitude  variations  will  grow  in  magnitude  as 
the  distance  Irom  the  screen  is  increased  until  the  initial 
phase  relationship  is  entirely  destroyed.  The  width  of 
the  angular  spectrum  increases  with  the  degree  of  dis- 
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turbance  of  the  screen,  and  the  structure  of  the  dif¬ 
fraction  pattern  becomes  finer. 

As  long  as  the  average  phase  changes  introduced  by 
the  diffracting  screen  are  less  than  about  one  radian, 
then  the  scale  size  of  the  irregularities  observed  on  the 
ground  is  the  same  as  the  scale  of  the  irregularities  in 
the  ionosphere.  If  the  average  phase  changes  are  greatc  r 
than  one  radian,  then  the  scale  of  the  pattern  observed 
on  the  ground  is  smaller  than  the  scale  size  in  the 
iouosohere  by  a  factor  ecpial  in  magnitude  to  the  average 
phase  change  in  radians. 


Magnitude  of  the  Irregular  Component 

In  order  to  estimate  the  magnitude  of  the  irregular 
component  in  electron  density  which  is  necessary  to 
produce  scintillations,  we  must  first  compute  the  total 
change  in  phase-path  length  which  is  imposed  on  a  radio 
wave  in  traversing  the  ionosphere,  then  consider  the 
fractional  variation  in  this  path  which  will  result  in 
phase  differences  of  about  1  radian  in  waves  emerging 
at  places  separated  by  approximately  the  Fresnel-zoue 
radius. 

From  ( 1 3 J  we  see  that  the  magnitude  of  the  change  in 
phase  path  length  is  given  by 

I  SI  |  ^-f'xdt. 

U)-J  <» 


Taking  the  value  lfl17  electrons /m*  column  for  fNdl 
and  assuming  a  radio  wave  frequency  of  40  Me,  we  get 
A/ »  2500  m,  which  corresponds  to  about  2000  radians 
at  40  Me.  Now  if  we  Take  s- 500  km  to  lie  the  range  of 
the  irregularities,  since  =  7,5  in,  the  Fresnel-zone 
radius,  via,  is  approximately  2000  m. 

For  strong  scintillations,  we  require  changes  in  phase 
path  of  about  1  radian  over  the  Fresnel-zone  distance, 
so  these  calculations  show  that  in  order  to  produce 
scintillations  at  40  Me,  the  total  electron  content  of  the 
ionosphere  must  change  by  about  1  part  in  2000  over 
distances  of  about  2000  m.  Sue!,  variations  can  be  ex¬ 
pected  to  be  quite  common,  indicating  that  scintilla¬ 
tions  on  40  Me  should  be  observed  very  frequently,  and 
this  is  in  fact  the  case  (41  j. 

Similar  calculations  for  a  radio  frequency  of  400  Me 
show  that  electron-density  variations  of  1  part  in  200 
are  requited  over  distances  of  about  500  in.  Since  this 
distance  is  of  the  same  order  as  the  mean  free  path  for 
electrons  in  the  upper  ionosphere,  it  is  unlikely  that 
there  would  lie  sufficiently  intense  density  variations  to 
cause  scintillations  at  400  Me.  Kxperinicntal  observa¬ 
tions  support  this  conclusion;  strong  scintillations  at  400 
Me  ar"  typically  observed  only  during  exceptionally  <lis- 
turlied  conditions. 

Theoretical  D<  ■- nations 

Phase  scintillations:  The  magnitude  of  tlie  phase  scin¬ 
tillations  which  will  be  imposed  on  a  radio  wave  by  an 
assembly  of  spherical  electron-densitv  irregularities  in 


the  ionosphere  can  be  shown  theoretically  in  an  approx¬ 
imate  way  [4].  The  treatment  which  follows  is  similar 
to  that  given  by  Booker,  and  it  is  first  necessary  to  ex¬ 
press  the  variation  of  refractive  index  of  the  ionosphere 
as  a  function  of  electron-density  variation.  Taking  the 
logarithmic  derivative  of  (10), 

5m  iX 

7  =  ~  2(1  -  j.Y)  ' 

Since 

_  «.vs  _  'V 

tiJIUj}' 

and  is  small  at  VI IF, 

in  5.Y  _  bXe-  _  ux'-bX 

a  2  2<iiM<a-  2ur.\ 

In  terms  of  mean-square  variations, 


y  _  w.v4  >«yy 

m/  T4  \  X  )  ' 

For  a  single  irregularity  o(  effective  thickness  L,  we  can 
express  the  mean -square  phase  deviation  which  it  pro¬ 
duces  as 


in  a  distil  nee  D  along  the  radio  path  there  will  be  D  I. 
irregularities,  assuming  that  all  the  irregularities  have 
the  same  size.  These  irregularities  result  ir<  a  total  mean- 
square  phase  deviation  of 


(A*)’ 


z(-2r)’(! 


In  terms  of  electron  density  variations  this  can  be  writ¬ 
ten 


D/2*i\r-  u>v4/  5.vy 
/„  V  ,\  /  4ui4  \  v  ; 


which  simplifies  to 


(A*)3 


Dl*i\  V 

IftirV4 


(35) 


For  a  more  exact  treatment  we  could  derive  the  nienn- 
sqttare  ph.ase  deviation  |>er  unit  distance,  and  then 
integrate  along  the  radio  path. 

. I ngle-oj-. I rrival  Fluctuations:  Since  phase  scintilla¬ 
tions  tire  usually  observed  as  a  phase  difference  between 
the  antennas  of  an  interferometer  system,  and  this  in 
turn  appears  as  an  apparent  change  of  direction  of  the 
radio  source,  we  express  the  mean-square  phase  fluctua¬ 
tions  in  terms  of  the  mean-square  angular  flicker. 

If  the  *ine  of  separation  of  the  two  antennas  of  the 
interferometer  is  perpendicular  to  the  direction  of  the 
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source,  and  i!  tin  phase  tluc tuations  at  the  antennas 
have  a  correl;  lion  coefficient  p,  then  the  mean-s<|ttare 
fluctuation  i  i  alias*.-  difference  between  the  antennas  is 


\M4»  -  =  2(1  -  p)(2W>)2. 

For  an  antenna  separation  d,  the  phase  difference  can 
lie  expressed  in  terms  of  Hnetuatinns  in  the  apparent 
direction  ol  a  source  as 


1 1  c  at  e, 


.--if 1 

V  hrd  ‘  I.  v  \  /  k'V  V  / 


which  simplifies  to 
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tance,”  T/X'E  <s  several  thousand  kilouu  .  is  at  VIIF', 
it  is  clear  that  observations  are  usuallv  nude  ;it  a  dis¬ 
tance  where  the  amplitude  variations  are  not  fully  de¬ 
veloped.  In  this  case,  Hewish  1 2  j  has  shown  that  the 
relevant  f  irtmila  is 


/  A.l  \= 

I  .  J  *  7e 


(A*)* 


(.18) 


where  z  is  ti.e  obserc  my  range  and  tr  is  the  Fresnel-zone 
distance,  '.'herefore  we  yet  tin.  following  formula  fur 
amplitude  ii-art  tint  ion 

/At  \ -  /  X-  \  1)  /  ml.  V  a) A  *  /  6\  \- 

(  Tl  /  (  A4)/.  (  X  )  4u4  (  V  )  ,0<l) 

which  simphlies  to 


MO) 


\  .1  /  1 6*7.  V 4  \  A  / 


(A'-h) 


.\n:phti'th'-St 'inhibitions  We  h.i\ e  discussed  the  way 
in  which  amplitude  variations  are  built  up  from  a.  wave 
width  is  iikkI  lated  only  in  phase  In  the  ionospheric 
irreyularitics.  To  establish  a  tpiantitative  measure  ol 
amplitude  variations  we  can  first  consider  a  wave  of 
amplitude  .  i  which  has  small  phase  lltictuat ions  imposed 
upon  it.  At  a  considerable  distance  from  the  screen, 
these  phase  lluetnntinns  i.mse  small  amplitude  fluctua¬ 
tions  which  have  random  phase  relationships  with  re- 
sjrect  to  the  unseat  lered  portion  of  the  wave,  as  seen  in 
Fig.  16  In  this  vectoi  representation  oi  the  phase  and 
amplitude  variations,  it  can  he  seen  that  tin  following 
relationship  holds: 


where  rf ■  is  the  K-esnel  /one  radi-is,  \/z}.. 


(A~) 


1  |N  J  €> —  \  »•<  ’•  !  ti  |  if  i  t  I  1 .1  1 1 1  >ii  ( I  I**  .tin!  (iS.lsf  ml  lliiil  l* » •  i 

If  the  jiliase  f’nt  t  ii.it  mils  n'e  ol  i  he  order  ol  I  radian 
or  more,  then  a  large  ir.u  ti-m  ol  i  lie  oriyinul  wave  is 
scattered  md  tin  menu-square  Ir.tt  lion  it  f k  Station  ol 
amplitude  teat  ins  Us  limit  illy;  value 

'll  a  rigorous  ireatmenl.  the  .dime  rcl.il iousllip  I «• 
twe>-n  .i Hi; >li 1 1  tie  and  phase  dec  intin  is  is  louiiil  to  hold 
mb  wllrn  tdisi  real  ions  are  made  at  di-n.oice~  exceedilty 
that  a'  whit  a  the  ettei  lice  si/e  ol  the  ionospheric  irreyn 
lanties  is  comparable  with  that  of  the  I  r*-siiel-/one 
radios  Since  this  disunite  (the  “Frcsuel/one  dis- 


Cotaparison  of  Theory  with  Observations 

We  have  shown  in  ait  approximate  w*.)>  how  both 
phase  and  amplitude  scintillations  fin  he  expressed 
(pi.mtitativelv.  We  can  now  examine  the  formulas  to 
predict  some  ways  in  which  scintillation  phenomena  de- 
l>end  on  various  parameters,  and  compare  these  predic¬ 
tions  with  experimental  results. 

Variation  with  Observing  l-rct/it -ney:  lap  (.16)  shows 
that  the  menu-square  (liict nation  in  angle  of  arrival  will 
depend  on  the  fourth  power  ol  the  observing  wave¬ 
length.  Values  oi  around  a  lew  minutes  of  arc  are  com- 
monh  observed  .it  the  low* frequent')  end  of  the  VIIF 
hand,  and  the  predicted  variation  with  wavelength 
agrees  well  with  stub  observations  |4('j. 

The  v*.  in  I  inn  of  the  mean-square  scintillation  ampli¬ 
tude  with  wavelength  is  also  as  tin*  Imirih  |X)\\ci  of  the 
wavelength,  according  to  f.VXi)  \',  about  All  \lc,  the 

power  aniolim*!.-  index  . . nub  unite  hi  general. 

the  variation  with  observing  wavelength  agrees  with 
the  tlieta'c  throughout  the  VI I  K  b  ind  j 4  I  I 

I  ariauoH  With  /enitli  Angle'  flic  e\|rct  ted  variation 
with  /enitli  angle  lor  the  case  ol  a  homogenous  j<»  >. 
sphere  uu  he  determined  lor  both  nnglc-ot-arriv.il  Htic- 
t nations  and  amplitude  scintillations  since,  assuming  a 
plane  earth,  both  /)  and  z  var\  liuenrl)  with  the  secant 
ol  the  zenith  angle  ty).  I  sing  (36)  and  t.Wal,  rcs|vc 
tivelc  ,  in-  get 
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The  variation  ol  angle-of-arrival  flicker  with  zenith 
angle  iias  !x?en  deduced  from  observations  made  in  the 
United  States  in  the  zenith  angle  range  55°-78c  on  5.3 
Me  and  108  Me  [42  j  The  results  ate  in  good  agreement 
with  the  theory  derived  above  in  that  the  mean-square 
angular  flicker  was  found  to  vary  w  ith  the  secant  of  the 
zenith  angle  on  both  frequencies. 

Several  workers  have  examined  the  variation  of  a  t  • 
plitude  scintillations  with  zenith  angle.  All  the  rest  Its 
referring  to  a  large  range  of  zenith  angles,  Lawrence, 
et  al.  [42],  Little  and  Maxwell  [4.3  J,  and  Little,  ft  nl. 
'44],  show  that  the  increase  with  zenith  angle  is  appre¬ 
ciably  less  than  that  expected  using  the  above  theory. 
However,  the  theory  which  has  been  presented  involves 
only  plane-ionosphere  geometry  and  assumes  that  the 
irregularities  arc  spherical  in  shape.  In  the  case  of  a 
curved  ionosphere,  it  is  easy  *.o show  that,  at  large  zenith 
angles,  the  quantities  D  and  z  which  have  been  used  no 
longc  very  proportional  to  sec  l-'or  this  reason  alone, 
tlier.,  we  would  ex|iect  our  simp!  theory  to  be  inade¬ 
quate.  Little,  rial.  [44  j  have  shown  tlmt  their  observa¬ 
tions  concerning  the  variation  ol  amplitude  index  with 
zenith  angle  ran  be  -xphiined  nv  modifying  the  above 
theory  to  include  the  fart  that  the  irregularities  are 
elongated  with  an  axial  ratio  of  between  8:1  and  4:1. 

Variation  with  Ionospheric  Conditions:  Both  the 
mean-square  angular  flicker  and  mean-square  scintilla¬ 
tion  amplitude  depeu  I  on  the  mean-square  fractional 
deviation  .n  electron  density,  as  shown  in  f3o)  and 
(39b).  Therelore,  wc  would  expect  that  scintillations 
would  increase  when  observing  through  a  more  dis¬ 
turbed  ionosphere.  This  feature  has  been  demonstrated 
both  in  the  variation  of  3cmtiil.it ions  over  the  sunspot 
cycle  [46  J  and  in  the  observation  of  severe  scintillations 
on  high  VI IF  band  frequencies  at  high  latitudes  [44). 
In  addition,  an  extremely  violent  type  of  scintillation 
is  observed  near  the  geomagnetic  equator  [45  ]. 

Variation  with  Sour.v  Distance:  In  the  case  of  radio- 
si.  ir  observations,  we  are  concerned  with  a  pi. ate  vvnv< 
incident  on  the  ionosphere,  and  hence  a  Fresnel  zone 
ratlin  .  of  \-  .-X,  where  :  is  the  distance  from  the  ground 
to  the  irregularities.  In  the  case  of  a  transmitter  whose 
distance  is  from  the  ionospheric  irregularities,  it  can 
be  show’ll  by  simple  trigonometiy  that  the  Fresnel-zone 
radius  is 


Then,  lor  a  nearby  trnnsnetter,  since  the  mean-square 
amplitude  of  scintilla » ions  is  proportional  to  the  fourth 
power  ol  the  I  res’ieb/oiie  radius  (39b)  we  van  write 


But  we  know  fro:  ,  (38)  that  when  a  —»«, 


*2 

.’.  AVX5  =  —  J&f* 


lienee  when  comparing  the  scintillations  of  a  source 
at  distance  s'  from  the  ionosphere  with  those  from  a 
source  at  infinity  viewed  through  the  same  region  of 
the  ionorphere,  we  expect  tne  mean-square  scintillation 
amplitude  for  the  nearby  source  to  ’x?  a  fraction 


of  that  of  the  infinitely  distant  source,  in  the  special  case 
of  a  satellite  at  a  distance  twice  that  of  the  irregularities 
from  the  observer,  this  fraction  is  J.  The  variation  of 
the  fraction  is  plotted  tr  Fig.  17  as  a  function  of  z' It. 

There  are  virtually  no  results  with  which  to  compare 
this  theoretical  dependence  on  source  distance,  (hie  re¬ 
port  from  Alaska  [47  ]  states  that  a  20-Mc  satellite  sig¬ 
nal  showed  only  small  scintillations  when  a  radio-star 
signal  was  scintillating  violently  at  223  Me,  thus  nidi 
eating  that  the  irregularities  were  verv  near  the  satellite. 
However,  the  difficulty  ci  simultaneous  satellite  and 
radio-star  scintillation  observations  lies  in  the  fact  that 
a  suitable  star  and  a  satellite  ire  only  in  the  same  region 
of  tie.  sky  for  a  verv-  shor'.  time  and  on  rare  oicasions. 
In  any  case,  as  indicated  in  the  following  sections,  the 
observations  may  easily  be  confused  In  the  difi’ei oiuc: 
in  angular  size  and  bandwidth  of  the  sources. 

Effect  of  Observing  Bandwidth 

Since  radio  stars  are  wideband  sources  of  noise,  i.  is 
interesting  to  consider  the  dependence  of  the  observed 
scintillation  activity  on  the  receiver  bandwidth  in  use. 
If  the  scintillation  j vi t tern  is  not  identical  at  all  fre¬ 
quencies  in  the  band,  there  will  be  a  reduction  in  the 
resultant  scintillation  index  because  the  uncorrelated 
variations  will  in  effect  tend  to  cancel  one  another  in  the 
receiving  system. 

li'eak-Scattei  ing  Case:  The  semi-angular  width  of  the 
cone  over  which  scattered  radiation  is  >, -reived  is  \/L, 
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Fig.  t7 — V:i riiition  of  mean-square  si  intillutinii  amplitude  with 
distance  of  source  from  diffracting  iiTit-n. 


Fig.  IK- Si  altered  nines  of  radiation  from  a  point  source  on  two 
iHMrliv  frequencies.  AH  is  ihe  wave  normal  lor  .in  observe*  at  0, 
anil  :  is  I  lie  range  of  the  irregularities,  The  erne  .ingles  are  very 
exaggerated 


where  L  is  the  scale  si/r‘  of  the  irregularities.  The  cone 
size  is  therefore  frequency  dependent  and  we  must  cal¬ 
culate  the  frequency  separation  which  gives  rise  to  sig¬ 
nificantly  difleru.t  scintillation  patterns.  If  the  record  is 
to  be  insensitive  t<>  the  bandwidth  ol  observation,  tins 
frequency  separation  must  be  greater  than  the  over-all 
•  tceiv*r  bandwidth.  A  condition  at  wl>a  tt  correlation 
just  begins  to  diminish  is  that  the  difference  it!  path 
between  the  generators  of  the  cones  (in  terms  of 
phase),  differs  b>  n.ou-  than  1  radian  at  the  two  fre¬ 
quencies 

Ref;,  ring  to  Kig.  IN,  which  shows  the  scattered  radia¬ 
tion  cones  for  two  frequencies,  we  see  that  since#!  and 
are  small  we  ran  express  the  condition  for  good  correla¬ 
tion  on  the  tuo  frequencies  as 

2r  i8-J  2w  zBJ 

- <  i  ,4(1) 

X,  2  X,  > 

Since  (h  =X|  /.  and  #2  =  X-  L,  this  reduces  to 

IJ 

X,  -  X,  <  —  • 

ITS 

Setting  Xj  =  X,  +AX|.  we  get  for  the  tract ion.il  nirrcl.it  ion 
bandwidth 

AXi  Sf  i  IJfi 

(41) 

X  i  / 1  ■> 


there  will  ire  no  effects  due  to  correlation  bandwidth  in 
any  conventional  receiver.  Even  at  10  Me,  the  correla¬ 
tion  bandwidth  is  about  5  Me,  which  is  still  an  unrealis¬ 
tically  wide  bandwidth  for  the  frequency  considered. 

Strong-Scattering  Case:  As  stated  earlier,  the  scale  of 
the  irregular  diffraction  pattern  mi  the  ground  (L„)  is 
smaller  than  the  ionospheric  settle  (L)  by  tin  nmoui  . 
<2>  (  >  1 ) ,  which  is  the  magnitude  of  the  phase  deviations 
in  rttdittns.  Therefore,  we  have 

X|  X;0|  Xj4.' 

0|  =  -  ~  -  >  #2  »  -  • 

/.„  1.  L 

and  the  condition  for  correlation  bandwidth  (40)  reduces 
to 

IJ 

X  - '  —  Xl^C  < - 

rz 

Since  <t>  varies  linearly  with  \,  this  Itecomes 

IJ 

X.*  -  X,'  <  — 

K-wz 

where  A  =0i  Xi  =<th  \t.  Set.ing  X:  =  Xt-fAX|  and  ignor¬ 
ing  second  order  terms  we  get  the  condition 

IJ 

X,!AX i  < - 

UJtr: 

so  t hilt  the  fractional  correlation  bandwidth  i> 


1  !»ing  (41).  and  assuming  that  the  irregularities  have 
a  ecale  size  of  5  km  [43 j  and  ate  tit  a  range  ol  500  km. 
the  fractional  correlation  bandwidth  is  clearly  greatei 
than  unity  throughout  the  VHP  hand.  This  means  that 


*  “Sr  tie  xi/e "  is  the  dominant  term  m  the  Fourier  analysis  of  the 
irrvfutaril\  distribution  in  spare  and  is  2r  times  greater  than  the 
autoron-l.il ion  disiar.ee 
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(42) 


WAV* 

This  equation  can  be  written  in  terms  of  the  amount  of 
phase  deviation,  as 
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For  irregularities  of  scale  size  5  kin  viewed  at  a  range 
of  500  kin,  on  a  frequency  of  100  Me.  this  formula  pre¬ 
dicts  a  correlation  bandwidth  of  \6()/<ff  Me  so  that  the 
value  of  <t>  would  have  to  be  very  high  for  there  to  be  any 
eFect  di  to  correlation  bandwidth  at  this  frequency. 
As  (42)  shows,  however,  the  correlation  bandwidth  de¬ 
pends  on  the  fourth  powe<-  of  the  frequency,  so  that  cor¬ 
relation  bandwidths  of  the  order  of  typical  radio- 
astronomy  receiver  bandwidths  can  reasonably  be  ex¬ 
pected  for  the  low-lrequency  end  of  the  VI IF  band. 

One  experiment  in  which  correlation  bandwidths  may 
have  affected  the  results  is  that  reported  by  Olivers  and 
Davies  [40  ]  in  which  scintillations  were  observed  simul¬ 
taneously  at  1300  Me  and  70  Me.  At  times,  when  small 
scintillations  were  present  at  the  higher  frequency, 
the  scintillations  on  the  lower  frequency  were  smaller 
than  expected  from  the  application  of  (30a).  Hcwevei, 
using  (38)  it  is  apparent  that  if  5  per  cent  amplitude 
scintillations  occur  on  1300  Me,  then  assuming  irregular¬ 
ities  of  scale  size  5  km  at  500-km  range,  the  phase  devia¬ 
tions  in  the  1390- Me  wave  are  approximately  3  radians. 
This  indicates  phase  deviations  of  about  53  radians  at 
70  Me  and  consequently,  by  application  of  (43),  a  cor¬ 
relation  bandwidth  of  only  10  kc  at  70  Me.  The  receiver 
bandwidth  used  w*as  300  kc  so  that  lack  of  correlation 
over  the  band  could  have  caused  the  reduction  of  the 
70-Mc  scintillations. 

Effect  of  Source  Size 

Since  radio  stars  are  not  point  sources  of  radiation,  we 
must  consider  the  effect  of  their  finite  angular  size  on 
the  observed  scintillations.  It  is  well  known  that, 
whereas  the  visible  stars  ..re  observed  to  twinkle,  the 
planets  do  not,  simply  because  of  the  differences  in  the 
angular  sizes  of  the  stars  and  the  planets.  Since  radio 
stars  vary  greatly  in  angular  size  it  is  important  to  cal¬ 
culate  the  critical  angular  size  for  which  a  source  will 
not  scintillate  using  our  knowledge  of  the  size  of  *he  ir¬ 
regularities. 

A  rigorous  treatment  of  this  problem  requires  applica¬ 
tion  of  the  theorems  of  Booker,  Ratcliffe  ..nd  Shinn 
[36],  but  the  geometry  shown  in  Fig.  19  lends  itself  to 
simple,  approximate  calculations.  .1/1  and  CP  are  wave 
normals  for  radiation  from  opposite  edges  of  an  ex¬ 
tended  source.  The  scattered  cones  of  radiation  of  semi- 
angle  6  are  shown,  the  source  subtends  an  angle  A9 
and  the  irregularities  are  at  a  range  z.  A  condition  at 
which  the  correlation  of  the  scintillation  pattern  from 
extreme  parts  of  the  source  begins  to  diminish,  is  that 
the  ph  se-path  difference  between  the  length  of  the  gen 
erator  of  one  of  the  scattered  cones  and  that  included  by 
the  other  cone  measured  along  the  same  path  (i.c.,  the 
distance  v)  exceeds  1  radian.  Referring  to  F'ig.  19,  since 
9  is  small,  this  condition  is  approximately* 

and  this  becomes 


<  1 


Fig.  19 — Scattered  cones  of  radiation  from  opposin'  edges  of  a  source 
of  angular  size  ±8  A  B,  CP  are  wave  normals  for  an  observer  at  O, 
and  :  is  the  range  of  ihe  irregularities.  The  cone  angles  are  very 
exaggerated. 
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Weak- Scattering  Case:  Since  for  weak  scattering  the 
semi-angular  width  of  the  cone  of  scattered  radiation  is 
given  by  9  =  \/L,  where  L  is  the  average  irregularity 
scale  size,  (44)  becomes 


L 

A9  < - 
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(45) 


which  is  of  the  order  of  the  angular  size  of  an  individual 
irregularity  at  the  range  of  the  diffracting  screen.  In 
other  words,  correlation  begins  to  diminish  if  the  angu¬ 
lar  size  of  the  source  exceeds  that  of  the  individual  ir¬ 
regularities.  Eq.  (45)  predicts  that  for  irregularities  of 
scale  size  5  km  and  a  range  of  500  km  the  angular  size  of 
the  source  must  Ire  iess  than  6'  arc  if  there  is  to  be  no 
reduction  in  scintillations  due  to  the  effects  of  source 
size.  If  sources  are  viewed  at  low  elevation,  so  that  the 
range  of  ihe  irregularities  might  be  1000  km  or  more, 
the  formula  sets  a  critical  source  size  of  less  than  3'  arc. 

Strong-Scattering  Case:  To  recapitulate,  for  this  case, 
9  =  \>'L,  where  L,  is  the  scale  of  the  irregularities  on  the 
ground.  Since  L  =  L/t>  where  <t>  is  the  magnitude  of  the 
average  phase  change  in  radians  ($>  1)  we  get  9  =  \<j>  'L. 
Hence,  (44)  becomes,  for  strong  scattering 
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(46) 


which  indicates  that,  for  strong  scattering,  correlation 
diminishes  due  to  source-size  effects  when  the  source 
subtends  an  angle  which  is  greater  than  the  angular  size 
of  the  irregularities  divided  by  the  average  phase  change 
in  radians. 

For  irregularities  of  5-km  scale  size,  viewed  at  a  range 
of  500  km,  with  average  phase  deviations  of  magnitude 
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3  radians,  (.46 )  predu  is  t li.i I  the  source  must  subtend  .m 
angle  less  than  2'  .ire  lo  be  free  from  source  si/e  effects. 
When  viewing;  .it  lower  elevations  (larger  ranges)  the 
source  si/e  must  he  correspondingly  smaller. 

Phe  strong  radio  source  in  Cassiopeia  is  a  disk  sub¬ 
tending  about  4'  arc,  so  that  a  reduced  scintillation 
index  might  arise  during  strong  scintillation  conditions 
and  particularly  at  low  elevations.  During  the  last 
sunspot  maximum  period,  several  groups  of  workers 
teported  effects  which  t hex  attributed  to  the  finite  an¬ 
gular  size  oi  the  source  j 44  48 J.  We  would  expect  (lie 
effect  to  lie  dependent  on  zenith  angle  because  the  range 
of  the  irregularities  varies  with  this  parameter,  lit  the 
case  of  strong  scattering,  we  would  expect  tin  additional 
dependence  on  the  observing  frequency  because  the 
magnitude  of  the  average  phase  change  is  frequency 
dependent. 

The  above  discussion  of  the  effects  of  receiver  band¬ 
width  and  source  size  is  applicable  to  both  total  power 
and  interferometric  receiver  systems.  However,  it 
should  be  noted  that  interferometric  systems  are  sub¬ 
ject  to  additional  effects  which  may  become  significant 
under  certain  circumstances,  especially  for  narrow-band 
point  sources.  If  the  separation  (if  the  individual  an¬ 
tennas  comprising  the  interferometer  exceeds  the  cor¬ 
relation  distance  of  the  diffraction  pattern  across  the 
ground,  interference  of  the  radio  waves  will  become 
incomplete  and  the  source  will  tend  to  <lisap|>ear  from 
the  interferometer  recording. 

1  Itr  '  \V  of  Ionospheric  Focusing  in  the  St intillntinn  of 
Radio  Stars 

’  e  have  seen  that  the  theory  of  diffraction  at  an 
ir  screen  explains  many  of  the  observed  features 
in-star  scintillation.  According  to  this  theory,  the 
i  ,-aai  laneotts  amplitude  observed  at  the  ground  de¬ 
ls  upon  l*v  simultaneous  effects  of  a  number  of 
i  gularities  and,  in  particular,  upon  the  detailed 
phase  relationships  of  the  waves  diffracted  In  those 
irregularities.  Thus,  \ce  expect  the  details  ol  the  ampli- 
uie  pattern  on  the  ground  to  be  very  sensitive  to 
.  avelrngth  and  we  have,  in  fart,  calculated  the  rela¬ 
tive!)  narrow  bundwidlhs  over  which  strong  scintilla- 
;!  ,  •  low  frequencies  should  lie  correlated. 

l  ilts  pc. int  w..s  investigated  by  Wild  and  Roberts 
[50 1  in  as-1,  o|  swept -frequency  observations  in 
whit  h  t!.  ■  vet!  scintillations  continuous!)  over  the 

frequence  banc.  40  0  Me.  They  occasionally  found  the 

scintill.  lions  to  be  quite  random  and  unrelated  at  vari¬ 
ous  frequencies  in  that  band.  More  commonly,  however, 
the  scintillations  were  very  well  correlated  and.  in  fact, 
prarliralb  identical  at  all  frequencies  between  40  and 


on  the  ground.  From  the  geometn  ol  their  observations, 
which  were  made  at  an  elevation  tingle  of  15°,  Wild  and 
Rhcrls  calculated  that  the  irregularities  must  have  a 
scale  si/e  of  at  least  3  km  to  produce  broad-hand  pat¬ 
terns,  and  the)'  must  be  smaller  than  2.3  km  to  produce 
random  patterns.  Occasionally,  both  types  were  ob¬ 
served  simultaneously. 

i’lit.AHt/ATioN  Kt-t  t:c  Ts 

The  Production  of  Polarization  Rotation  in  the  Ionosphere 

A  radio  wave  is  completely  described  in  terms  of  the 
variation,  with  time  and  space,  of  its  electric  and  mag 
nclie  fields.  These  vectors  are,  of  course,  simply  t lie- 
sum  of  their  components.  The  most  common  way  to 
resolve  a  lime-varying  vector  into  components  is  to 
describe  it  in  terms  of  mutually  perpendicular  com¬ 
ponent  vectors,  each  remaining  constant  in  direction 
but  varying  with  time.  This  is  by  no  means  the  onl\ 
way  to  resolve  a  vector.  For  example,  a  vector  with 
constant  direction  (except  for  sign)  and  sinusoidally 
varying  amplitude  may  lie  resolved  into  two  component 
vectors  which  have  constant  and  equal  amplitude,  but 
which  rotate  continuously  in  opposite  directions. 

Folio', ving  this  line  of  reasoning,  it  is  clear  that  a  lin¬ 
early  polarized  radio  wave  is  equivalent  to  two  circularly 
polarized  components  rotating  in  opposite  senses.  The 
characteristic  modes  of  a  radio  wave  in  the  ionosphere 
(the  ordinary  and  extraordinary  waves)  are,  in  the  gen¬ 
eral  case,  ellipt ically  polarized  in  opposite  senses  of 
rotation,  and  they  travel  with  different  phase  velocities. 
In  examining  the  behavior  of  these  waves  it  is  useful  to 
distinguish  between  two  cases:  the  longitudinal  case, 
where  the  direction  of  propagation  is  parallel  to  the 
earth's  magnetic  field,  and  the  transverse  case,  where 
the  direction  of  propagation  is  perpendicular  to  the 
field. 

In  the  longitudinal  case  the  ellipses  become  circles. 
Because  "he  two  components  have  different  phase  veloc¬ 
ities  the  plane  of  polarization  of  the  linearly  polarized 
resultant  rotates  gradually  as  the  wave  moves  through 
the  ionosphere.  This  phenomenon  is  known  as  Faraday 
rotation.  It  mu\  be  computed  as  follows:  Consider  an 
element  of  path  length  dl  in  which  the  rotations  of  the 
deetric  vectors  of  tin*  ordinar)  and  extraordinary  rays 
are  d A'+  and  dK  ,  res|x*ct ively.  Fig.  20  shows  the  rela¬ 
tionship  between  dK,,  dK .,  and  dil,  the  angle  through 
which  the  plane  of  polarization  rotates  as  the  wave 
travels  the  distance  dl  From  Fig.  20,  d K  -FdV.^dK, 
—  i/if.  or 

dK,  -  dK. 

dU  - - -  (47) 

2 


70  Mi. 

The  interpretation  of  such  broad-band  fluctuations  in 
terms  of  diffraction  at  an  irregular  screen  is  by  no  means 
obvious  The  large  bandwidth  clearly  indicates  that 
only  one  irregularity  can  contribute  to  one  fluctuation, 
that  irregularity  acting  like  a  lens  to  focus  the  radiation 


Integrating  </A  .  and  dK.,  each  along  its  own  r.tv 
from  the  transmitter  to  the  observer, 


path 


“  "  *  /"  ]  *  j1*'  -  A 


)  (48) 
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Fitf.  20—  Koi.iiimi  «>i  ihe  plane  "I  pol.tri/.iiinii  of  l he  linearly 
|x>!;irimJ  reMill.ini  of  iwo  rimilurh  |M»luri/cil  waves. 

where  A.'f  =  (2rr  X)/\  and  A'_  =  {2ir/\)P.  are  the  annu¬ 
lar  phase- ;>ath  leant hs  of  the  ordinary  and  extraordinary 
rays.  If  the  frequency  is  sufficiently  liinh  that  the  two 
ray  paths  may  he  assumed  to  coincide,  a  further  sim¬ 
plification  follows.  Denoting  by  X+  and  X_  the  wave- 
lennths  correspondinn  to  the  phase  velocities  of  the  two 
waves,  then 

2r 

<lh\  =  —  dl 
X-t- 

(At  such  a  hinh  frequency,  we  may  clearly  equate  to 
unity  the  cosine  of  the  annle  between  the  wave  normal 
and  the  ray,  a  factor  which  properlv  appears  in  this  ex¬ 
pression.)  and 

hr 

(IK.  =  —  (II 
X. 

from  which  (47)  becomes 

"■'(i-z)' 

or, 

tin  =  —  (m+  -  (49) 

X 

Here,  X  =  p*X+=p_X_  is  the  tree-space  wavelennth  and 
(p+  — p_)  is  the  difference  between  the  refractive  indices 
of  the  ordinary  and  extraordinary  waves. 

In  this  qiiasi-lonnitudinal  case,  we  have  from  (8) 

A  .v  v  vL 

**  1  -  y  0T  «',)= 

from  which  =  .V  V i.  and 

<IU  =  '  (.Y  V l)(H.  (50) 

X 

In  a  ration. tli/ed  s\  stem  of  units, 

\ c -  u.jHe  cos  S 

.()  i  - - - - 

«iiWac  ntu 
and 

2wc 

X  =  —  >  u  =  2tr/ 

< j> 

so,  approximately, 

dV.  Q 

«  —  Ml  cos  e 

,ii  r- 


where 

n  =  _i^-=2.97XlO-!  (mks). 

8j,  2cm-fi, 

/=wave  frequency,  cps. 

.V  =  electron  density,  electrons  nr*. 

//  =  magnetic  field  intensity,  amp-turns/meter 

11  =  annle  of  ]mlari/.atiou  rotation,  radians. 

/=  ray-path  length,  meters. 

Integrating  along  the  ray  path, 

12  =  ^  f  \H  cos  ddl.  (51) 

y  *7  ,„y 

This  exptessioti  gives  the  correct  result  only  when  the 
two  ray  paths  effectively  coincide  and  when  the  two 
components  are  essentially  circularly  |X>lari/.ed.  When  0 
is  close  to  the  limiting  value  which  separates  the  quasi- 
longitudinal  and  qnasi-transverse  cases,  the  circles  be¬ 
come  ellipses  and,  when  the  eccentricity  is  large,  dil'dl 
depends  not  only  upon  0,  but  also  upon  the  orientation 
of  the  plane  of  polarisation  of  the  wave  relative  to  the 
plane  containing  the  magnetic  field  and  the  direction 
of  propagation. 

The  sense  of  rotation  is  such  that,  for  a  plane-polar¬ 
ized  wave  traveling  in  the  direction  of  the  magnetic 
field  (e.g.,  a  down-coming  wave  in  the  northern  hemi¬ 
sphere),  the  electric  vector  describes  a  right-handed 
helix.  We  can  determine  this  fact  by  noting  first  that, 
looking  along  the  field,  electrons  appear  to  revolve  in  a 
clockwise  direction.  At  a  given  point  in  space  the 
electric  vector  of  the  extraordinary  wave  rotates  in  the 
same  direction  as  the  electrons.  (This  seems  pro|K-r  be¬ 
cause,  of  the  two  characteristic  waves,  it  is  the  extraor¬ 
dinary  which  is  more  affected  by  the  presence  of  the 
electrons.)  Since  the  extraordinary  wave  as  a  whole  pro¬ 
gresses  without  rotating,  the  end  point  of  its  electric 
vector  must  describe  a  left-handed  helix  in  space.  (This 
is  analogous  to  the  fact  that  if  a  screw  is  to  be  pushed, 
without  rotation,  through  a  nut.  the  screw  must  have  a 
left-handed  thread  if  it  is  to  cause  clockwise  rotation  of 
the  nut,  viewed  in  the  direction  of  motion  of  the 
screw.)  Thus,  for  this  case,  when  traveling  along  an  ele¬ 
ment  of  path  length  dl  in  the  direction  ol  propagation, 
the  changes  in  the  vectors  are  as  shown  in  I  ig.  20,  and 
the  plane-polarized  resultant  is  a  right-handed  helix. 

The  concept  of  “rotation  angle"  seems  quite  clear 
when  propagation  is  in  a  quasi-longitudinal  direction 
and  the  polarization  tingle  is  simply  rotated.  When 
propagation  becomes  transverse,  the  term  loses  its  sig¬ 
nificance  liecanse  the  polarization  ellipse  changes  its 
dimensions  along  the  ray  path.  In  this  case,  the  two 
elliptical  components  degenerate  into  linearly  polarized 
waves,  one  component  always  remaining  parallel  to  the 
magnetic  field  and  the  other  one  perpendicular  to  it. 
However,  because  the  components  travel  with  different 
phase  velocities,  their  resultant  gradually  changes  along 
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the  path  (rom  a  linearly  polarized  wave  to  an  elliptically 
polarized  wave,  and  finally  to  one  which  is  circularly 
polarized.  Then  the  sequence  is  reversed  and  the  wave 
becomes  linearly  polarized  again.  Now,  however,  the 
plane  of  polarization  is  perpendicular  to  the  original 
direction,  i.e.,  the  linearly  polarized  resultant  has  been 
rotated  by  90°.  Fq.  (49)  is  still  applicable  in  this  case, 
and  we  may  use  it  to  find  the  exprersion  for  transverse 
propagation  corresponding  to  (50). 

In  the  transverse  case  at  frequencies  well  above  the 
plasma  frequency,  the  Appleton-I lartree  expression  (1) 
go  es,  for  the  refractive  index  of  the  ordinary  wave, 

=  (1  -  -Y)*'»  «  1  -  j 


and,  for  the  extraordinary  wave, 


and  (49)  becomes,  for  transverse  propagation, 


(ffl*-(.YW  (52) 

2\ 

Yr  is  very  small  at  the  frequencies  which  we  are  tonsid¬ 
ering  and.  thus,  a  comparison  between  (50)  and  (52) 
shows  that  the  Faraday  rotation  is  relatively  insignifi- 
.it  in  the  transverse  case.  It  is  important  to  realize 
'I  at  the  “rotation"  which  occurs  in  the  transverse  case 
actually  a  complicated  series  of  polarization  changes 
and,  if  the  transverse  conditio. i  occurs  near  the  bound¬ 
ary  of  the  ionosphere,  the  wave  will  commonly  emerge 
with  elliptical  polarization  If  the  transverse  condition 
occurs  within  the  ionosphere  it  is  frequently  true  that 
the  small  amount  of  rotation  occurring  near  the  trans¬ 
verse  region  ran  be  neglected  and  the  longitudinal  ap- 
p.  '(nations  can  be  used  However,  it  is  important  to 
.ealize  that  the  sense  of  rotation  is  reversed  after  pas¬ 
sage  ,,'-n  'he  transverse  region,  and  at  that  point 
signs  n.u»i  •  changed  in  the  integrands  of  (48).  This 
effect  shows  explicitly  in  (51)  where  cos  6  changes  sign. 

The  Use  of  F  -oday-  Rotation  Observations  to  Study  the 

Ionosphere 

We  have  seen  that,  for  almost  all  directions  of  propa¬ 
gation,  the  angle  of  Faraday  rotation  of  a  linearly  p  >ar- 
ized  radio  wave  is  proportional  to  the  integrated  elec¬ 
tron  content  of  the  ionosphere  along  the  path,  weighted 
by  the  longitudinal  component  of  the  geomagnetic  field 
•trength.  Ever  since  Murray  and  Hargreaves  [51  j  first 


pointed  out  that  the  slow  lading  ol  lunar  radio  echoes  is 
caused  by  the  Faraday  effect,  the  eflect  has  been  used 
bv  the  observers  of  moon  echoes  to  measure  the  total 
electron  content  of  the  ionosphere.  Although  the  num¬ 
ber  of  electrons  in  a  column  of  unit  cross  section  up  to  a 
height  of  1000  km  is  believed  to  be  comparable  to  the 
number  in  a  similar  column  from  1000  km  on  out  to  the 
moon,  the  inverse-cube  law  of  decrease  of  the  geomag¬ 
netic  field  insures  that  the  electrons  in  the  ionosphere 
(below,  say,  1000  km)  are  the  only  ones  which  are  effec¬ 
tive  in  producing  Faraday  rotation.  The  determination 
of  the  total  angle  1)  of  rotation  may  be  accomplished  by 
using  two  VHF  signals  spaced  in  frequency  by  several 
Me  and  noting  the  difference  in  polarization  between 
them.  Such  measurements  have  been  made,  for  example, 
by  Evans  [52],  and  by  Taylor  [53]. 

In  moon-echo  experiments,  the  frequencies  are  usually 
high  enough  that  (51)  is  highly  accurate.  Since  we  are 
interested  in  determining  the  total  electron  content  in  a 
vertical  column  through  the  ionosphere,  it  is  convenient 
to  replace  the  path  element  dl  by  sec  idh,  where  t  is  the 
loral  zenith  angle  and  dh  is  an  element  of  height.  With 
this  substitution,  (51)  becomes 

n  =  —  I  NH  cos  8  sec  idh  -  —  I  NMdh 

pj  0  pJo 

where 

M  ss  H  cos  8  sec  «. 

We  must  remember  that  this  applies  to  only  one  half  of 
the  round-trip  path  through  the  ionosphere.  Although 
further  restricting  the  generality  of  the  expression,  it  is 
convenient  to  take  M  as  constant  in  the  first  1000  km 
above  the  earth,  and  to  write 

QM  rvmkm 

tt  «  - —  1  Ndh 

P  (53) 

for  one  half  of  the  total  Faraday  rotation  observed  on  a 
inoon  echo.  This  is  a  good  approximation  for  small 
zenith  angles,  and  it  is  the  equation  which  has  customar¬ 
ily  been  used  in  evaluating  the  results  of  moon-echo 
experiments. 

In  order  to  determine  the  electron  content  using  v53), 
the  value  of  .1/  must  be  calculated.  Yeh  and  Gonzalez 
[54  j  have  made  extensive  calculations  of  the  variation 
of  the  function  .1/  for  various  receiving  stations,  with 
particular  emphasis  upon  the  variation  for  their  receiv¬ 
ing  station  at  the  1'niversity  of  Illinois.  Yeh  and  Gon¬ 
zalez  point  out  there  are  only  a  few  favored  directions 
for  which  M  is  essentially  constant  below  J000  km  In 
general,  t b*  value  of  M  to  be  used  in  (53)  must  be  a 
weighted  average  of  the  actual  M  along  the  line  of 
sight,  the  weighting  being  done  according  to  electron 
density.  By  using  an  "average"  ionosphere  profile,  Yeh 
and  Gonzalez  calculated  the  weighted  average,  57,  of 
.1/  along  various  directions.  They  found  tha'  57  is  gen¬ 
erally  equal  'o  M  at  a  height  somewhere  in  the  range 
340  to  40ft  km.  Fig.  21  gives  values  of  57  for  directions 
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F ik.  21 — The  variation  of  U  at  the  Universi-y  of  Illinois. 


within  40°  of  the  zenith  at  the  University  of  Illinois. 

The  advent  of  satellite-borne  radio  transmitters  has 
offered  a  new  opportunity  for  Farrday-rotation  studies 
of  the  ionosphere  [55].  It  is  important  to  note  that  satel¬ 
lite  studies,  in  principle  at  least,  have  the  advantage 
that  the  electron  content  of  the  ionosphere  can  be  nieas 
ured  over  a  sizeable  geographical  area  from  a  single  ob¬ 
serving  site,  within  the  course  of  the  few  minutes  dura¬ 
tion  of  a  satellite  passage.  In  order  to  make  full  use  of 
this  advantage,  however,  it  is  necessary  to  remove  the 
restricioj'  to  small  zenith  angles;  it  is  also  desirable  to 
use  frequencies  relatively  close  to  the  ionospheric  criti¬ 
cal  frequency  in  order  to  improve  the  sensitivity  of  the 
observations. 

The  failure  of  fSJtt  at  low  frequencies  and  at  large 
zenith  angles  is  strikingly  demonstrated  by  simultane¬ 
ous  observations  of  the  20-  and  40-Mc  signals  from  the 
Soviet  satellites.  Eq,  (53)  predicts  that  the  ratio  of  the 
Furadav-rotation  rates  on  the  two  frequencies  shall  be 
4.0;  in  fact  ratios  of  up  to  5.0  have  been  observed,  and 
on  occasion,  for  a  short  period  of  time  the  sense  of  rota¬ 
tion  iate  has  even  been  opposite  on  the  two  frequencies 
[56]. 

In  addition  to  th«  failure  of  (SI),  the  interpretation 
of  satellite  observations  is  hampered  by  the  difficulty  of 
determining  the  actual  value  of  12.  For  frequencies  as 
low  as  20  or  40  Me,  the  polarization  vector  may  be  ro¬ 
tated  many  tens  of  times  in  traversing  the  ionosphere, 
and  so,  even  if  the  orientation  angle  of  the  transmitting 
antenna  is  known,  the  observed  12  is  ambiguous  by  an 
additive  constant,  tnr.  One  approach,  which  it  has  not 
yet  been  possible  to  test,  is  to  install  transmitters  at 
nearby  frequencies  on  a  single  satellite,  and  then  to  use 
the  same  method  of  analysis  that  has  been  applied  suc¬ 
cessfully  to  moon-echo  observations.  Lacking  such 
closely  spaced  frequencies,  several  observers  have  pro¬ 
posed,  and  used  with  vary  ing  success,  a  number  of  meth¬ 
ods  for  removing  the  ambiguity. 

Bowhill  [57]  has  shown  that,  lor  a  satellite  traveling 
with  uniform  velocity  at  constant  height  over  a  plane 


earth,  and  for  a  uniform  geomagnetic  fieid,  the  observed 
Faraday  lotation  rate  at  any  receiving  site  would  be 
constant,  and  proportional  to  the  electron  content  be¬ 
low  the  satellite.  As  one  method  for  avoiding  the  prob¬ 
lem  of  ambiguities  in  measurements  of  12,  Garriott  [58] 
modified  this  result  to  include  the  effect  of  a  small  verti- 
i ,tl  velocity  component  and  used  observations  of  the 
Farad  ay-rota  1  ion  rate  to  deduce  electron  content.  Al¬ 
ternatively,  if  the  electron  content  is  otherwise  known, 
it  can  be  combined  with  the  observed  Faraday  rotation 
rate  to  estimate  the  local  electron  density  at  the  height 
of  the  satellite.  Despite  Garriott’s  modifications,  many 
limitations  still  remain  in  the  derivation  of  the  equa¬ 
tions;  perhaps  the  most  serious  is  the  requirement  for  a 
spherically  stratified  ionosphere.  A  more  elaborate 
method,  involving  several  ray  tracings  through  a  model 
ionosphere,  has  been  used  by  Little  and  Lawrence  [56], 
In  unfavorable  circumstances,  the  results  of  even  this 
complex  procedure  can  be  affected  by  unknown  hori¬ 
zontal  gradients  in  the  ionosphere.  The  use  of  closely 
spaced  frequencies  on  a  single  satellite  would  certainly 
permit  a  major  step  forward. 

.1  Brief  Summary  of  the  Results  of  Earaday-Rotation 
Observations 

Faraday-rotation  measurements  have  already  been 
able  to  contribute  something  to  the  difficult  problem  of 
determining  the  electron-density  profile  of  the  iono¬ 
sphere  above  hmxx,  the  level  of  maximum  density.  Moon- 
echo  experiments  and  observations  from  high  satellites 
can  tell  us  very  little  about  the  shape  of  the  electron- 
density  profile  but,  when  combined  with  true-height 
profiles  up  to  kmxx  as  deduced  from  ionograms,  they  do 
provide  a  means  of  estimating  the  electron  content 
above  h„,.jx. 

From  moon-echo  experiments,  Evans  [52]  found  an 
average  value  of  about  4  for  this  ratio  of  electron  con¬ 
tents,  Hill  and  Dyce  [59]  found  evidence  for  sizeable 
variations  in  the  ratio  and  Garriott  [60]  observing  the 
high  passes  of  Sputnik  III,  found  a  ratio  of  3  in  the  day¬ 
time  and  of  5  at  night. 

TU»-  low  fuuucs  d  Sputnik  111  ranging  in  height  from 
300  to  900  km,  enabled  Garriott  to  deduce  an  average 
electron-density  profile  by  making  the  assumption  that 
the  shape  of  the  profile  has  no  diurnal  or  seasonal  varia¬ 
tion.  He  found  that  the  density  fell  to  one  half  its  maxi¬ 
mum  value  at  a  height  of  about  150  km  above  hm,x,  and 
to  one  fourth  its  maximum  value  at  about  350  km  above 

matt* 

Yeh  and  Swenson  [61  ],  Garriott  [60],  and  Hante  and 
Stuart  [62 }  have  all  observed  a  strong  diurnal  variation 
in  the  total  electron  content  of  the  ionosphere.  They 
agree  that  the  daytime  peak  is  six  to  eight  times 
greater  than  the  nighttime  minimum. 

With  the  analysis  techniques  which  have  been  avail¬ 
able  to  date,  it  is  difiuult  to  guarantee  an  absolute, 
accuracy  of  any  one  measurement  better  than  ten  per 
cent.  However,  the  sensitivity  of  the  measurements  is 
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•normously  better  tht.i  the  absolute  accuracy,  and  it  is 
pOMible  to  detect  0.1  per  cent  changes  in  total  content 
during  a  satellite  pass  [56].  Fig.  22  shows  an  example 
of  the  irregular  structure  which  is  commonly  displayed 
by  Faraday-rotation  measurements.  This  result  is 
•imply  another  manifestation  of  large-scale  irregular¬ 
ities  responsible  for  the  irregular  wedge  refraction  de¬ 
scribed  previously. 

t«i - - 

v^w/A/wv 


Fig.  12— Irregularities  in  ionospheric  electron  content,  0834  MS', 
September  4,  1958,  at  Boulder,  Colo  \HIl  is  the  variation,  with 
horizontal  distance,  of  integrated  eleitron  content  of  the  iono¬ 
sphere  rehrtivt  to  thitt  a  smooth,  a  vet  age  ioaosj/htre. 

SUMMARY 

In  this  survey  of  ionospheric  effects  upon  earth-space 
propagation  we  have  mentioned  a  variety  of  phenom¬ 
ena.  They  may  be  classified  as  follows: 

Amplitude:  Ionospheric  absorption  aoes  occur,  but  it 
diminishes  rapidh  as  the  radio-wave  frequency  is  in¬ 
creased  and  hence  is  unimportant  for  the  frequencies 
above  100  Me  which  would  normally  be  used  for  space 
communication.  Rather,  absorption  at  the  lower  fre¬ 
quencies  is  an  important  tool  for  studying  the  low-lying 
levels  of  he  ionosphere  and  the  interaction  of  these 
levels  with  incoming  radiation  and  charged  particles. 

We  have  mentioned  the  divergence  effect  which,  in 
certain  cases,  may  exceed  absorption  effects  but  which 
is  nevertheless  unimportant  for  practical  space  com¬ 
munication. 

The  irregular  structure  of  the  ionosphere  is  responsi¬ 
ble,  through  the  interaction  of  the  diffracted  waves 
which  it  produces,  for  amplitude-scintillation  effects. 
We  have  seen  that  amplitude  scintillations  can  become 
extremely  severe  and  thus  they  may  represent  a  practi¬ 
cal  limitation  for  certain  types  of  communication.  They 
•re  most  severe  at  night  and  at  high  latitudes,  although 
a  particularly  violent  form  of  scintillation  is  also  found 
near  the  geomagnetic  rquetor 
The  refractive  effects  of  the  larger  irregularities  in  the 
ionosphere  might  be  expected  to  cause  focusing  of  the 
radio  waves.  This  phenomenon  has  been  observed  to 
occur  at  radio  frequencies  below  70  Me. 

In  addition  to  its  direct  amplitude  effects,  the  irregu¬ 
lar  structure  of  the  ionosphere  may  operate  in  more 
subtle  ways  to  produce  the  appearance  of  amplitude 
changes  on  a  particular  receiving  system.  For  example, 
the  irregularities  may  so  enlarge  the  apparent  size  of  a 
small  source,  or  so  destroy  the  correlation  of  the  radio 
waves  over  the  aperture  of  a  large  antenna,  that  the 
St  w  ms  to  disappear.  Also,  the  ordinary  and  ex¬ 
traordinary  rays,  traveling  along  slightly  different  paths, 


may  be  subjected  to  uncorrtlaf ed  phase  fluctuation, 
The  polarization  of  the  resultant  wave  will  vary  rapidly 
and,  if  a  linearly  polarized  antenna  is  used,  the  signal 
will  undergo  severe  amplitude  fluctuations,  attributable 
to  the  “polarization  flutter.” 

Angle  of  arrival:  We  have  seen  that  the  steady,  spher¬ 
ically  stratified  component  of  the  ionospheric  electron- 
density  distribution  increases  the  apparent  elevation 
angle  of  ar.  external  radio  source,  and  that  this  effect  is 
proportional  to  the  square  of  the  radio  wavelength.  The 
magnitude  of  thia  systematic  refraction  is  commonly 
overshadowed  by  both  the  regula;  and  irregular  com¬ 
ponents  of  wedge  reh  action.  We  have  seen  that  the 
long-term  average  component  of  v’edge  refraction  at 
high  elevation  angles  is  to  seme  extent  predictable  from 
the  expected  homouta!  gradients  in  tin  ionosphere. 
Irregular  refraction,  which  typically  varies  from  one 
fen-minute  period  to  the  next,  commonly  dominates 
other  types  of  ionospheric  refraction,  and  is  not  pre¬ 
dictable. 

The  same  irregu'aritics  which  produce  amplitude 
srin  tiHalinns  also  prodiu"*  angular  scintillations  We 
have  described  the  effects  of  these  short-period  fluctua¬ 
tions  upon  angle-of-arrival  measurements.  These  may 
be  so  severe  as  to  cause  the  source  to  “disappear”  under 
certain  conditions  [44], 

Frequency:  We  have  mentioned  the  effects  of  the 
ionosphere  upon  the  apparent  frequency  of  a  radio  sig¬ 
nal  from  a  satellite.  Since  the  ionosphere,  in  this  case, 
produces  only  a  second-order  effect,  its  influence  upon 
a  communications  circuit  is  generally  unimportant.  On 
the  other  hand,  the  dispersive  Doppler  effect  and  the 
related  phase-modulation  techniques  are  of  considerable 
interest  as  a  tool  for  measuring  the  electron  content  of 
the  ionosphere  and  exosphere. 

Rada-  Range:  A  brief  discussion  of  the  effect  of  the 
ionosphere  upon  radar  range  has  shown  this  effect  to 
be  small,  typically  leus  than  400  meters  at  300  Me. 

Polarization:  We  have  given  particular  attention  to 
an  understanding  of  ionospheric  Faraday  rotation.  This 
phenomenon  seriously  affects  any  space  communica¬ 
tion  system  which  uses  linear  polarization  and,  perhaps 
more  important,  it  is  the  basis  for  an  accurate  and  sensi¬ 
tive  technique  to  measure  the  total  electron  content  of 
the  ionosphere. 
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1.0  INTRODUCTION  AND  STATEMENT  OF  THE  PROBLEM 

In  a  nigh- precision  multiple-satellite  navigation  system  which 
involves  moving  spacecraft  and  a  scatter  of  fixed  earth-bound  monitor 
stations,  as  well  as  users  employing  the  system  to  obtain  navigation 
fixes,  it  is  important  to  determine  whetner  or  not  there  are  any 
general  -  or  special  -  relativity  effects  large  enough  to  affect 
system  performance  (ultimate  user  navigation  accuracy) ,  either  on  an 
instantaneous  basis,  or  integrated  over  a  finite  time  span.  This 
guestion  has  been  explored  for  the  12-hour  GPS  navigation  satellite 
orbits,  and  for  the  apparent  relativistic  time  shift  between  clocks 
located  at  seven  representative  locations  (SCF  station  locations). 
Analysis  has  revealed  that  there  are  indeed  certain  relativistic 
effects  in  the  GPS,  of  a  magnitude  too  large  to  be  .ignored.  This 
document  summarizes  the  findings  to  date. 

2.0  SUMMARY  OF  FINDINGS 

The  following  conclusions  constitute  the  major  findings  of  this 
analysis;  the  conclusions  will  be  substantiated  in  subsequent 
sections. 

a.  Although  certain  relativity  effects  do  in  fact  occur  in  the 
GPS,  and  are  too  large  to  be  ignored,  the  system  as  a  whole 
may  be  described  as  being  only  very  slightly  relativistic, 
that  is,  relativity  effects  constitute  only  minor 
perturbations  of  various  system  characteristics.  Several 
relativistic  effects  have  been  sized  and  are  adjudged  to  be 
lgnorable. 

b.  The  only  relativity  effect  of  significance  in  the  GPS  is 
concerned  with  the  apparent  rate  difference  between  two 
identical  clocks,  located  either  at  different  places  on  the 
earth's  surface,  or  one  clock  on  the  earth,  the  other  clock 
in  orbit.  This  phenomenon  will  be  carefully  explained  and 
analyzed  below. 

c.  For  the  12-hour  GPS  orbits,  the  relative  velocity  between  any 
GPS  satellite  and  any  ground  station  is  too  small  to  require 
the  relativistic  Doppler-shif t  formula;  the  usual  (ie,  non- 
r elativistic)  Doppicr  formula  is  adequate  for  all  purposes. 

d.  Satellite  orbits  may  De  safely  computed  using  non- 

relativistic  equations  of  motion;  it  is  not  necessary,  for 
example,  to  consider  the  relativistic  mass  change  of  a 
satellite,  or  to  distinguish  between  ongitudinal  and 
transverse  mass. 

e.  Tne  sun  is  the  only  extra-terrestridl  object  producing  a  GPS 
relativity  effect  large  enough  to  be  considered.  The  solar 
relativity  perturbation  on  apparent  clock  rates  is  not  large, 
but  it  also  cannot  be  ignored. 
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The  relativity  effect  on  the  apparent  rate  of  an  orbiting 
clock,  deduced  from  characteristics  of  Rf  signals  radiated  by 
the  satellite  and  received  on  the  ground,  can  be  accurately 
pre-computed  after  the  clock  (ie,  its  satellite)  orbit  has 
been  computed.  In  this  sense  the  relativity  effect  may  be 
considered  to  be  highly  deterministic. 


One  clock  in  the  system  -  and  only  one  clock  -  must  oe 
defined  to  maintain  system  reference  time.  In  general  all 
other  ;locks,  whether  they  are  in  satellites,  at  fixed  ground 
points,  or  in  low-altitude  (ie,  user)  moving  positions,  will 
appear  to  run  at  different  rates,  perhaps  faster  (orbiting 
clocks)  or  perhaps  slower.  In  any  case  the  apparent  rate 
difference  can  be  deterministically  computed  from  knowledge 
of  the  clock  location. 


h. 


The  apparent  relativistic  clock  rate  difference  can  be  lump¬ 
sum  included  in  an  overall  clock  offset,  rate  and  phase 
model,  which  will  also  include  the  best-available  estimates 
of  non- relativistic  clock  variations. 


i. 


Over  any  one- hour  period  the  relativity  contribution  to  clock 
rate  and  phase  can  be  approximated  by  straight-line  time- 
dependent  variations;  higher- order  terms  (viz,t2 ,t3 ,etc)  are 
not  required  This  conclusion  includes  both  terrestrial  and 
solar  perturbations. 


3.0 

3.  1 


PERTURBATIONS  WHICH  CAN  BE  IGNORED 
Doppler  Shift 


When  a  signal  source  (transmitter)  is  moving  relative  to  a  receiver, 
the  formula  for  the  Doppler  frequency  shift,  including  special 
relativity  considerations,  is  slightly  more  complicated  that  the  usual 
formula.  In  fact,  considering  special  relativity. 


fD  =  ftP/(l-p2)  V2 , 


(1) 


The  denominator  of  Eg  (1;  may  be  expanded  by  the  binomial  theorem  to 
yield  the  expression 


fD  =  ft  <P  +  1/2  P3  +  3/2  P5  +  — ), 


(2) 


which  simplifies  to 


fD  -  H  +  USP' 


(3) 


if  all  terms  involving  and  higher-order  are  ignored. 


6-2 


-a ----  - 


PHILCO  0m 

x  ?h'*cO'Foftl  Corporation 

Dovolopmont  Uboratori**  Dirt  don 

In  the  ease  of  12-hour  orbits  the  maximum  radial  velocity  Detween  a 
satellite  and  ground  stations  is  less  than  about  5500  ft/sec,  or  1.675 
*  103  m/sec.  For  such  orbits  0  <  (1.675  *  103/3  *  108),  or  0.56  * 
10**,  and  03  <  1.75  *  10*16.  hus,  03  is  about  eleven  (11)  orders  of 
magnitude  smaller  than  0,  which  implies  that  the  relativistic 
correction  to  an  observed  Doppler  shift  is  about  11  orders  smaller 
than  the  shift  itself.  Now,  if  it  is  a  system  objective  to  observe 
and  measure  a  change  in  radial  velocity  as  small  as  0.01  ft/sec,  and 
if  the  maximum  such  radial  velocity  is  5.5  *  103  ft/sec,  the  system 
must  resoLve  to  one  part  in  5.5  *  10s.  Therefore,  a  correction  11 
orders  lower  than  the  Doppler  shift  itself  is  safely  ignorable. 


To  summarize,  Doppler- shift  measurements 
corrected  for  special  relativity  effects. 


on  12-orbits  need  not  be 


3.2 


Equations  of  Motion  of  Satellites 


In  accordance  with  principles  of  Newtonian  (ie,  non-relativistic) 
mechanics,  the  motion  of  a  satellite  is  computed  by  integrating  the 
equation  of  motion  r  -  m3,  if  it  is  assumed  the  mass  is  not 
deliberately  being  varied  (such  as  by  ejecting  rocket  engine  effluent 
to  vary  the  orbit) .  According  to  special  relativity  it  is  important 
to  recognize  that  the  mass  m  is  not  really  a  constant,  but  varies  with 
velocity  (as  determined  in  an  initial  coordinate  system  centered  at 
earth's  center  of  mass).  More  precisely, 

m  =  n»0/(  l-  02  )1/2 


m  =  m0{  i  +  0  2I2 )  for  0«  l, 

where  m0  is  the  rest  mass  of  the  satellite.  Now,  according  to 
paragraph  3.1,  an  upper  bound  for  02  is  about  (0.56  *  10-*) z  =3.15  * 
Therefore,  the  relativistic  mass  change  never  exceeds  about 
10-i°  -  10-n  of  the  overall  satellite  mass. 

In  the  equation  of  motion  the  acceleration  produced  by  a  given  force 
(the  earth's  gravitational  force  on  a  satellite,  for  example)  will 
vary  if  the  mass  varies  relativistically .  But  it  can  be  demonstrated 
that  the  gravitational  force  vector  on  a  satellite,  resulting  from  the 
earth's  mass  distribution,  is  uncertain  in  magnitude  by  perhaps  1  part 
in  3  or  4  million;  in  other  words,  the  dominant  spherical-earth  term 
of  the  earth's  geopotential  expression  is  uncertain  to  this  degree. 
For  any  position  of  the  satellite,  therefore,  the  magnitude  of  the 
force  vector  acting  on  the  satellite  cannot  be  stated  more  accurately 
than  about  3  parts  in  IQ7,  or  3000  parts  in  1010. 

It  is  therefore  meaningless  to  include  a  relativity  perturbation  of 
less  than  1  part  in  10l°:  this  perturbation  is  lost  in  the  uncertainty 
oi  the  gravitational  forces.  Consequently  it  is  entirely  adequate  to 
compute  the  orbits  using  non-relativistic  kinematics. 
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4.0  RELATIVITY  DISCUSSION 

4 . 1  Background 

Einstein's  Principle  of  Equivalence  states  that  when  an  object  is 
accelerated  or  rotated,  a  force  field  is  created  which  can  be 
considered  as  either  inertial  or  gravitational,  depending  upon  the 
observer's  choice  of  a  reference  frame.  Stated  in  other  terms,  the 
Principle  states  that  it  is  impossible  to  perform  a  measurement  which 
could  distinguish  between  gravitational  and  acceleration  forces  on  an 
object;  the  two  types  of  forces  are  equivalent. 

Consider  two  perfect  identical  clocks  placed  side  by  side  in  a 
laboratory.  By  definition  these  clocks  will  remain  exactly 
synchronous.  Now  remove  one  clock  to  a  different  location,  where  the 
gravitation  potential,  or  where  acceleration  forces,  or  both,  are 
different.  Let  both  clocks  radiate  electromagnetic  signals  (photons), 
tne  frequencies  of  which  represent  tne  measured,  or  apparent,  rates  at 
which  the  clocks  are  running.  Finally,  let  the  clock  which  was  moved 
radiate  its  signal  back  to  laboratory,  and  there  compare  the  clock 
rates,  for  example  by  beating  the  two  signals  together  in  a  frequency 
or  phase  detector  circuit. 

If  the  principle  of  Equivalence  is  accepted  as  a  fundamental  postulate 
it  is  possible  to  show  that  the  two  clocks  will  no  longer  appear  to 
run  synchronously ;  one  will  appear  to  run  ahead  or  behind  the  other. 
It  is  of  utmost  importance  to  keep  in  mind  just  what  experiment  is 
being  performed;  electromagnetic  signals  (RF  carrier  frequencies)  are 
being  generated  by  both  clocks,  and  in  the  laboratory  one  is 
performing  a  frequency  and/or  phase  comparison  of  the  locally- 
generated  signal  and  the  signal  being  received  from  the  remote  clock, 
but  only  after  that  received  signal  has  propagated  f r<.vr.  the  remote 
clock  back  to  the  laboratory.  One  is  no  longer  making  a  side  by  side 
comparison!  Th°  principle  of  equivalence  then  predicts  that  in 
general  t.he  two  signals  will  not  remain  synchronous. 

Clearly,  in  this  situation,  one  of  two  possibilities  exists: 

a.  Either  the  clock  which  was  moved  away  from  the  laboratory  has 
undergone  some  sort  of  change,  resulting  from  the 
accelerations  required  to  actually  move  it  away  from  the 
laboratory,  or  from  tne  changed  gravitational  potential,  or 
else 

b.  The  clock  has  not  changed,  but  the  electromagnetic  signals 
(photons)  radiated  from  the  distant  clock  undergo  a  change 
(increase  or  decrease  of  frequency)  while  propagating  back  to 
the  laboratory. 
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Modern  relativity  theory  interprets  the  phenomenon  according  to  the 
second  alternate,  namely,  that  the  energy  of  a  photon  is  affected  by 
gravity,  and  that  when  a  photon  emanates  from  a  location  having  a 
given  gravitational  potential,  later  to  arrive  at  a  receving  point 
having  a  different  potential,  the  frequency  of  the  received  photon  is 
different  from  that  at  the  point  of  emission.  Furthermore,  the 
frequency  of  the  received  photon  is  also  affected  by  absolute 
velocities  of  the  two  points,  determined  in  an  inertial  coordinate 
system  (that  is,  affected  in  a  way  beyond  that  explained  as  a  Doppler 
shift) . 

To  a  degree  of  approximation  which  is  adequate  for  GPS  purposes,  the 
following  formula  may  be  used  to  compare  two  perfects  clocks  not 
collocated: 

V ft  -  1  +  <*t  -  +  1/2  (Vr2  -  V(2)  +  k  •  (V,  -  Vr),  14) 

plus  higner-order  terms  of  order  (Vr3,  Vt3)  and  higher. 


Where 


*t’*r 

«^t>  <f)r 

c 

V#.  v. 


V.j  v 
t’  r 


=  frequency  (ie,  clock  rate)  at  a  receiving  location 
=  frequency  (ie,  clock  rate)  at  a  transmitting  location 

=  <pt/c 2,  ’jyc2 

=  gravitational  potential  at  the  transmitting  and  receiving  location,  respective! 
=  velocity  of  light 
=  vt/c'Vr/c>  respectively. 

=  vector  velocities  of  the  transmitting  and  receiving  points,  expressed  in  an 
inertial  coordinate  system  (fixed  relative  to  the  distant  stars) 

=  a  unit  vector,  directed  from  the  transmitter  toward  the  receiver. 


4 . 2  Alternate  Interpretation  for  the  GPS 

Although  modem  relativity  theory  interprets  the  frequency  shift 
phenomenon  in  terms  of  what  happens  to  the  electromagnetic  waves,  we 
believe  that  it  is  easier  to  maintain  that  it  is  the  clock  rate  itself 
which  changes  when  the  velocity  and/or  gravitational  potential  at  the 
clock  are  varied,  compared  with  some  fixed  reference  clock  on  the 
earth's  surface.  This  is  asserted  for  the  following  reasons: 

From  the  point  of  view  of  a  3PS  ground  station  observer,  it 
is  immaterial  whether  the  clock  in  a  satellite  actually 
experiences  a  rate  variation,  or  whether  the  clock  rate 
remains  intact,  but  the  RF  waves  propagating  from  the 
satellite  to  the  ground  undergo  a  frequency  variation  on  the 
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way  down.  All  the  observer  knows  is  that  the  observed 
frequency  of  the  received  waves,  after  correction  for  Doppler 
shift,  differs  from  the  frequency  of  a  wave  generated  by  an 
identical  clock  at  his  location.  The  effect  is  small, 
percentagewise,  but  it  is  large  enough  to  affect  GPS 
operation,  and  it  can  be  deterministically  calculated,  once 
the  satellite  orbits  have  been  computed. 

b.  There  are  other  processes,  not  at  all  concerned  with 
relativity,  which  are  known  to  literally  affect  the  clock 
rate  in  a  satellite,  such  as  proton  or  electron  bombardment, 
temperature  changes,  ambient  magnetic  field  variations,  and 
aging.  One  task  for  the  Control  Segment  will  be  to  model 
these  effects  so  as  to  permit  the  generation  of  a  clock 
prediction  model  for  clock  offset,  rate  and  phase. 

c*  Since  the  relativity  effects  are  small,  percentagewise,  and 
since,  from  a  GPS  operational  point  of  view  it.  is  immaterial 
how  the  Control  Segment  interprets  the  relativity  effects,  it 
seems  reasonable  to  adopt  the  interpretation  that  it  is  the 
space-borne  clocks  themselves  whose  rate  is  varying,  to 
employ  Eq  (4)  for  computing  the  apparent  rate  difference,  and 
to  ignore  the  frequency  variations  of  propagating  photons. 
This  interpretation  permits  the  inclusion  of  the  relativity 
effects  simply  as  part  of  the  overall  spacecraft  clock 
prediction  model,  in  a  direct  straightforward  manner. 
Therefore,  in  the  analyses  presented  in  subsequent  sections, 
the  relativity  phenomenon  is  interpreted  as  a  shift  in  the 
rate  of  an  orbiting  clock,  or  the  rate  of  a  clock  at  some 
surf ace-of-tne-ecurth  location  different  than  that  of  the 
system  reference  point.  Our  objective  is  to  ensure  that 
relativity  effects  are  correctly  included  in  the  overall 
GPS.  , 


5.0  GENERAL  DISCUSSION  OF  CLOCKS 

5 . 1  Clock  Definition 


A  ’’clock"  is  defined  to  be  an  oscillator-counter  combination,  ie,  the 
counter  counts  cycles  (and  perhaps  fractions  thereof),  of  some  sort  of 
physical  oscillator.  Identical  clocks  means  literally  identical;  the 
oscillators  are  built  exactly  alike,  using  the  same  physical 
principles,  operate  at  the  same  temperature,  pressure,  magnetic 
environment,  etc,  and  similarly  for  the  counters.  A  Perfect  clock  is 
defined  as  a  clock  running  at  an  absolutely,  exactly  s ready  rate, 
independent  of  local  environmental  conditions,  excepting  variations  of 
the  local  gravitational  potential  and/or  accelerations. 

The  rate  maintained  by  a  perfect  clock  depends  upon  the  gravitational 
potential  at  the  location  of  the  clock,  and  upon  the  resultant  of  any 
acceleration  forces  on  the  clock,  as  measured  in  an  inertial  reference 
system.  Two  clocks  which  are  observed  to  run  at  exactly  the  same  rate 
when  collocated  will  not  run  at  the  same  rate  if  they  are  separated. 
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such  that  the  two  experience  different  gravitational  potential,  or  are 
affected  by  different  accelerations. 

5.2  Gravitational  Effects 


Consider  two  identical  perfect  clacks  sitting  side  by  side  on  a 
laDoratory  bench  on  earth's  surface.  The  clocks  are  gravitationally 
attracted  to  the  earth,  and  this  attraction  is,  in  general,  partially 
counteracted  by  the  centrifugal  force  resulting  from  the  earth's 
rotation.  It  is  straigth forward  to  show  that,  at  the  equator,  the 
centrifugal  force  is  very  close  to  1/291  of  the  gravitational  force. 
Thus,  if  the  earth  stopped  rotating  upon  its  axis  the  measured  weight 
of  a  291-pound  object  would  increase  to  292  pounds.  Conversely,  at 
either  of  the  earth's  poles  the  centrifugal  force  is  zero,  implying 
tnat  the  measured  weight  of  an  object  would  be  insensitive  to  changes 
in  earth's  rotation.  (It  is  implied  the  measurement  is  performed  by 
an  instrument  not  affected  by  the  centrifugal  forc°.) 

Gravitational  potential  is  frequently,  but  quite  erroneously,  equated 
with  the  acceleration  of  gravity  at  a  given  point.  The  acceleration 
of  gravity  is  a  vector  quantity,  ie,  at  any  point  on  or  above  earth’s 
surface  the  acceleration  has  both  a  magnitude  and  a  direction.  The 
potential,  on  the  other  hand,  is  a  scalar  quantity  having  magnitude 
only;  the  potential  is  a  quantity  whose  mathematical  gradient  is  the 
acceleration  vector.  For  a  spherical  earth  the  potential  is  inversely 
proportional  to  distance  from  earth's  center,  but  the  acceleration  is 
inversely  proportional  to  the  square  of  this  distance.  It  is  the 
potential  which  is  important  in  relativity  theory,  but  it  is  the 
acceleration  which  is  paramount  to  orbit  calculations. 

The  gravitational  potential  at  any  point  in  the  vicinity  of  the 
gravitationally  attracting  body  is  defined  as  the  work  expended  upon  a 
test  object  of  unit  mass  if  that  object  is  brought  from  a  rest 
condition  (zero  velocity)  an  infinite  distance  from  the  attracting 
body,  to  a  rest  condition  at  the  point  in  question.  Since,  very 
clearly,  if  a  test  object  is  moved  toward  an  attracting  body  from  a 
long  distance  away,  work  is  not  done  on  the  object,  but  in  fact  the 
object  becomes  a  source  of  work  (energy) ,  the  gravitational  potential 
is  a  negative  quantity,  numerically. 

From  point  to  point  over  the  earth's  surface  the  gravitational 
potential  in  general  varies,  largely  as  a  function  of  latitude 
(because  the  earth  is  nearly  an  ellipsoid  of  revolution,  and  not  a 
sphere) ,  ana  to  a  lesser  extent  because  of  altitude  and  a  somewhat 
"lumpy"  distribution  of  mass  within  the  earth  (ie,  considering  higher- 
order  deviations  from  a  true  ellipsoid  of  revolution).  In  addition, 
because  of  earth’s  rotation,  a  clock  located  at  some  arbitrary  point 
on  the  earth's  surface  will  experience  a  centrifugal  force  which 
modifies  the  apparent  gravitv,  thereby  causing  the  clock  rate  to 
chanqe. 

h  satellite  clock  in  orbit  also  experiences  both  a  gravitational 
potential  and  an  acceleration  effect,  both  of  which  vary  from  point  to 
point,  and  hence  from  time  to  time,  in  the  orbit. 
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Smaller  perturbations  are  produced  upon  an  earth- orbiting  clock 
because  of  the  solar  and  the  lunar  gravitational  potential. 

5. 3  Earth-Bound  Clocks 

If  one  clock  is  retained  at  the  equator  and  the  other  clock  is  moved 
to  some  higher  latitude,  the  second  clock  will  slow  down,  for  two 
relativistic  reasons: 

a.  Because  the  earth  is  not  a  sphere,  but  is  more  nearly  an 

ellipsoid  of  revolution,  ie,  elliptical  in  a  cross-section 
plane  containing  the  polar  axis,  surface  points  at  latitudes 
away  from  the  equator  are  closer  to  the  center  of  the  earth 
than  equatorial  points.  Therefore,  at  nigher  latitudes  the 
gravitational  potential  is  numerically  larger  than  at  the 
equator. 

k.  Higher-latitude  points  are  also  closer  to  the  polar  axis  than 
equatorial  points.  Since  all  surface  points  rotate  around 
the  polar  axis  at  the  same  rate,  ie,  2*  radians  in  one 
sidereal  day,  the  centrifugal  (acceleration)  force,  which  is 
proportional  to  distance  from  the  polar  axis,  becomes 
progressively  smaller  as  the  poles  are  approached. 

Both  these  effects  act  in  the  same  direction  to  alter  the  running  rate 
of  an  oscillator,  as  a  function  of  latitude.  Among  the  SCF  ground 
stations,  IOS  is  closest  to  the  equator,  and  OL-5  is  closest  to  a 
pole.  It  is  shown  in  a  later  section  that  a  clock  at  OL-5  will  lose 
time  relative  to  an  identical  clock  at  IOS,  in  fact,  by  100 
nanoseconds  over  a  period  of  0.54  day  (about  13  hours). 

5 . 4  One  Clock  in  Orb it 


If  one  clock  is  placed  aboard  an  orbiting  satellite,  that  clock  will 
gain  time,  ie,  run  faster,  than  an  earth-bound  clock,  again  for  two 
relativistic  reasons: 

a.  To  a  first  approximation  the  earth  is,  gravitationally 
speaking,  spherically  symmetric.  It  can  be  shown  that  the 
gravitational  potential  due  to  a  homogeneous  sphere  varies 
inversely  with  the  first-power  of  distance  r  from  the  center 
of  the  sphere.  Since  an  earth-orbiting  satellite  is  further 
from  earth's  center  than  is  the  surface  point, 

correspondingly  the  gravitational  potential  is  smaller.  For 
a  12-hour  circular  orbit,  the  orbit  radius  is  about  4.17 
times  the  earth's  equatorial  radius,  and  therefore,  the 
gravitational  potential  is  4.  17  times  smaller. 

When  a  satellite  is  in  a  (very  nearly)  (exactly)  circular 
orbit,  the  centrifugal  force  (very  nearly)  (exactly) 
counteracts  the  gravitational  force,  at  all  points  of  the 
orbit.  By  contrast,  on  earth's  surface  centrifugal  force 
never  counteracts  more  than  about  0.344  percent  of  the 
gravitational  force. 
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The  Orirth  is  in  fact  not  spherically  symmetric;  to  the  next 
aeqree  of  approximation  it  is  an  oblate  spheroid,  ie,  an 
ellipsoid  of  revolution.  Higher-order  approximations  are 
often  used  for  high-precision  orbit  calculations.  The^a 
efrects  -  often  associated  with  the  oblateness,  pear  shapi, 
and  "lumpiness"  of  the  earth  only  serve  to  introduce 
numerical  complexity  into  the  computation  of  orbits  and  deck 
rates;  the  central  facts  remain  that  the  gravitatior.al 
potential  acting  on  an  earth-orbiting  clock  is  substantially 
lower  than  at  the  surface,  and  that  centrifugal  force  very 
nearly  or  completely  counteracts  gravity  (for  nearly-circt.lar 
orbits)  . 

5 .  5  Relativistic  Geopotential 

Eg  (4)  contains  a  4>  term  and  a  V*  term  which  do  indeed  yielc  non- 
negligiblo  effects.  The  geopotential  term  has  the  form 


T  =  0/c  z  ,  (5) 


wnerein  <t>  is  the  gravitational  geopotential  at  a  point  in  space  (the 
gradient  of  <*,  ie,  A9,  yields  the  gravitational  acceleration  vector  of 
a  small  mass).  It  is  found  that,  for  points  on  the  earth's  surface,  4> 
has  a  value  around  7  *  1--*°;  this  value  varies  by  a  small  amount,  ie, 
by  rouqnly  4  or  5  parts  in  104,  from  point  to  point  around  the  earth. 
To  a  degree  of  approximation  which  includes  only  the  spherical-earth 
and  ooiateness  terms  for  earth's  geopotential,  $  can  be  shown  to  have 
the  form 


♦  -  -  <eor0/c2>{|  l-J2(l-3sin2f)/2R2]/R}  ,  (6) 


in  which 


g  =  acceleration  of  gravity  at  earth's  equator,  after  correction 
for  earth's  rotation  (centrifugal  force  correction) 

r  =  earth's  mean  equatorial  radius 
o 

t  =  latitude  of  a  place  on  earth's  surface 

R  =  distance  from  earth's  center  of  mass  to  the  point  having 

latitude  i  ,  measured  in  units  of  r  ;  JQ  =  geopotential  oblateness 

2  0  6 

coefficient  =  1. 082  *  10  . 
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It  is  easily  verified  that,  for  an  earth  modelled  as  an  ellipsoid  of 
revolution  (polar  axis  the  shorter)  , 


R  =  (1  -  1/0/  [sin2i  +  cos2i  (1  -  2/f  +  1/f2]  ^  , 


f  =  oblateness  factor  =  298. 30 


1/f  =  (difference  between  polar  radius  and  equatorial  radius)  4  (equatorial  radius) 

At  the  earth's  equator  the  mean  value  for  g  ,  after  correction  for 
rotation,  is  9.81360  m/sec2.  Earth's  mean  equatorial  radius  r  is 
6.37839  *  la6  m,  and  c  =  2.99792  *  10*  m/sec,  all  to  only  six 

significant  digits.  It  is  therefore  easily  verified  that  the 
following  values  of  $  are  obtaired  for  the  seven  SCF  stations,  the  STC 
(Sunnyvale)  and  Holloman  AFB  (White  Sands,  NM) ;  stations  are  listed  in 
Table  1  in  order  of  increasing  (less  negative)  $>  : 


’  ,1*  -J' 


TABLE  1 

RELATIVISTIC  GEOPOTENTIAL  FACTOR 


STATION 

ISZ* 

KTS 

NHS 

STC 

VTS 

HOL** 

HTS 

GTS 

IOS 


-6. 99380  E  -  10 
-6. 98578  E  -  10 
-6. 96603  E  -  10 
-6.97371  E  -  10 
-6. 97206  E  -  10 
-6.97119  E  -  10 
-6.96558  E  -  10 
-6.96281  E  -  10 
-6.96111  E  -  10 


*  A  fictitious  station.  Ice  Station  Zebra,  having  a  latitude  close  to 
OL-5. 


**  Holloman  AFB. 


PHILGO  488* 

Phllco-Ford  Corporation 
Wtstorn  DdwIspflMnt  Uboratorin  Division 


5.6 


Relativistic _Velocity_Term 


in  Eg  (4),  for  a  point  on  the  earth*  s  Jotting 
the  velocity  in  an  inertial  refer  •  .  where  us  is  the 
earth  the  magnitude  of  ^lsr^^S23h  56m  1.09s/ and  r  =  $Rr  = 
liilltll  rtToT^-s  2cer„fe1ranto‘,a  surface  point  having  latitude  < 


distance 
Therefore, 


V2  = 


2  2 

(u)  r  R  cos  (  )  /c 

K  S  0 


(8) 


i •  i n  Table  1  V2  is  listed  in  Table  2. 

For  the  same  stations  listed  in  iaDie  l,  v 

following: 


RELATIVISTIC  VELOCITY 


TABLE  2 

TERM,  SQUARED,  EARTH 


-BOUND  POINTS 


Eqns  (7)  and  (8) 


STATION 

V 

/  *  i 

ISZ 

0. 129 "22  E  - 

12 

,  O  3  ’ 

t  / 

KTS 

0.680.1  6  E  - 

12 

t  * 

N1IS 

1. 28*  .  t  E  - 

12 

STC 

1.51511  E  - 

12 

£  \  •> 

VTS 

1. 62935  E  - 

jl2 

HOL 

1.68969  E  - 

12 

IITS 

2.07988  E- 

12 

GTS 

2.27280  E- 

12 

IOS 

2.39104  E  - 

12 

,f  * 

' 1 


V 

4 
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TABLE  3 

GENERAL  RELATIVITY  CLOCK  SLIP  BETWEEN  GROUND  STATIONS 
Field  Station  TIME  SLIP  (PICOSECONDS/SECOND) 


NHS 

ISZ 

GTS 

HTS 

KTS 

IOS 

VTS 

HOL 

STC 

NHS 

.00 

-1.10 

.93 

.75 

-.57 

1.04 

.32 

.38 

.22 

ISZ 

1. 10 

.00 

2.03 

1. 85 

.53 

2.14 

1.42 

1. 48 

1.  32 

GTS 

-.93 

-2.03 

.00 

-.18 

-i.  50 

.11 

-.60 

-.55 

-.71 

HTS 

-.75 

-1.85 

.18 

.00 

-1.32 

.29 

-.42 

-.37 

-.53 

KTS 

.57 

-.53 

1.50 

1. 32 

.00 

1.61 

.90 

.95 

.79 

IOS 

-1. 04 

-2.14 

-.11 

-.29 

-1.61 

.00 

-.71 

-.66 

-.82 

VTS 

-.32 

-1.42 

.60 

.42 

-.90 

.71 

.00 

.06 

-.11 

HOL 

-.38 

-1. 48 

.55 

.37 

-.95 

.66 

-.06 

.00 

-.  16 

STC 

-.22 

-1. 32 

.71 

.53 

-.79 

.82 

.11 

.16 

.  00 

Positive  Slip  Means  Field  Station  Runs  Faster  Than  Reference  Station 
Negative  Slip  Means  Field  Station  Runs  Faster  Than  Reference  Station 
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TABLE  4 


GENERAL  RELATIVITY  CLOCK  SLIP  BETWEEN  GROUND  STATIONS 
TIME  (IN  SECONDS)  TO  SLIP  1  NANOSECOND 


Field  Station 

NHS 

ISZ 

GTS 

HTS 

KTS 

IOS 

VTS 

HOL 

STC 

NHS 

— 

-910 

1077 

1337 

-1746 

963 

3077 

2620 

4601 

§ 

ISZ 

910 

— 

493 

541 

1901 

468 

702 

675 

760 

a 

GTS 

-1077 

-493 

— 

-5540 

-666 

9056 

-1657 

-1829 

-1406 

■M 

tn 

HTS 

-1337 

-541 

5540 

— 

-757 

3437 

-2364 

-2730 

-1884 

o 

KTS 

1746 

-1746 

-1901 

666 

757 

— 

620 

1048 

1266 

c 

<D 

u 

o 

<*H 

o 

IOS 

-963 

-468 

-9056 

-3437 

-620 

— 

-1401 

-1522 

-1217 

VTS 

-3077 

-702 

1657 

2364 

-1114 

1401 

— 

17608 

-9293 

HOL 

-2620 

-675 

1829 

2730 

-1048 

1522 

-17608 

— 

-6082 

STC 

-4601 

-760 

1406 

1884 

-1286 

1217 

9293 

6082 

— 

TABLE  5 


GENERAL  RELATIVITY  CLOCK  SLIP  BETWEEN  GROUND  STATIONS 
Field  Station  TIME  (IN  DAYS)  TO  SLIP  1  CHIP 


NHS 

ISZ 

GTS 

HTS 

KTS 

IOS 

VTS 

HOL 

STC 

NHS 

— 

-1. 05 

1.25 

1.55 

-2.02 

1. 11 

3.56 

3.03 

5.33 

c 

o 

ISZ 

1. 05 

— 

.57 

.63 

2.20 

.54 

.81 

.78 

.88 

GTS 

-1.25 

-.57 

— 

-6.41 

-.77 

10.48 

-1. 92 

-2.12 

-1.63 

55 

HTS 

-1. 55 

-.63 

6.41 

— 

-.88 

3.98 

-2.  74 

-3.16 

-2.18 

8 

KTS 

2. 02 

-2. 20 

.77 

.88 

— 

.72 

1.29 

1.21 

1.46 

o 

IOS 

-1. 11 

-.  54 

-10.48 

-3.98 

-.  72 

— 

-1. 62 

-1.  76 

-1.41 

u 

VTS 

-3.56 

-.81 

1.  92 

2.  74 

-1. 29 

1.  62 

— 

20.38 

-10. 76 

1  o 

HOL 

-3.03 

-.  78 

2.12 

3.16 

-1.21 

1.  76 

-20.  38 

— 

-7.04 

I  * 

STC 

-5.33 

-.88 

1. 63 

2. 18 

-1. 46 

1.41 

10.76 

7.04 

— 

I 
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6.0  COMPUTATION  OF  CLOCK  SHIFTS;  GROUND  STATIONS 

Eq  (4)  may  be  used  to  compute  the  time-slip  (ie,  integrated  time 
difference)  of  two  perfect  clocks  located  at  different  ground  points, 
as  follows; 

Let  identical  oscillators  run  at  two  points  (r,t) ,  and  count  cycles  of 
oscillation.  Define  apparent  time  T  (viz,  station-measured  time)  as 
tne  total  count  N  times  the  local  oscillator  frequency.  Then 

Tr  »  Nfr  ,  Tt  =  Nft 

if  both  clocks  are  counted  the  same  number  of  counts.  Then,  if  the 
right-side  of  Eq  (4)  is  written  as  1  ♦  6,  and  ignoring  the  Doppler- 
shift  term,  it  follows  that 


or,  if 


fr  =  VN  =  ft  (1  +5 )  =  Tt  (1  +  6)/N 


AT  =  T  -T  , 
r  t 

At  =  <5ta 


6  =($t  -  4>r)  +  l 


(v/  -  V.2) 


Stated  in  simple  terms,  if  a  perfect  clock  at  station  t  runs  for  an 
elapsed  "time"  at  that  station,  as  determined  by  an  oscillator  count 
N,  another  clock  at  station  r  will  be  ahead  of,  or  behind,  as  6  is 
positive  or  negative,  the  t  clock,  when  station  r  elapses  through  the 
same  number  N  of  oscillator  cycles. 

Tables  1  and  2  may  be  used  to  compare  pairs  of  perfect  clocks  located 
at  the  listed  ground  stations.  Either  station  may  arbitrarily  be 
selected  as  the  reference,  and  the  other  station  is  then  to  be 
considered  the  remote  station.  Table  3  is  such  a  comparison;  the 
tabulation  indicates  the  time  slip  in  pico -seconds  per  second  (1  pico¬ 
second  =  10~i *  second) 

The  data  from  Table  3  may  be  used  to  compute  the  length  of  time 
required  for  the  remote  station  to  advance  (positive)  or  fall  behind 
(negative)  ,  relative  to  the  reference  station,  by  a  prescribed  amount 
of  time.  Tables  4  and  5  list  the  elapsed  times  for  a  slip  of  1 
nanosecond  (10_*  second)  and  100  nanoseconds  (1  chip  at  a  10  MHz 
rate) ,  respectively. 
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7.0  SUMMARY  OF  GROUND  STATION  EFFECTS 

Tables  3  tnrough  5  show  very  clearly  that  relativity  effects  in  the 
Gf 3  are  definitely  not  ignorable.  As  a  representative  example  from 
Taole  5,  tor  instance,  consider  VTS  to  be  the  reference  station.  At 
one  extreme,  the  ISZ  clock  will  fall  behind  the  VTS  clock,  slipping  a 
tull  100  ns  chip  in  0.81  day  (19n  27m),  or  9.65  chips  per  week,  or 
36.1  chips  in  a  30-day  month.  This  slip  rate  is  at  least  as  large  as, 
and  may  be  several  times  larger  than  the  non-relativistic  drift  rate 
of  high-quality  cesium-beam  clocks.  At  the  other  extreme,  if  Holloman 
AFB  is  the  remote  clock.  Table  5  shows  that  the  HOL  clock  will  run 
very  slightly  faster  than  the  reference,  in  fact,  requiring  almost 
three  weeks  (20.38  days)  to  slip  a  full  100  nsec  chip;  but  from  Table 
4  the  slip  amounts  to  1  nsec  in  only  17608  seconds  (4h,  53m,  28s), 

which  implies  that,  even  in  this  best  case,  a  1  nanosecond  adjustment 
should  be  allowed  for  several  times  a  day,  every  day. 

It  is  important  to  emphasize  that  relativistic  clock  slippages  have 
nothing  whatever  to  do  with  clock  imperfections;  this  effect  is  a 
property  of  nature  only.  In  the  GPS,  relativistic  clock  slippage  will 
show  up  as  systematic  timing  errors,  if  the  effect  is  ignored.  On  the 
other  hand,  the  effect  is  highly,  but  not  exactly,  predictable,  hence 
can  be  included  in  the  system  software.  The  effect  is  not  exactly 
predictable,  not  because  relativistic  theory  is  inadequate,  but  rather 
because: 


a.  Numerical  values  of  the  various  physical  constants  which 
enter  the  calculations  contain  uncertainties. 

b.  The  model  of  the  geopotential  contains  small,  but  finite, 
residual  errors. 

°*  station  altitude  should  be,  but  has  not  yet  been,  included  in 
the  model. 


8.0  RELATIVISTIC  CLOCK  SHIFT  FOR  SATELLITES 

For  a  satellite  (ie,  a  clock)  in  a  12-hour  quasi-circular  orbit  the 
cl ock  shift  relative  to  a  ground  station  is  very  substantially  larger 
than  the  maximum  occurring  between  two  ground-based  clocks,  for  two 
reasons: 


a.  A  12-hour  circular  orbit  implies  that  the  clock  is  about 
16520  st.  mi.  from  earth's  cenxer»  v/hich  is  very  nearly 
4.1768  equatorial  earth  radii.  Therefore,  the  gravitational 
potential,  given  by  Eq  (6)  ,  is  very  substantially  different 
(ie,  loss  negative)  than  for  a  ground  station. 
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b.  For  a  circular  satellite  orbit  the  centrifugal  force  exactly 
balances  the  pull  of  gravity,  whereas  for  an  earth  station 
the  centrifugal  force  never  amounts  to  more  than  about  0.3 
percent  (ie,  1/291)  of  the  pull  of  gravity.  In  fact,  for  a 
circular  orbit  around  a  spherical  earth,  V2  and  <t>  terms  in 
Eqns  (4)  and  (10)  are  exactly  equal  and  opposite;  but  in 
those  equations  one  must  combine  with  -V*/2. 

Here  we  compute  only  the  approximate  magnitude  of  the  satellite-earth 
clock  shift,  comparing  a  12-hour  circular-orbit  clock  against  a  single 
ground  station,  VTS.  Further  refinements  of  this  shift  rate,  and 
variations  during  the  12-hour  cycle,  will  be  discussed  in  a  subsequent 
section. 

In  Eq  (6)  let  R  =  4.1768,  and  ignore  the  oblateness  factor,  J2/2R2. 
Then  *  =  -1.66746  E  -10.  For  a  satellite  at  16520  st.  mi.  above 
earth's  center  the  in-track  velocity  is  computed  to  be  v  »  3866.83 
m/sec,  so  that  V  =  v/c  =  1.29011  E  -  05,  or  V2  =  1.66746  E  -  10, 
exactly  equal  to  *  . 

Now,  in  Eq  (10)  let  t  refer  to  the  satellite  and  r  to  a  receiver  at 
VTS;  values  offar.d  V2  for  VTS  are  contained  in  Tables  1  and  2, 
respectively.  Therefore,  in  Eq.  (10) 


5  =  (-1.66746  E-10  +  6.97206  E-10)  +  0.5  (1.62935  E-12  -  1.66746  E-10) 

or  <5  =  +4.47902  E-10  =  +  447. 902  E-12. 


The  satellite  clock  runs  faster  than  the  VTS  clock,  slipping  by 
447.902  picoseconds  per  second,  or  1  nsec  in  2.23  seconds,  or  100  nsec 
=  1  chip  in  223  seconds  (3h  43m) .  This  slip  rate  is  very  much  larger 

than  the  slip  resulting  from  cesium-beam  clock  imperfections,  and 
therefore,  very  much  needs  to  be  accounted  for  as  a  systematic 
correction. 
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9.0  CIRCULAR  ORBIT  CONSIDERATIONS 

It  a  gravitationally-attracting  body  is  spherically  symmetric  it  is 
easily  demonstrated  that  its  gravitational  potential  is  given  by  the 
relation 


<t>  =  -GM/r 


(11) 


and  tne  force-of-gravity  vector  f  on  a  test  object  is  given  by 

T  =  -  7  G  Mm/r2 


(12) 


C  =  universal  constant  of  gr aviation 
M  =  mass  of  the  attracting  body 
m  =  mass  of  test  object 

r  =  distance  from  the  center  of  the  attracting  body 
r  =  a  unit  vector,  having  the  direction  cx  increasing  r,  ie,  directed 
away  from  the  center  of  the  x  ttr  acting  body. 


If  the  test  object  is  allowed  to  fall  freely  from  infinity  to  a  finite 
distance  r  the  work  W  done  on  the  object  is  calculated  as  follows: 


dW  =  7 •  dr  =  |-r  GM/r^)  •  (-rmdr)  -  GMmdr/r  , 

and  the  total  work  W  is  the  integral  of  the  above,  from  infinite 
distance  to  r,  ie 

r 

W  =  /  (GMm/r2)  dr  :  -  GMm /  a  0  (r).  (13) 


The  negative  sign  simply  indicates  that  the  test  object  has  lost 
potential  energy;  in  the  process  of  so  doing  the  object  gains  kinetic 
er.erqy  of  motion,  1/2  mv*,  computed  as  follows  (v  =  free-fall 
velocity  at  distance  r)  : 


f  =  ma  =  md2r/di2  =  '  GMm/r2. 
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Tneref ore, 

d2r/dt2  =  GM/r2. 


Multiply  through  by  2  dr/dt  to  obtain 
2  2 

2  dr/dt  d  r/dt  =  £  (dr/dt)2  =  -  (2  GM/r2)  dr/dt 
a  further  multiplication  by  dt  yields 

d  (dr/dt)2  =  -2  GM  dr/r2  =  +  2  GM  d{~)  > 


so  that  both  sides  are  total  differentials.  Integration  between  the 
limits  of  infinity  and  r  yields  the  result 

(dr/dt  )  2  =  2  GM/r  . 

But  the  left  side  of  this  equation  is  simply  the  square  of  the  free- 
fall  velocity,  v  ,  and  the  right  side  is  simply  -2*.  Therefore, 
v  =  -2*  at  any  distance. 

* 

Now,  if  the  test  object  is  placed  in  a  circular  orbit  of  radius  r  its 
orbital  velocity  v  can  be  computed  upon  equating  centrifugal  force 
(acting  in  the  positive  r  direction)  to  the  negative  of  gravitation 
force  (acting  in  the  negative  r  direction) ,  ie, 

2 

mv  0  /r  =  +  (G  Mm/r2)  ,  or  (14) 

2 

vq“  =  +  GM/r  =-0 

For  nearly  circular  orbits  vQ2  and  generally  will  not  be  exactly 
equal  to  all  points. 

This  shows  that 

2  ? 
vo  =  vf  / 2 


for  any  distance  r;  in  other  word3,  the  velocity-squared  of  an  object 
in  a  circular  orbit  o.c  radius  r  is  exactly  half  the  velocity -squared 
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tnat  tne  object  would  have,  at  the  same  distance  r,  it  it  had  fallen 
in  from  infinity. 

ihe  public  press  often  speaks  of  a  "zero-gravit>"  condition  existing 
inside  an  earth-oroiting  satellite  (such  as  SKYLAB) .  In  actuality, 
the  zero-gravity  condition  -  that  is,  exact  balance  of  gravity  and 
centrifugal  forces  -  occurs  only  at  the  mass  center  of  the  satellite, 
and  at  points  within  the  satellite  having  exactly  the  same  distance 
from  earth's  center.  At  all  other  points  gravity  and  centrifugal 
force  do  not  exactly  balance,  and  therefore,  a  force  gradient  does 
exist  inside  the  spacecraft.  On  the  other  hand,  the  force  gradient 
may  be  so  small  as  to  be  considered  zero  for  some  practical  purposes, 
but  certainly  not  for  the  purpose  of  executing  a  precise  calculation 
of  the  running  rate  of  a  perfect  clock! 


10.0  CLOCK  SHIFT  FOR  A  TRACE-COMPUTED  ORBIT 
10.1  Outline  of  Calculations 

Standard  reference  works,  such  as  Moeller's  "Theory  of  Relativity", 
Oxford  Press,  1952,  may  be  consulted  for  the  derivation  of  formulas 
givinq  the  frequency  of  an  oscillator  in  a  gravitational/acceleration 
environment.  In  all  such  formulas  one  finds  the  gravitational 
potential  and  clock  velocity- squared  both  divided  by  the  square  of  the 
velocity  of  light.  When  these  ratios  are  small  as  they  are  for  earth¬ 
orbicing  satellites  approximate  formulas  may  be  used  to  compute  clock 
shifts. 

For  an  earth-orbiting  satellite  one  may  compute  *  along  the  orbit,  as 
a  function  of  the  satellite  coordinates,  relative  to  a  coordinate 
system  fixed  in  the  rotating  earth.  Similarly,  the  spacecraft 
velocity  v  may  be  computed. 

Tne  geopotential  of  the  earth  is  a  complicated  function  of  position 
relative  to  the  earth.  If  the  position  of  a  spacecraft  is  qiven  in 
terms  of  earth-centered  latitude,  longitude  and  distance  from  earth's 
center  of  mass,  the  potential  is  expressible  as  the  summation  of  a 
series  of  zonal,  sectoral  and  tesseral  harmonics.  Tens  or  even 
hundreds  of  such  terms  are  required  for  high-precision  orbit 
calculations;  however,  since  the  computed  relativistic  clock  shift  for 
an  orbiting  clock  is  very  l mall,  percentagewise,  the  geopotential 
expression  may  be  greatly  simplified  for  computing  the  relativity 
shift,  as  indicated  by  Eg  (6)  . 

TRACE  b b  does  not  employ  a  geopotential  expression  directly  for 
orbital  computations,  and  ♦  is  not  computed  for  the  orbit  integiation 
steps.  One  must  take  the  data  which  TRACE  does  compute  and  print, 
namely  satellite  coordinates  and  velocity,  and  using  this  data  perform 
a  subsidiary  evaluation  of  Eq  (6)  ,  for  each  integration  step. 
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The  following  technique  was  used  to  compute  the  clock  shift  for  a 
representative  12-hour  orbit: 

a.  A  TRACE  66  run  was  made  for  the  purpose  of  computing  a 

trojectory  over  a  12-hour  period,  very  nearly  circular  orbit 
(refer  to  TRACE  66  run  sec  69M)  . 

b.  Velocity  values  at  1-hour  integration  intervals  were  printed 
out;  certain  of  these  numbers  were  used  to  compute  V  in  Eq 
(4)  . 

c.  The  geopotential  $>t  in  Eq  (6)  was  hand-computed,  using  radius 
and  latitude  values  from  the  TRACE  run,  and  using  a  two-term 
model  of  the  earth's  geopotential,  ie,  the  spherical- earth 
and  oblateness  terms  only, 

d.  The  clock  shift  rate  6  in  Eq  (4)  was  computed  for  only  four 

(4)  points  of  the  orbit,  ie,  ascending  node  (satellite 
crossing  the  equator  from  south  to  north) ,  maximum  north 
latitude,  descending  node,  and  maximum  south  latitude.  The 

comparison  station  was  VTS;  values  of  0 r  and  V  for  this 

station  are  provided  in  Tables  1  and  2. 

Table  6  summarizes  the  orbital  calculations.  This  table  reveals  three 
facts  of  significance  to  this  memo,  namely: 

a.  At  the  four  points  computed,  v*  is  very  nearly  equal  to  -0, 
in  accordance  with  very  nearly  circular  orbit  considerations 
(see  Eq  (14),  section  9). 

fc*  The  average  clock  shift  rate  between  the  satellite  and  VTS  is 
Dy  no  means  negligible;  but,  in  fact,  every  second  the 
satellite  clock  gains  448  picoseconds  relative  to  VTS.  This 
slip  rate  amounts  to  100  nsec,  or  one  full  GPS  PN  chip,  in 
223  seconds,  less  than  4  minutes. 

c.  The  clock  slip  rate  is  extremely  constant,  in  fact  varying 
(cyclically,  if  not  exactly  periodically)  above  and  below  tha 
average,  by  one  1  part  in  13532  of  the  mean  itself. 

10.2  Discussion  of  Computed  Results 

The  computed  satellite  -  VTS  relativistic  clock  shift  is  very 
definitely  large  enough  to  require  inclusion  in  the  system  software. 
The  sample-of-one  calculation  indicates  that  the  variation  of  the 
shift  rate  is  negligibly  small  over  a  12-hour  orbit,  thus,  suggesting 
that  a  sufficient  calculation  would  be  concerned  only  with  the  average 
shift  rate. 

Unfortunately,  if  variations  in  the  clock  shift  rate  resulting  from 
the  sun's  gravitational  potential  are  computed  it  is  found  that  the 
variations  are  not  small  enough  to  be  ignored.  Only  a  few  simple 
computations  have  been  performed  on  the  solar  effect;  these 
computations  make  it  clear  that  the  relativity  model  treated  ir 
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Section  10.1,  considering  the  earth’s  geopotential  variations,  is  by 
far  the  dominant  effect  -  therefore,  the  first  order  of  business  would 
be  a  proper  inclusion  of  this  model  in  the  overall  system  processing 
software. 

In  the  operational  system  TRACE  66  or  its  equivalent  be  used  to 
compute  and  predict  orbits;.  Ordinarily  TRACE  does  not  compute 
geopotential,  nor  heliopotential,  but  TRACE  does  include  the 
geopotential  formulae.  It  would  therefore  be  necessary,  but  simple, 
to  modify  TRACE  such  as  to  compute  geopotential,  and  the  corresponding 
clock  soift  for  selected  integration  steps  of  each  satellite  orbit. 
Heliopotential  should  also  be  included  in  order  to  compute  the  clock 
shift  variations  over  a  2 4- hour  period. 

This  procedure  would  utilize  predicted  orbit  position  and  velocity 
data  to  compute  <t>  and  v  in  Eq  (4)  ,  and  with  the  corresponding  data  for 
a  selected  ground  reference  point,  say  VTS,  the  satellite  clock  shift 
rate  could  then  be  computed.  The  computation  should  be  repeated  for  a 
number  of  predicted  orbit  points,  perhaps  for  every  half-hour  or  one- 
hour  of  orbit  position. 


11.0  SOLAR  PERTURBATION 

11.1  Introduction 

Variations  in  the  clock  shift  rate  due  to  the  sun  are  small,  but  are 
not  negligible  in  the  GPS  system.  In  fact,  it  will  be  shown  that 
clock  shift  rate  variations  due  to  the  sun  amount  to  as  much  as  about 
1  part  in  200. 

In  other  words,  the  satellite  clock  does  not  gain  a  fixed  448 
picoseconds,  but  can  gain  as  much  as  450.2,  or  as  little  as  445.8 
picoseconds  per  second,.  depending  upon  instantaneous  relative 
distances  oi  the  satellite  and  the  earth  ground  point  from  the  sun. 
Although  such  a  small  variation  may  appear  at  first  glance  to  b.o 
negligible,  the  effect  is  cumulative,  such  that  over  a  6-hour  period 
the  satellite  clock  will  be  ahead  or  behind,  by  as  much  as  about  18 
nanoseconds,  as  compared  with  a  computation  ignoring  the  solar  effect. 

11.2  Outline  of  the  Calculation 

In  Eg  (4)  a  formula  is  given  for  the  slip  rate  between  two  clocks 
experiencing  relativistic  effects. 

Tne  coordinate  system  is  an  inertial  system,  centered  at  earth's 
center  of  mass,  but  fixed  relative  to  the  distant  stars  In  this 
system  an  earth  station  rotates  around  earth's  polar  axis  at;  a  fixed 
angular  rate  «e  ;  <•  satellite  in  a  circular  orbit  rotates  at  a  very- 
near  ly  constant  angular  rate  u,  ;  both  the  earth  station  and  the 
satellite  experience  a  varying  distance  from  the  sun. 
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For  the  purpose  of  calculating  the  solar  perturbation  it  is  adequate 
to  consider  the  earth  and  the  sun  as  gravitational  point  masses;  this 
approximation  permits  us  to  use  only  the  spherical-mass-distribution 
term  to  represent  geopotential  and  heliopotential. 

The  calculation  is  performed  here  under  the  following  assumptions: 

a.  satellite  orbit  is  circular  (fixed  distance  a  from  earth’s 
center  of  mass) 

b.  The  "orbit"  of  the  ground  station,  rotating  around  earth’s 
polar  axis,  the  satellite  orbit,  and  the  sun  all  lie  in  the 
same  plane  (refer  to  Figure  1). 

It  will  become  clear  that  this  is  a  worst-case  calculation,  but  it 
will  also  be  discussed  that,  in  the  SPS  system  this  worst-case 
condition  can  be  closely  approached. 


Upon  referring  to  Figure  1  it  can  be  verified  that,  for  the  satellite, 

(15) 


vt  =  au>t 


0te  =  -  GMe/a  =  geopotential  at  the  satellite, 


(16) 


0tg  =  -  GMs/(d  -  a  cos  9^)  =  heliopotential  at  the  satellite. 


(17) 


and  for  the  ground  station. 


v  -  rQu) 
e  °  e 


(18) 


=  -  GMe/rQ  =  geopotential  at  the  ground  station, 


(19) 


0  =  -  GMs/(d  -  r  cosGe)  =  heliopotential  at  the  ground  station  (20) 

rs  o 

In  the  above  expressions  Me  and  Ms  are  the  earth’s  and  the  sun's 
masses,  respectively,  and  G  is  the  universal  gravitational  constant. 

In  Eq  (1) # 

.  2  2.2 

=  (0te  +  0ts)/c  »  Vt  =  vt  'c  and  similarly  for  <fr^  andVr. 
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In  section  9,  £q  (14),  it  was  shown  that,  for  a  circular  orbit  the  in¬ 
track  velocity,  squared,  is  just  equal  to  the  negative  of  the 
qeopotential  at  the  satellite;  in  other  words  combination  of  Eqns  (15) 
and  (16)  above  lead  to  the  result 

G  =  a3a>t2/Me-, 

tnis  result  may  be  used  to  eliminate  G  explicitly  from  Eqns  (16), 
(17),  (19),  and  (20).  One  may  then  substitute  Eqns  (15)  -  (21)  into 
Eq  (4) ,  note  that  both  a  and  r  are  much  less  than  d  (numerical  values 
are  tabulated  in  Table  7)  ,  and  obtain  the  approximate  result 


2X  2 
c  6  =  -  awj 


3/2  -  a/  -  1/2  (ro/a)2  (we/ cut)2 
ro  i 

/  _  /  Jv  /Kf  n  /l  I  9- Q 


+  (a/d)  (Ms/Me)  J  cos  ©t  -  cos  e ^ 


TABLE  7 

PHYSICAL  CONSTANTS 


QUANTITY 

a,  12-hour  orbit  radius 

ro,  earth’s  equatorial  radius 

ojg ,  earth’s  rotation  rate 

wj,  satellite  rotation  rate 

d,  mean  earth-sun  distance 

M  ,  earth’s  mass 
G 

Ms,  sun's  mass 
c,  velocity  of  light 

DERIVED  RATIOS 
»/ro'  ro/a 


M  /M 


NUMERICAL  VALUE 


26610  Km 
6378  Km 

2  *  radians  per  sidereal  day 
2  *  we  (12-hour  orbit) 

1. 50*  *  108  Km 

94 

5*  98  *  10  Kg 
1. 99  *  1030  Kg 


3  *  108  m/sec 


VALUE 


4.172,  0.2397 
1.774  *  10'4 
4.252  *  10 "5 
3. 33  *  105 
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Substitution  of  numerical  values  from  Table  7  leads  to  the  expression 


=  +  448 


.477  *  l<f 12  jl  -  0.0039303  cos  ©t  +  0.000942  cos©rj  . 


(23) 


It  is  now  noted  that,  because  both  the  satellite  ani  the  ground 
station  are  moving. 


0t  =  6ot  +  Ta>t  ’ 


0 

oe 


+  Tcj 

e 


(24) 


in  which  T  =  time  measured  from  an  arbitrary  zero  reference,  and  dot, 
0 oe  are  the  position  angles  of  the  satellite  and  the  ground  station  at 
T  =  0.  Consequently  6,  computed  from  Eq  (23),  has  an  average  value-  of 
448  *  10a12,  and  possesses  two  small  cyclic  components,  one  have  a  12- 
hour  period,  the  other  with  a  24- hour  period. 

The  quantity  6  in  Eq  (23)  is  a  dimensionless  quantity  which  represents 
the  relative  difference  of  rates  between  two  clocks,  ie,  one  clock  (in 
the  satellite)  is  running  about  448  parts  in  10 12  faster  than  the 
other  clock  (on  the  ground) .  In  order  to  compute  the  net  time  slip 
between  the  two,  one  must  integrate  6  from  an  initial  time  T  =  To  to 
some  later  time  T(  .  This  time  difference  Do,  is  easily  found  to  be 
represented  by 


D  =  0.448477  (T{-T0)  -  11. 69  (sin  (0Qt  +  Tfwt)  -  sin  (0ot  +  To"!1]  (25) 
+  5.75  sin(9oe  +  T,Ue)  -  sin  (6^  +  nanoseconds. 

with  Tj  and  Tq  expressed  in  seconds. 
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11.3  Interpretation  of  Calculation 

The  first  term  on  the  right  side  of  Eq  (25)  represents  a  linear- 
increasing  time  difference  resulting  from  the  fact  that  the  satellite 
clock  is  further  from  earth's  center  than  the  ground-based  clock. 
This  term  accumulates  to  a  time  slip  of  1  nanosecond  every  223  seconds 
(J  minutes,  43  seconds)  of  lapsed  ground  station  time. 

The  two  sinusoidal  terms  in  Eq  (25)  represent  small  variations  above 
and  oelow  the  linearly-increasing  time  slip.  Depending  upon  the 
initial  angles  0ot,  and  Soe  these  two  sinusoids  will  combine  inphase 
positive,  or  inphase  negative,  once  in  each  24-hour  period.  When  the 
terms  are  inphase  the  clocks  will  differ  by  11.69  +  5.75  =  17.44 
nanoseconds,  above  or  below  the  time  difference  computed  from  the 
(much  larger)  linearly  increasing  term. 

For  example,  if  To  *  Sot  =  0  and  Soe  =  90°,  then  after  9  hours  (33,400 
seconds)  the  linear  term  will  have  increased  by  0.448,447  *  33400  = 
14960  nanoseconds;  at  this  time  the  sinusoidal  terms  will  be  inphase 
positive,  indicating  that  the  satellite  clock  is  an  additional  17.4 
nanoseconds  ahead  of  the  ground. 

Tnus,  the  solar  effect,  although  considerably  smaller  than  the  linear 
term,  nevertheless  must  be  considered  when  time  differences  of  a 
nanosecond  or  more  are  significant. 

11.4  Lunar  Perturbations 

The  moon  also  produces  small,  but  negligible,  clock  shift  variations. 
In  order  to  demonstrate  that  these  perturbations  are  in  fact 
negligible,  Eq  (22)  ma"  be  used  again,  but  with  the  moon's  mass  Mm 
replacing  the  solar  mass  Ms,  and  with  the  average  earth-moon  distance 
dem  replacing  the  average  earth-sun  distance  d.  Standard  references 
list  Mm  =  7.35  *  10*2  Kg,  dem  =  3.84  *  10s  Km.  When  these  values  are 
used  in  Eq  (22),  and  the  result  converted  into  forms  equivalent  to 
Eqns  (23)  and  (25)  ,  it  is  found  that  the  sinusoidal  variation  terms 
are  smaller  by  a  factor  of  178  than  the  terms  due  to  solar 
perturbations.  Therefore,  in  Eq  (25)  the  linear  term  is  all  that  is 
required;  the  other  two  terms  never  contribute  a  deviation  of  more 
thai  17. 44/178  =  0.098  nanosecond.  For  this  reason  lunar 
perturbations  are  considered  negligible. 

1 1 . 5  Consideration  of  Other  Orbits 

The  analysis  given  above  is  for  the  special  case  wherein  the  ground 
station  motion,  the  satellite  motion,  and  the  earth-sun  direction  line 
all  lie  in  the  same  plane.  More  generally,  the  satellite  and  ground 
station  move  in  different  planes,  neither  of  which  contains  the  earth- 
sun  direction  line. 

Tiie  solar  relativistic  effect  on  the  GPS  system  is  caused  by  the  solar 
gravitational  potential  acting  at  the  satellite  *\nd  at  the  ground 
station.  This  effect  varies  cyclically,  as  the  sun-satellite  and  sun- 
ground  station  distances  constantly  vary. 
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It  the  ground  station  is  located  at  a  high  latitude  (KTS,  Ou-5)  then 
the  sun-ground  station  distance  would  be  more  nearly  constant  than  for 
a  ground  station  at  or  near  the  equator  (ICS).  In  this  case  the  term 
in  cos  dr,  in  Eqns  (12)  and  (23)  would  possess  a  smaller  coefficient; 
tor  a  station  located  at  a  pole  the  coefficient  would  vanish. 

When  the  satellite  orbit  is  inclined  relative  to  earth's  equator  (such 
as  the  so-called  SIGMA  orbits,  with  inclination  of  63°)  the  direction 
of  a  normal  to  the  orbital  plane  relative  to  the  earth- sun  direction 
line,  is  a  vital  parameter.  If,  at  one  extreme,  these  two  directions 
happen  to  coincide,  then  over  a  24-hour  period  the  satellite  revolves 
around  the  earth  at  an  almost  constant  distance  from  the  sun.  In  this 
case  tne  cos  0t  term  in  Eqns  (22)  and  (23)  vanishes.  (Refer  to  Figure 
2a. ) 


At  the  other  extreme,  if  the  satellite  orbital  plane  contains  the 
earth-sun  directions  line  then  the  satellite-sun  distance  experiences 
the  maximum  possible  variation  through  one  satellite  period.  This  is 
the  condition  reflected  in  Eqns  (22)  and  (23) ,  and  illustrated  in 
Figure  2b. 

The  earth's  equatorial  plane  is  tilted  23.5°  relative  to  the  earth's 
orbital  plane  around  the  sun  (the  ecliptic)  .  If  *  satellite  orbit.  is 
inclined  66.5°  it  would  be  possible  for  the  orbital  plane  to  lie 
exactly  perpendicular  to  the  earth-sun  line.  (See  Figure  3) .  During 
the  24-hour  period  wherein  this  condition  occurred  the  cos  0t  term  in 
Eqns  (22)  and  (23)  would  virtually  vanish. 

However,  several  weeks  later,  when  the  earth  has  revolved  about  90° 
around  the  sun,  and  the  satellite  orbit  has  precessed  around  the 
earth,  it  would  be  possible  for  the  orbital  plane  of  the  satellite  to 
then  contain,  or  nearly  so,  the  earth- sun  line.  Cn  this  date  the 
relativistic  satellite  clock  rate  variation,  would  be  at  a  maximum. 

Because  the  SIGMA  orbits  are  inclined  63°,  very  close  to  66.5°  the 
day-to-day  variations  explained  above  would  be  closely  approached  by 
satellites  in  such  orbits. 

In  tne  GPS  Phase  I  configuration  satellites  will  revolve  in  two 
planes,  separated  by  60°  (or  120°) .  In  general  the  satellites  in  a 
given  plane  will  experience  much  the  same  relativistic  time  shift 
variations,  except  that  two  satellites  at  differing  phases  will  have 
the  maxirpa  and  minima  of  their  rate  shifts  correspondingly  separated 
in  time  (that  is,  in  Eqns  (23)  and  (25) ,  the  initial  phase  0ot  would 
oe  satellite-peculiar)  . 

Satellites  in  two  different  planes  would  not  in  general  experience  the 
same  time  shifts,  because  the  earth-sun  line  would  make  different 
angles  to  the  perpendiculars  to  the  orbital  planes.  Thus,  the 
relativistic  time  shift  variation  will  be  unique,  although 
predictaole,  for  each  individual  satellite. 
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SUN 


(a)  SATELLITE  ORBIT  PERPENDICULAR  TO  EARTH-SUN  LINE; 
SUN-SATELLITE  DISTANCE  ESSENTIAL!,  v  FIXED 


(b)  SATELLITE  ORBITAL  PLANE  CONTAINS  EARTH-SUN  LINE 


Figure  2  Two  Orientations  of  Satellite  Plnne 
Relative  to  Earth-Sun  Line 
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11.6  Prediction  of  the  Relativity  Shift 

In  the  operating  GPS,  system  computers  will  maintain  predictions  of 
the  orbits  of  all  satellites,  and  the  orbital  predictions  will  contain 
solar  perturbation  effects,  as  well  as  satellite  in-track  velocity. 
The  relativistic  time  shift  discussed  in  this  memorandum  can  be 
handled  oy  having  the  computer  also  compute  the  geopotential  and 
heliopotential  acting  on  both  the  satellite  and  a  reference  qround 
point,  then  making  use  of  Eq  (4)  . 

This  computation  does  not  in  any  way  change  the  procedure  for 
predicting  orbits.  It  does  require  relativly  simple  additional 
computation,  which  involves  the  gravitational  potentials  themselves, 
and  not  their  gradients.  On  the  other  iiand,  whereas  dozens  of 
qeopotential- gradient  terms  may  be  used  for  orbital  predictions,  only 
the  first  two  terms  (spherical  earth  and  oblateness  terms)  are 
required  for  the  relativity  computation,  as  per  Eq  (6),  and  the  sun 
may  be  treated  as  a  homogenous  sphere. 

Unfortunately,  the  solar  effect  is  large  enough  that  it  cannot  be 
ignored;  on  the  other  hand  it  is  fortunate  that  the  effect  is 
prediccaole,  and  that  the  solar  effect  is  the  only  perturbation  which 
must  be  considered  (ie,  lunar  and  planetary  perturbations  are 
iqnorable) . 


12.0  MODELLING  THE  CLOCK  SHIFT 

12.1  Introduction 

In  Eq  (25)  it  is  shown  that  the  clock  rate  difference  between  a  clock 
in  a  12-hour  earth  orbit  and  an  identical  clock  on  the  ground  can  be 
expressed  in  the  form  (refer  to  Figure  4) 

6  =  A  [l  -  B  cos  <eQt  +  tm)  +  C  cos  (©^  +  tW0)]  (26) 


in  which 


A  -  a  constant,  approximately  148  *  10 
B  =  a  constant  (over  a  24-hour  period) 

C  =  a  constant  (over  a  24 -hour  period); 

It  was  also  argued  that  B  may  be  as  large  as  about  0.0039,  or  that  it 
may  be  very  close  to  zero,  depending  upon  how  the  satellite  orbital 
plane  is  oriented  relative  to  the  earth-sun  line. 

Similarly,  C  may  be  as  large  as  0.000942  for  an  earth  station  at  a  low 
latitude,  or  very  nearly  zero  for  a  earth  station  near  one  of  earth's 
poles  (KTS,  OL-5) . 
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In  Eq  (26) ,  6  is  the  rate  difference;  the  integral  of  6  with  respect 
to  time  represents  the  actual  .indicated  time  difference  of  the  two 
clocks. 


The  leading  term  of  Eq  (26)  is  the  constant  A,  which  is  very  nearly 
448  *  1 0— 1 2 ;  this  term  represents  the  average  rate  difference.  In  an 
elapsed  time  T,  with  a  given  value  A,  the  accumulated  (average)  time 
difference  D  is  simply 


D  =  AT 


Suppose  constant  A  is  in  error  by  an  amount  c.  Then  the  accumulated 
(average)  time  difference  will  be  D  ♦  A,  ie 


D  +  A  =  (A  +  *)T  =  AT 
A  =  cT,  e  =  A/T. 


eT  =  D  +  cT 


,  or 


We  may  consider  A  as  the  (average)  time  difference  error,  due  to 
incorrect  statement  of  the  average  rate  difference. 


Suppose  we  wish  to  keep  this  error  below  1  nanosecond.  Then,  for  1 
hour  or  for  24  hours  c  is  computed  to  be 


t  (1-hour)  =  10a*  second/3600  seconds  =  0.278  *  10-1* 


t  (24-hours)  =  10-*  second/86400  seconds  =  1.158  *  10-14 


Since  A  is  about  448  *  10-**,  «  (1-hour)  is  smaller  than  A  by  1  part 
in  448/0.278  *  1620  parts;  correspondingly,  c  (24-hours)  is  smaller 
than  A  by  1  part  in  448/0.01158  =  38700  parts. 


If  constant  A  is  represented  by  a  binary  number,  the  numbe.i:  must 
contain  sufficient  bits  to  avoid  round-off  errors.  In  order  to 
guarantee  that  A  will  not  be  in  error  by  more  than  1  ptirt  in  1620  (or 
38700j,  the  number  of  bits  for  the  two  cases  must  be,  respectively,  11 
bits  (2 *  *  =  2048)  and  16  bits  (2»*  =  65536). 


Therefore,  if  Eq  (26)  is  used  to  predict  the  relativistic  clock  shift 
for  1  hour  or  24  hours,  constant  A  must  be  represented  by  at  least  11 
bits,  or  16  bits,  respectively. 
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1 2.2  Worst-Case  Variations 

'Hie  worst  case  of  the  cosine  terms  in  Eq  (26)  occur  if  the  initial 
time  is  zero,  and  if  (Jot  =  ±90°.  (Refer  to  Figure  5.)  Then 

D  =  Jfidt  =  AT  -  AB  J  *  sin  (i  tu>t)  dt  +  AcJ*  Q  sin  ( ±  t  uQ)  dt 

=  AT  (1=F  cos  (T u  t))  +  U*  sin  (T^));  (27) 


In  Eq  (27)  the  worst  case  of  tne  second  term  occurs  if  Tut  =  ±w. 
Since  B  evidently  never  exceeds  aoout  1/254,  and  since  ut,  the 
satellite  angular  rate,  is  2»/43200  radians  per  second,  the  magnitude 
oi  the  second  term  never  exceeds 

2  *  44b  *  10-*2  *  (1/254)  *  43200/2*  =  24.25  nanoseconds. 

The  uncertainty  in  this  quantity,  due  to  finite  bit  count,  will  be 
less  than  1  nanosecond  if  2AB/ut  is  expressed  by  5  bits  (25  =  32) . 
Since  the  uncertainty  in  A  cannot  exceed  1  part  in  1620,  and  since  the 
period  of  the  satellite  will  be  known  to  1  second  (or  much  better) , 
implying  that  ut  is  known  to  at  least  1  part  in  43200  parts,  all  the 
uncertainty  in  2AB/ut  can  oe  attributed  to  B.  Therefore,  B  must  be 
represented  by  at  least  5  bits. 

Similarly,  the  worst  case  of  the  third  term  in  Eq  (27;  amounts  to 
2AC/ue.  Here  C  is  evidently  not  larger  than  1/941.  and  ue ,  the 
earth's  angular  rate,  is  2ir/86400  radians  per  second.  Therefore  the 
worst  case  of  this  third  term  never  exceeds 

2  *  448  *  10-1*  *  (1/941)  ♦  86400/2*  =  12.  75  nanoseconds. 

As  berore,  the  uncertainty  in  this  quantity,  due  to  finite  bit  count, 
can  De  attributed  to  C,  which  must  be  given  to  1  part  in  12.75  parts, 
requiring  at  least  4  bits  (24  =  16)  . 

In  order  to  avoid  compounding  of  roundoff  error  both  B  and  C  should  be 
represented  as  at  least  6-bit  words.  In  fact,  since  the  two  phase 
angles  in  Eq  (1)  require  6  and  7  nits,  respectively,  all  quantities 
except  A  in  Eq  (26)  should  be  represented  by  8  bits. 

1c. 3  Initial  Phase  Angles 

Tr.e  phase  angles  (Jot  and  (Joe  in  Eq  (26)  have  an  impact  on  (1)  the 
maximum  deviation  of  the  integrated  clock  time  difference  and  (2)  the 
time  at  which  that  maximum  occurs  (see  figure  2) .  The  integral  of  the 
second  term  in  Eq  (26)  is  sufficient  to  size  the  bit  count  required 
tor  those  two  phase  argles. 
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NOTE:  INITIAL  PHASES  OF  BOTH  12-HOU3 
AND  24- HOUR  TERMS  VARY  FHOM 
STATION- TO-STATION  AND  FROM 
DAY-TO-DAY  AND  ARE  SATELLITE- 
PECULIAR  PHASES  OF  THE  SINU¬ 
SOIDAL  TERMS,  AND  AMPLITUDES 
OF  ALL  THREE  TERMS  ARE  PRE¬ 
DICTABLE,  GIVEN  THE  ORBITS 
AND  THE  GROUND  STATION  LOCATION 


Figure  4  Components  of  the  Clock  Rate  Variation 
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rno  integral  between  0  and  T  of  the  middle  term  of  Eq  (26)  is 


,  AB  f  sic.  /e  +  T  \ 
d  "  wt  L  \  ot  wt/ 


sine  ,  . 
ot 


From  the  discussion  given  aoove,  hh/ut  never  exceeds  12.13 
nanoseconds . 

The  time  T  at  which  d  is  a  maximum  (cr  minimum)  is  obtained  by 
ditrerentiating  Eq  (28)  partially  with  respect  to  T,  and  setting  the 
derivative  to  zero.  This  yields  the  result 

tan  (Tw£ )  =  cot  0q; 

upon  using  this  result  in  Eq  (28)  it  follows  that 


d  =  AB/  ,  /l  -  sine  \  . 
max  'cot  \  ot  / 


Now,  tne  derivative  of  dmai(  with  respect  to  flot  gives  the  rate  at 
which  the  maximum  integrated  time  error,  due  to  the  middle  term  in  Eq 
(26)  ,  varies  with  respect  to  fch^>  phase  angle  flot;  this  derivative  is 
simply 


®^max/dflot 


=  "  AB/ 


‘*'1  cos  $  nanoseconds  per  radian, 
o 


and  this  expression  has  the  maximum  magnitude  i.i  9 
the  error  in  dmax  due  to  an  error  €  in  fl  is  given  By 


=  ±90°.  Thus, 


fi(d  ,<ABf  s  12. 13 
v  max' 


nanoseconds. 


I£  (dmax)  is  not  to  exceed  1  nanosecond,  then  «  may  not  exceed 
1/14.13  radians.  Since  flot  may  have  any  value  between  0  and  2»,  the 
permissible  uncertainty  in  Sot  is  one  part  in  2  *  12.13  =  76.7  parts. 
Therefore,  at  least  7  bits  ( 2 ?  =  128)  are  required  to  express  flot. 

It  is  discussed  above  that  the  third  term  in  Eq  (26)  does  not 
contribute  more  than  aDout  half  as  much  integrated  clock  time 
difference  as  does  the  second  term;  therefore,  7  bits  is  also  adequate 
for  the  representation  of  phase  angle  floe.  (In  fact,  literally  6-bits 
would  suffice) .  These  results  are  summarized  in  Table  8. 
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Figure  t>b 


Straight-Line-Segment  Approximation 
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Stair-Step  Approximation 


As  an  alternate  to  computing  the  clock  time  rate  difference  from  Ej 

(26)  ,  or  the  integrated  time  difference  D  from  Eg  (27) ,  initial  time 
To  to  final  time  Tf,  one  may  use  either  a  stair-step  approximation,  or 
a  series  of  straight-line  approximations,  as  shown  in  Figures  6a  and 
6b,  respectively. 

It  constant  A  has  the  value  448  *  IQ-*2,  then  because  of  just  this 
term  alone  D  will  increase  by  1  nanosecond  in  about  2.235  seconds. 
Representation  of  Eq  (27)  by  a  series  of  stair  steps  would  require  a 
new  step  at  this  interval,  implying  1614  steps  per  hour,  and  38630 
steps  per  day,  if  the  step-to-step  increment  is  1  nanosecond.  Since 
tne  accumulated  time  difference  for  a  full  24 -hour  period  is  about 
38630  nanoseconds,  each  step  would  have  to  be  represented  by  a  16-bit 
number,  wnich  is  obviously  completely  out  of  the  question. 

A  much  more  practical  approach  would  be  to  provide  the  user  with  a 
value  of  A,  good  for  24  hours,  and  requiring  a  16-bit  number;  in 
addition,  the  sinusoidal  terms  in  Eq  (27)  would  be  represented  either 
in  the  form  of  stair  steps,  or  as  a  series  of  straight-line 
approximations,  each  of  the  form  (a  +  bt)  ,  each  thus  requiring  two 
numbers.  The  user  would  compute  the  linear  time  term  in  Eq  (27). 

If  the  stair-step  approach  is  used  the  time  interval  per  step  must  be 
small  enough  that  the  sinusoidal  function  changes  at  most  by  1 
nanosecond  from  step  to  step.  The  maximum  rate  of  change  of  D  in  Fq 

(27)  ,  considering  only  the  second  term,  occurs  when  Tfut  ♦  0ot  =  0  or 
*,  and  amounts  to  AB;  since  A  is  about  0.448  *  10~®  and  B  is  not  more 
than  0.0039,  this  rate  of  change  cannot  exceed  1.745  *  10~12  second 
per  second,  which  accumulates  to  1  nanosecond  in  573  seconds,  or  9.55 
minutes,  or  0.159  hour.  Therefore,  one  must  use  24/. 159  =  151  steps 
for  a  24-hour  representation.  And  since  the  peak  value  of  the  middle 
term  in  Eq  (27)  can  be  as  large  as  about  24  nanoseconds,  one  must  use 
5  bits  (25  =  32)  to  represent  each  step,  if  roundoff  error  is  not  to 
exceed  1  nanosecond. 

Thus,  the  stair-step  approach  requires  a  total  of  16  bits  for  A  and  5 
*  151  =  755  bits  for  the  sum  of  the  two  terms  in  Eq  (27) ,  for  a  total 
(minimum)  of  771  bits. 
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Straight- Line -Segment  Approximation 


A  series  of  straight  lines  could  also  represent  the  sinusoidal  terms 
in  Eg  (27) .  An  analysis  of  this  approach  has  been  made;  details  are 
not  included  here,  but  the  conclusions  are  that 

a.  A  straight  line  approximation  can  represent  the  sinusoidal 
terms  for  the  period  up  to  1  hour,  with  residual  error  of 
less  than  1  nanosecond  (actually,  about  0.8  nanosecond) . 

b.  The  two  coefficients  of  each  straight  line  segment  require  5 
bits  each,  for  a  total  of  10  bits  per  segment. 
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For  a  24-houi  representation  there  must  be  24  straight  line  segments, 
requiring  24  *  10  =  240  bits;  to  this  one  must  add  16  bits  for  A,  for 
a  total  of  246  bits. 

These  considerations  are  summarized  in  Table  9,  which  follows: 


TABLE  9 

BIT  COUNT  FOR  SEGMENTED  APPROXIMATION  TO  EQ  (27) 


A  final  alternate  technique  is  to  use  straight-line  segments,  valid 
for  one  hour,  but  using  only  two  coefficients  for  the  full  hour.  In 
this  tecnnique  one  coefficient  would  represent  the  rate  i?  the 
beginning  of  the  hour,  and  would  be  uerived  from  Eq  (26)  ;  as  argued 
above,  an  11-bit  number  is  required  for  this  coefficient.  The  second 
coefficie  t  represents  rate  slope  for  the  next  hour;  it  was  shown 
earlier  tnat  5  bits  is  sufficient  for  this  slope  coefficient. 

Thus,  for  one  nour  this  technique  requires  16  bits,  and  for  24  hours 
the  bit  count  is  16  *  24  =  384  bits. 

Undoubtedly  this  is  the  preferred  technique,  because  it  permits  the 
(deterministic)  relativistic  correction  to  be  easily  included  in  the 
overall  clock  model,  and  the  bit  count  for  the  components  of  this 
model  (offset,  frequency  and  phase)  can  easily  absorb  the  relativity 
correct  ion. 
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12.6  Summary 

By  far  the  lowest  bit  count  is  obtained  through  direct  computation  of 
Eq  (27)  ;  this  approvers  requires  the  user  to  compute  the  sine  function 
of  four  anqles. 

For  this  approach  the  bit  count  is  only  48  bits,  and  the  calculation 
is  valid  for  24  hours  in  advance.  (NOTE:  the  coefficients  in  Eq  (27) 
will  change  fro.i  day  to  day;  it  would  be  considerably  more  complicated 
to  provide  coefficients  valid  for  more  than  24  hours.  However,  if  the 
satellite  orbits  are  computed  for  say  5  days  in  advance,  the 
coefficients  in  Eq  (27)  could  be  separately  computed  for  each  of  those 
days.  But  the  user  should  be  given  only  a  single  set  of  24-hour 
coefficients  on  any  one  day.) 

The  next  more  complicated  approach  is  to  us.  24  straight-line 
segments,  plus  computation  of  the  first  term  in  Eq  (27) ;  this  approach 
avoids  the  need  to  compute  sine  functions,  but  requires  256  bits  (for 
each  24-hour  period) . 

The  most  complicated  approach,  from  the  point  of  view  of  bit  count  is 
the  stair-step  approximation,  which  requires  a  minimum  of  771  hits, 
and  involves  steps  which  change  at  the  interval  of  9.55  minutes  (if 
this  approach  is  adopted  the  interval  could  be  reduced  to  say  5 
minutes,  requiring  more  bits  (in  fact,  1456  bits) ,  or  it  could  be 
,-aised  to  10  minutes,  requiring  fewer  bits  (736),  but  would  permit  a 
roundoff  error  very  slightly  exceeding  1  nanosecond  under  extreme 
worst-case  conditions) . 
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SECURITY  OF  NAVIGATION  SIGNAL 


i.O  INTRODUCTION 

An  ultimate  goal  of  the  GPS  is  to  (a)  provide  a  navigation  capability  to  the 
user  in  the  presence  of  enemy  jamming  and  spoofing  and  (b)  to  discourage  use 
of  the  high  accuracy  P-signal  by  an  unauthorized  user.  The  approach  in  meeting 
this  goal  is  to  use  some  form  uf  signal  encryption  which  would  prevent  unauthorized 
users  from  either  receiving  and  using  the  signal  himself,  or  from  transmitting 
a  replica  of  the  signal  which  could  jau  or  spoof  the  user. 

In  1972,  Signal  Definition  Studies  were  performed  by  Philco-Ford  and  Magnavox 
Research  Laboratories  for  the  USAF/SAMSO  (References  1  and  2).  In  these  studies 
the  security  problem  wa3  considered  in  detail.  The  National  Security  Agency 
also  participated  in  these  studies.  As  a  result  of  these  studies  a  system  was 
reconmended  which  (a)  employed  Crypto  keying  of  the  P-signal  and  (b)  provided 
a  means  of  selectively  rekeying  the  P-signal  code  in  the  event  of  compromise. 

In  1973  the  GPS  was  orga sized  aid  the  security  requirements  were  modified.  The 
P-signal  would  be  encrypted  in  the  satellite  (by  ground  command)  during  the 
Itease  I  program.  Tests  would  be  made  with  a  limited  number  of  receivers  provided 
with  key  generators.  No  provisions  would  be  made  for  rekeying,  however.  After 
these  tests  were  completed  and  evaluated,  security  of  the  opera ticunl  system 
(Phase  III)  would  be  defined  and  Implemented, 

** 

The  remainder  of  this  section  will  discuss  some  aspects  of  the  security 
problem. 


2.0  SUMMARY  Of  APPROACHES 


2 . I  Encryption  Technique 

In  Che  satellite  both  the  clock  and  PHN  code  shall  be  fed  to  a  transmission 
security  device  (rRANSSC) ,  which  shall  provide  secure  output  to  the  P  modulator. 
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(See  Figure  1.)  This  TRANSEC  device  shall  utilize  the  NASA  KEESEE  hybrid  as  the 
basic  security  source.  Approximately  150  bits  are  to  be  provided  from  the  command 
receiver  to  fill  the  TRANSEC.  Provision  shall  be  made  to  bypass  the  TRANSEC 
on  external  command  (Ret.  3). 

The  user  equipment  will  generate  the  P-code  in  the  same  manner.  If  the  user 
has  the  correct  key  in  the  TRANSEC  and  the  PRN  sequence  generators  are  timed 
correctly,  then  the  user  code  will  match  the  received  code  from  the  satellite 
and  signal  reception  will  take  place. 

2.2  Remote  Rekeying  Technique 

Due  to  the  large  user  population  and  the  resultant  relatively  large  probability 
of  security  compromise,  it  is  desired  that  the  system  provides  for  (a)  automatic 
a  priori  keying  of  the  system,  (b)  automatic  selective  rekeying  by  user  group  or 
category,  and  (e)  a  means  for  a  user  to  enter  the  system  after  rekeying  takes 
place.  The  general  technique  for  rekeying  is  described  a3  follows: 

The  user  population  is  rekeyed  by  (1'  transmitting  the  new  key  as  part  of  the 
na  rigation  data  .13  a  "special  data  message."  (Ref  4).  This  key  word  is  stored 
by  the  user  and  inserted  into  his  TRANSEC  at  a  predetermined  time  when  the  key 
is  changed  (ie,  midnight  every  other  day),  or  alternatively,  upon  receipt  of 
a  command  to  change  key  via  the  navigation  signal  channel. 

The  user  may  initially  receive  his  key  manually  from  an  area  user  terminal  or 
other  source.  One''  in  operation,  his  key  is  automatically  updated  via  the 
navigation  message.  With  this  approach,  the  rekeying  message  need  be  transmitted 
only  over  the  P-signal,  which  is  the  secure  link.  However,  a  danger  exists 
in  that  the  user,  for  some  reason,  misses  receiving  the  new  kev  work,  he  would 
automatically  iose  the  P-signal  at  the  time  of  key  change.  To  provide  for  this 
contingency  and  also  to  provide  a  means  for  a  new  user  to  enter  the  system  without 
knowledge  of  the  cuivent  P-signal  key,  it  has  been  proposed  that  the  rekey  word 
be  transmitted  in  the  clear  over  the  C/A  signal.  Since  the  C/A  signal  is  un¬ 
protected,  the  rekey  word  itself  must  be  encrypted.  Thus  each  user  must  carry 
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Figure  1  Protected  Code  Generator 
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a  drta  encryption  key  to  decode  the  rekey  word .  This  encryption  key  vector  would 
be  assigned  to  the  users  and  manually  inserted  into  their  equipment. 

2 . 3  Alternate  Rekey  Distribution  Methods 

Table  1  lists  three  method-*  of  distributing  the  P-signal  keys  to  the  user.  The 
method  described  in  the  bottom  line  of  the  table  meets  all  of  the  desired  require¬ 
ments  of  rekeying  but  has  the  greatest  impact  on  the  total  system,  particularly 
if  selective  rekeying  to  unique  users  is  employed,  thus  placing  a  heavy  demand 
on  the  Cf.K  data  channel. 

3.0  EFFECT  OF  NON  -STATIONARY  ORBIT  ON  KEKEYING  CONCEPT 

The  studies  performed  in  19?^  were  based  on  a  synchronous  satellite  orbit  con¬ 
figuration.  The  current  GPS  orbits  are  non-stationar v  orbits  with  a  period  of 
12  hours.  The  impact  of  the  12  hour  orbit  is  that  the  rekeying  sequence  must 
be  initiated  well  in  advance  of  the  time  the  satellite  key  is  changed.  Normally, 
each  satellite  is  loaded  with  the  updated  navigation  message  once  a  day.  Thus 
at  least  24  hours  must  elapse  prior  to  rekey. 

The  time  o £  key  change  must  be  executed  in  each  satellite  by  a  stored  program 
since  (a)  all  satellites  must  change  key  simultaneously  and  (b)  some  of  the 
satellites  will  be  out  of  view  of  the  ground  control  segment  at  the  time  of 
rekey. 

If  rekeying  by  groups  is  employed,  it  may  be  necessary  to  time  phase  the  rekeying 
words  in  the  navigation  message  with  the  geographical  location  of  the  satellite 
suoorbital  point  relative  to  the  location  of  the  groups.  (T*>-  groups  would  be 
arranged  by  location  as  well  as  by  operational  missions.)  If  this  isn't  done, 
there  may  not  be  sufficient  time  to  transmit  all  of  the  group  keys  before  the 
satellite  moves  beyond  the  view  of  the  user.  Limitations  on  the  size  of  the 
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navigation  data  storage  equipment  on  board  the  satellite  places  a  limit  on  the 
number  of  types  and  frequency  of  rekey  messages  which  can  be  transmitted  by  a 
satellite  between  upload  periods.  By  proper  allocation  of  different  group  or 
unique  crypto  vectors  to  be  stored  and  transmitted  by  each  satellite,  the  effec¬ 
tive  rate  of  transmission  of  the  rekey  messages  to  the  total  user  population  is 
enhanced  by  the  total  number  of  satellites  in  the  space  segment  (ie,  24  or  27 
satellites).  Details  of  rekeying  sequences  employing  such  strategies  have  not  been 
worked  out.  Obviously  they  are  highly  dependent  on  the  deployment  of  the  secure 
user  population.  A  deployment  model  would  have  to  be  postulated  before  conducting 
any  analysis. 


4.0  KEY  ISSUES 

The  key  issues  which  we  believe  must  be  resolved  before  implementing  an  operation¬ 
ally  secure  system  are: 

a.  Can  a  reliable  rekeying  sequence  be  established  which  is  compatible 
with  a  reasonable  satellite  uploading  and  distribution  schedule? 

b.  Does  the  group/unique  dual  crypto  vector  concept  provide  adequate 
security  for  transmission  of  the  P-signal  code  key  over  the  C/A 
signal  data  link? 

c.  Does  a  selective  rekeying  technique  require  too  much  satellite  data 
storage  and  take  too  long  to  rekey  all  unique  users? 

d.  Is  the  rekeying  concept  simply  too  complex  for  an  operational  system? 
(re,  keeping  track  of  all  user  equipment  codes,  locating  compromised 
users,  etc.) 

e.  Is  the  added  cost  to  the  user  equipment  worth  the  added  protection? 

(Note  that  the  added  logic  circuit  cost  is  probably  a  minor  part  of 
the  cost  increment.  More  significant  is  the  special  handling  of 
Red/Black  interfaces,  logistics,  etc.) 
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The  a.sver  to  these  questions  may  lead  to  the  definition  of  a  less  complex 
system  which  would  ha^e  some  degree  of  security,  but  not  the  features  of  remote 
relceying  discussed  above. 


5.0  security  plans  for  phase  i 

As  a  result  of  the  above  considerations,  it  was  decided  to  limit  the  security 
objectives  for  Phase  I.  The  objective  of  the  Phase  I  program  is  to  demonstrate 
the  feasibility  of  transmitting  and  receiving  a  crypto-keyed  navigation  P-signal, 
No  attempt  will  be  made  to  secure  the  code  in  the  control  segment. 

Specific  functions  which  will  be  demonstrated  in  Phase  I  are: 


Uploading  into  satellite  memory  via  secure  uplink 
Generation  of  secure  code  in  satellite 

Acquisition  and  reception  of  secure  code  by  user  receiver 
Mutual  interference  effects  (if  any)  from  other  three  satellites 
operating  in  secure  mode 
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1.0 


INTRODUCTION  AND  SUMMARY 


This  report  addresses  the  GPS  error  budget  and  analyzes  the  various 
sources  of  error  in  the  system.  The  errors  are  discussed  in  terms  of  User 
Equivalent  Range  Error  (UERE)  which  is  defined  as  follows: 

Definition  of  User  Equivalent  Range  Error.  User  navigation  error 
is  the  statistical  estimate  of  the  error  in  computed  user  position 
when  the  user  is  uniformly  distributed  in  time  and  position.  The 
navigation  error  is  the  uncorrelated  portion  of  the  observed  user 
range  error  multiplied  by  the  Geometric  Dilution  of  Precision  (GDOP) 
for  the  user's  position.  This  uncorrelated  portion  of  the  observed 
range  error  is  called  "User  Equivalent  Range  Error". 

The  geometric  dilution  of  precision  (GDOP)  is  defined  as  the  square 
root  of  the  trace  of  the  covariance  matrix  Cy  for  the  case  where  the 
covariance  matrix  for  the  errors  in  the  pseudo-range  measurements  is 
an  identity  matrix  (implying  unit,  random,  uncorrelated  user  ranging 
errors  to  each  satellite).  For  this  special  case  the  covariance  matrix 
is  as  follows: 


Cy  -  G"1  G_T  =•  G"1  (G-1)1 

Table  1-1  gives  the  error  budget  contained  in  the  GPS  system  specification. 
Table  1-2  summarizes  the  results  of  the  analysis  and  shows  the  one  sigma 
UERE  two  hours  after  the  satellites  have  been  updated.  The  relative  range 
applies  to  two  similarly  equipped  users  making  nearly  simultaneous  measure¬ 
ments  . 


TABLE  1-1 

GPS  ERROR  BUDGET  SPECIFICATION 


Space  Vehicle 

Ephemeris 

PHASE  III 

C 

PHASE  I 

12 

Atmospheric  Delay 

8  to  17* 

8  to  17 

Space  Vehicle  Group 

De  lay 

3 

8 

Receiver  Noise  and 
Resolution 

5 

5 

Multipath 

4  to  9* 

4  to  9* 

Total  R.S.S. 

12  to  12 

13  to  2 

♦These  error  quantities  represent  the  use  of  different  atmospheric  delay 
correction  methods  and  different  user  environmental  conditions. 


TABLE  1-2 
GPS  ERROR  BUDGET 
(a)  ABSOLUTE  RANGE  ERROR  (ft) 


USER 

AIRCRAFT 

SHIPS/MANPACK 

ACCELERATION 

1  8 

0 

TYPE  RCVR 

P/2 

P/F 

C/F 

P/2 

P/F 

C/F 

RCVR  NOIr  &  QUANT. 

1.4 

1.4 

8.2 

1.3 

1.3 

8 

IONOSPHERE 

1.2 

30 

30 

1.1 

30 

30 

TROPOSPHERE 

0.9 

0.9 

0.9 

0.9 

0.9 

0.9 

MULTIPATH 

2.0 

2.0 

20 

2.0 

2.0 

20 

CLOCKS /GROUP  DELAY 

10 

10 

10 

10 

10 

10 

E  MEMPHIS 

9.2 

9.2 

9.2 

9.2 

9.2 

9.2 

Total  RSS  (ft) 

13.9 

33 

39 

13.8 

33 

39 

(b)  RELATIVE  ERROR  BETWEEN  TWO  S’ 

[MULTANEOUS  USERS  (i 

:t) 

RCVR  NOISE  &  QUANT. 

2.0 

2.0 

11.6 

1.8 

1.8 

11.3 

IONOSPHERE 

1  *7 

0 

0 

1.6 

0 

1 

0 

TROPOSPHERE 

0 

0 

0 

0 

0 

MULTIPATH 

2.8 

2.8 

28 

2.8 

2.8 

28 

CLOCKS/GP  DELAY 

0 

0 

0 

0 

0 

G 

EPHEMERIS 

0 

0 

0 

0 

0 

0 

Total  RSS  (ft) 

3.9 

3.5 

30 

3.8 

B9 

30 

P/2  *  P-Code,  2  Frequency  Ionospheric  Correction 

P/F  *  P-Code,  Fixed  Ionospheric  Correction 

C  *  C-Coae,  Fixed  Ionospheric  Correction 
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Figure  1-1  shows  the  UERE  associated  with  the  absolute  positioning  accuracy 
of  the  user  as  a  function  of  the  time  after  the  latest  update  of  the  satellites' 
clock  data.  This  determines  how  well  ho  can  position  himself  against  a  given 
fixed  co-ordinate  system. 

Relative  navigation  accuracy  is  also  of  Interest  as  the  user  may  wish  to  determine 
his  relative  position  in  three  modes:  1)  another  simultaneous  user,  2)  his  or 
another  user's  position  at  some  previous  time,  or  3)  a  ground  station. 

In  mode  1,  each  user  estimates  his  position  independently,  with  common  error 
sources,  especially  satellite  clock  errors,  causing  common  position  estimation 
errors.  The  users  then  communicate  their  estimates  to  each  other  and  compute 
their  relative  positions.  It  can  be  expected  that  the  common  errors  will  tend 
to  cancel  in  the  subtraction,  leaving  only  the  effects  of  the  independent  random 
errors  made  by  the  two  users. 

For  the  two  frequency  users,  their  noise,  quantization,  ionospheric  correction, 
and  multipath  errors  are  RSS'd,  Only  the  noise,  quantization  and  multipath 
errors  are  RSS'd  for  the  fixed  correction  users.  The  errors  associated  with  this 
mode  are  shown  in  Table  1-1  (b) .  It  can  be  seen  that  multipath  effects  dominate 
the  results  if  the  path  differences  art  less  than  i.5  chip  widths. 

In  mode  2  the  same  noise  contributions  occur,  however  the  satellite  clock,  ephemeris 
troposphere  and  ionospheric  errors  gro\  significantly  larger  with  time.  The 
relative  position  UERE  for  this  mode  is  shown  as  a  function  of  time  in  Figure  1-2. 

In  mode  3,  a  ground  station  replaces  the  second  user.  The  station  makes  measurements 
like  the  user,  but  has  the  advantage  of  being  stationary  and  able  to  take  many 
measurements,  thereby  reducing  the  effect  of  noise.  Hence,  not  only  do  the  common 
error  sources  cancel,  but  the  doubling  of  the  noise  and  multipath  power  which 
occurs  in  mode  1  does  not  occur  in  mode  2.  Furthermore,  if  the  absolute  position 
of  the  ground  station  is  known,  the  computed  position  can  be  used  for  calibration 
purposes  to  enable  the  user  to  obtain  a  more  accurate  absolute  position  determina¬ 
tion.  Figure  1-3  shows  the  user's  error  relative  to  a  fixed  ground  station  as 


1-2  Relative  UERE  vs  Time 


*#»!**• 


a  function  of  time  between  the  ground  station  measurement  and  the  user 
measurement. 

The  distance  between  the  users  or  between  the  user  and  the  ground  station  will 
have  some  effect  on  relative  accuracy.  Tropospheric  correction  and  ephemeris 
accuracy  are  geographic  separation  sensitive  error  sources.  Each  can  contribute 
one  to  two  feet  to  the  relative  error  of  the  two  frequency  user.  The  ionospheric 
error  for  th*  fixed  correction  user  will  determine  the  permissible  separation  for 
a  given  relative  error. 

In  all  of  the  above  relative  accuracy  modes,  the  users  must  be  operating  with  the 
same  satellite  cons  Lei lation.  If  they  are  not,  satellite  clock  errors  will 
dominate  if  the  time  since  clock  update  is  greater  than  30  minutes  for  the  two 
frequency  users.  In  tnis  case,  the  user's  absolute  accuracy  and  relative  accuracy 
are  similar  and  Figure  1-1  applies. 

The  effect  of  C/N  variations  cn  UERE  is  shown  on  Figure  1-4  for  a  time  2  hours 
o 

after  the  last  update.  The  P  code  two  frequency  user's  accuracy  is  essentially 
determined  by  the  accuracy  of  the  ephemeris  and  the  predictability  of  the  satellite 
clock.  The  high?*  receiver  threshold  shown  is  caused  by  the  3  dB  lower  signal 
level  of  she  signal.  The  P  code,  fixed  ionospheric  correction  receiver  is 
limited  by  the  accuracy  of  this  correction  down  to  the  threshold  of  the  receiver. 

The  UERE  rf  the  C  code  receiver  is  determined  by  signal  level  for  weak  signals 
and  by  the  accuracy  of  the  ionospheric  correction  above  36  dB-Hz  (approximately 
-163  ci3w  out  of  the  antenna). 

The  Ephemeris  Contribution  to  UERE  at  four  geographic  locations  is  shown  in 
Figure  1-5  for  both  the  Distributed  Processing  (baseline)  and  Multi-Sate! lite 
Processing  techniques.  The  values  shown  assisne  monitor  station  location  uncertain¬ 
ties  of  10  feet  spherical.  This  is  very  conservative  and  uncertainties  considerably 
smaller  than  this  are  more  likely  after  the  GPS  becomes  operational.  Figure  1-6 
shows  the  Ephemeris  Contribution  if  this  error  source  were  removed. 
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MULTISATELLITE  PROCESSING 


Figure  1-5  Ephemeris  Contribution  To  User  Equivalent 
Range  Errors  (With  10  Foot  Spherical  Station  Errors) 


TRACE  66  was  used  to  simulate  the  data  sampling  and  ephemeris  generation  functions 
accomplished  by  the  Control  Segment.  The  user  position  and  clock  errors  calculated 
bv  TRACE  were  then  divided  by  GDOP  to  produce  the  Ephemeris  Contribution  to  UERE. 

The  derivation  and  assumptions  concerning  this  parameter  are  discussed  In  Section 
2.  A  detailed  discussion  of  the  simulations  conducted  is  contained  in  Part  II,Vol.  C, 
Report  C-9,  Ephemeris  and  Clock  Simulations. 

The  ionosphere  Induced  errors  in  the  user's  range  measurement  are  addressed  in 
Section  3.  The  two  frequency  correction  accuracy  is  determined  and  an  estimate 
of  the  one  sigma  error  associated  with  a  fixed  bias  correction  is  presented.  A 
detailed  discussion  of  the  problems  assoicated  with  ionospheric  models  is 
contained  in  Part  II,  Volume  A,  Report  5. 

The  errors  caused  by  variations  in  the  troposphere  are  analyzed  in  Section  4. 

The  individual  effects  of  himidity,  sea  level  pressure,  sea  le\ ’ll  temperature  and 
lapse  rate  are  investigated. 

The  effect  of  specular  multipath  is  analyzed  in  Section  5.  The  characteristics 
of  the  reflected  signal  are  briefly  discussed  and  the  ranging  error  induced  in 
the  Delay  Lock  Loop  is  determined. 

The  ranging  accuracy  of  the  P  and  C  code  receivers  are  calculated  as  a  function 

of  C/N  in  Section  6.  A  reference  link  is  established  based  upon  the  GPS  satellite 
o 

specification  and  the  RF  Analysis  contained  in  Part  II,  Volume  A,  Report  2.  The 
user  error  is  then  calculated . 

The  ranging  error  caused  by  the  unpredictability  of  the  satellite  clock  is  then 
Investigated  in  Section  7.  The  characteristics  of  the  clock  noise  are  discussed 
and  various  prediction  algorithms  are  described.  The  accuracy  of  a  typical 
approach  is  determined.  A  detailed  discussion  of  clock  noise  and  prediction 
algorithm?  is  contained  in  Part  II,  Volume  A,  Report  3. 

The  errors  thus  generated  are  then  RSS'd  to  produce  the  pet  UERE.  This  approach 
la  depicted  in  Figure  1-7. 
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2.0 


EPHEMERIS  ERROR 


This  section  analyzes  tne  UERE  contribution  of  the  Control  Segment  which  is 
passed  to  the  user  in  the  form  of  slightly  erroneous  navigation  data.  Factors 
vhich  cause  this  error  are:  noisy  ranging  data  at  the  monitor  stations,  quanti¬ 
zation  errors,  ionospheric,  tropospheric  and  multipath  effects  at  the  monitor 
station,  station  location  uncertainties,  clock  errors  in  the  space  craft  and 
Control  Segment  stations  and  geopotential  effects.  Section  2.1  determines  the 
quality  of  the  data  which  is  input  to  the  MCS  data  processor  to  generate  the 
future  update  message.  Section  2.2  suonarizes  the  simulation  results  of  the 
baseline  configuration  and  presents  the  net  UERE  contribution  of  the  Ephemeris. 
Section  2.3  shows  the  effect  of  variations  to  the  baseline  and  gives  UERE  contri¬ 
butions  under  these  various  configurations  or  assumptions.  Section  2.4  sunmnrizes 
the  analysis  of  the  error  caused  by  the  ephemeris  representation  and  Section  2.5 
presents  the  results  of  simulations  which  determine  the  relative  error  introduced 
by  the  ephemeris. 


2.1 


ACCURACY  OP  DATA  INPUT  TO  EPHEMER1S  PROCESSOR 


This  secdon  analyzes  the  quality  of  the  data  input  into  the  ephemeris 
generating  data  processors.  The  sampling  frequency  is  one  range  sample  every 
15  seconds . 

2.1.1  Monitor  Station  hat*.  Accurac 


The  accuracy  of  the  data  forwarded  from  the  Monitor  Station  (MS)  to  the  MCS 

is  dependent  upon  the  signal  level  at  the  MS  and  the  antenna  and  receiver 

characteristics .  Section  6,  Receiver  Noise  and  Quantization  Errors, develops 

a  reference  link  C/N  a3  a  function  of  elevation  angle  for  an  isotropic  antenna 

o 

(Figure  6-5)  and  determines  the  range  and  range  rate  accuracies  as  a  function 
of  C/Nq  (Figures  6-1  and  6-3)  ,. 

The  probability  distribution  of  the  satellite  elevation  angle  for  four  monitor 
station  locations  during  Phase  I  is  shown  on  Figure  2-i.  It  car  be  assumed 
that  this  distribution  will  change  only  slightly  during  the  later  phases  of 
the  program. 

The  approximate  gain  versus  elevation  angle  of  a  broad  band,  circularly 
polarized,  off-the-shelf,  antenna  which  is  the  current  monitor  station  baseline 
approach  is  shorn  in  Figure  2-2 (a).  The  data  has  been  extrapolated  from  linear 
polarization  teats  so  the  Information  shown  is  quite  approximate.  Nevertheless, 
the  dip  in  gain  between  10°  and  35°  does  represent  the  typical  characteristics 
of  a  bifilar  wound  conical  antenna. 

The  resultant  C/N  of  the  L.  and  L0  P-code  signals  is  shown  in  Figure  2-2(b). 

O  l  £ 

This  is  based  upon  the  reference  C/N  levels  shown  on  Figure  2-2.  The  range 

o 

and  range  rate  errors  produced  are  shown  on  Figure  2-2(c)  and  (d) . 

The  and  P-code  rar.ze  and  range  rate  errors  at  the  average  elevation 
angle  of  25°  are  1.7  and  2.6  feet  and  0.045  feet/second,  respectively. 
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(dB) 


PHILCO 

Philco-Ford  Corporation 
W*starn  Oovatopmant  Laboratories  Division 


The  multipath  analysis  in  Section  5  determines  that  the  multipath  error,  i, 
is  given  by  the  following: 


-P2  & 
1  -P2 


for  0<5<50(l-p) 


where  , 

p2 _  multipath 

^direct 


5  ■  2  h  Sin  (Elevation  Angle) 

h  ■  antenna  height  (feet) 

It  is  assumed  that  the  antenna  directivity  and  the  reflection  characteristics 

2 

of  the  area  are  such  that  P  *  0.1  (-10  dB) .  Figure  2-3  shows  the  multipath 
error  as  a  function  of  elevation  angle  for  antenna  heights  of  5,  10,  and  20 
feet.  For  an  assumed  antenna  height  of  10  feet  and  at  25°  elevation  angle 
the  multipath  error  is  1  foot. 

Adding  the  multipath  and  receiver  noise  errors  yields  and  errors  of 
2.7  and  3.6  feet,  respectively.  Thus,  conservative  approximations  of  the 
expected  uncorrelated  error  of  each  and  15  second  sample  are  3  and  4 
feet  respectively.  The  value  specified  in  the  Monitor  Station  specification 
is  5  feet. 


2.1.2 


Ionospheric  Correction  Accuracy 


The  pseudorange  observations  on  the  L.  and  signals  are  forwarded  to  the  MCS  which 
will  then  perform  an  ionospheric  correction  on  each  15  second  sample.  The  ionospheric 
error  correction  algorithm  is  stated  below  in  Table  2-1. 
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TABLE  2-1 

IONOSPHERIC  ERROR  CORRECTION  ALGORITHM 
(Ursed  at  MCS) 


AIL  »  (R  _  -  R  .  )  P2  /  (! .  -  p2) 

I  meas  meas  L^  /  '  7 

where  A  ■  Range  Correction  Factor  (ft) 

P  -  f2  <  1 


The  accuracy  of  this  correction  is  given  by  the  following  equation: 

°R«  '  |(°U  +  P‘°L2)  V  a*"2)] 

Fl 

where  O  is  the  net  error  of  the  range  measurement  and  includes  both 

R*t  i 

receiver  noise  and  quantization  errors  and  the  ionospheric  correction  error. 

With  O  m  3  feet,  0  0  ■  4  feet  and  P  ■  1240/1575,  O  equals  10.3  feet. 
LI  L2  R+I 


2.1.3  Range  Sample  Smoothing 

The  MCS  will  then  smooth  the  data  for  15  minutes  and  generate  one  smoothed  L^ 
range  every  15  minutes.  The  uncotrelated  errors  (noise,  quantization,  ionos¬ 
pheric  correction,  and  multipath)  will  be  reduced  by  a  factor  of  approximately 
\/n  where  N  is  the  number  of  samples  and  is  60  in  this  case.  It  is  assumed  that 
the  error  is  reduced  by  only  5.2  instead  of  7.8.  This  will  reduce  the  un- 
correlated  L,  error  to  2.0  feet. 


■WWW 
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2.1.4  Tropospheric  Correction  Accuracy 


The  atmospheric  data  collected  at  the  Monitor  Station  Is  also  forwarded  to  the 
MCS.  along  with  the  and  L*,  data.  The  f.'.gorithm  shown  in  Table  2-2  is  used 
to  generate  a  tropospheric  correction  factor  which  is  applied  to  the  smoothed 
range . 

The  error  is  conservatively  estimated  at  1.0  feet.  This  is  the  one-sigma 
error  using  the  less  exact  user  correction  algorithm: 

-h 

ARj  -  7.8  GacE  e  23000 
2.1.5  Net  Accuracy  of  Range  Data 

The  net  error  of  each  15  minute  sample  is  assumed  ;*.o  be  the  FSS  of  the  smoothed 
Lj  range  error  and  the  tropospheric  error.  Thus,  Is  2.2  feet.  The 

corresponding  accuracy  required  in  the  MCS  specification  is  5  feet.  The 
system  simulations  have  shown  that  the  ephemeris  accuracy  required  by  the  system 
specification.  12  feet,  can  be  met  with  this  5  foot  error. 

To  prevent  timing  errors  from  having  a  significant  effect  upon  the  accuracy 

of  the  system,  the  range  rate  accuracy  should  be  on  the  order  of  0.005  ft/sec. 

This  can  be  met  by  using  a  Cesium  standard  which  has  a  fractional  frequency 
-12 

deviation  of  0  over  a  900  second  (15  minute)  averaging  period. 

Figure  2-4  summarizes  the  range  error  flow  from  tho  downlink  signal  to  the 
ephemeris  generating  processor  at  the  MCS. 
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TABLE  2-2 


TROPOSPHERIC  ERROR  CORRECTION  ALGORITHM 
(MONITOR  STATION  RANGE  MEASUREMENT) 

e  =-  1.64  *  lO0'0375  <T-273> 
s 

N  -  77.6  P/T  +  (3.73  *  105  e  *  H/lOO  *  T2) 

s 

N  *  N  exp  (0.043  h) 

3 

ARs  *  [4.79  +  0.00972  Ng  ]  CscK 

-  |  0.00586  (Ng  -  3 60) 2  294  J  E-2,3 

K  -  exp  [  (6.07  *  10'5  Ng  +  0,213)  h  +  (0.077/N^  -  1.58  *  10’4)  h2]j 

AR  =  KAR 

8 

diere: 

AR  *  Range  Correction  Factor  (ft) 
h  =  Receiver  Alti'r.ua  -  (  >} 

E  *  Elevation  angl*  13  satellite  (degrees) 

P  *  Pressure  (millibars) 

T  *  Temperature  (degrees  Kelvin; 

H  ■  Relative  Humidity  (percent) 
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2.2 


Simulations  were  conducted  which  solved  for  user  position,  clock  offset,  and  UERE 
under  conditions  of  the  current  baseline  for  users  distributed  over  the  globe 
and  in  tine  from  end  of  tracking.  The  one  sigma  UERE's  are  less  than  9.2  feet; 
well  within  the  twelve-foot  error  budgeted  for  ephemeris  and  satellite  clock 
sources.  This  data  is  summarized  in  Table  2-3. 

The  covariance  analysis  which  produced  these  results  Is  based  upon  the  following 
assumed  con  UH.ons ,  which  are  summarized  in  Table  2-4. 


a.  Orbits.  Sigma  orbits  as  described  in  Report  C9  >  Part  II,  Vol  C 

b .  Perturbing  Forces . 

1.  Zonal  harmonics;  J_  through  J, 

L  0 

2.  Tesseral  harmonics;  J,  .  through  J, 

3.  Lunar  and  solar  gravity 

4.  Solar  radiation  pressure 

c.  Tracking  Stations  and  Observations.  Simulated  observation  types  are 

range  and  range  rate  with  BOS,  HUL,  and  VTS  (see  Report  C9,  Part  II,  Vol.  C 
for  locations)  being  the  range  rate  stations,  and  ROD  being  the 
ranging  station;  these  observations  are  assumed  to  have  noise  standard 
deviations  of  5  feet  and  0.005  feet/  acond,  respectively;  station 
location  errors  were  assumed  to  be  ten- feet  spherical  except  that  the 
ROD  meridian  is  taken  to  be  the  reference  meridian  so  that  there  is 
no  uncertainty  in  the  longitude  of  the  ranging  station. 

d.  User  Simulation.  The  primary  user  is  located  at  the  White  Sands 
Missile  Range  test  site  with  error-free  range  observations  taken  at 
three  hours  after  the  tracking  stations'  observation  span;  other  users 
are  located  at  alternately  northern  and  southern  hemisphere  locations, 
six  hours  apart  around  the  globe. 
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TABLE  2-3 

USER  ONE-SIGMA  POSITIONING  ERRORS  (in  ft) 
WITH  DISTRIBUTED  PROCESSING  (Satellite  Clocks  Only) 
CURRENT  BASELINE 


At* 

3_ 

At  = 

9_ 

P 

P  +  Q 

P 

P  +  Q 

LATITUDE 

5.0 

7.5 

6.8 

15.4 

LONGITUOE 

4.2 

8.5 

6.3 

12.7 

ALTITUDE 

16.0 

31.9 

18.9 

24.5 

R  8IAS 

10.1 

19.3 

12.0 

14.1 

RSS 

20.0 

39.0 

24.3 

34.6 

GDOP 

4.25 

4.25 

UERE 

4.7 

9.2 

5.7 

8.1 

At  -  HOURS  FROM  END  OF  TRACKING  SPAN 


At* 

il 

At  = 

21_ 

At  =27 

F 

P  +  Q 

P 

P  +  Q 

P 

P  +  Q 

5.7 

81 

7.9 

16.0 

6.6 

88 

4.8 

8.9 

7.2 

14.0 

5.5 

9.4 

17.7 

31.1 

227 

27.1 

19.6 

30.7 

11.3 

18.9 

14.4 

16.4 

12.6 

188 

22.2 

38.3 

29.0 

38.2 

24,8 

38.2 

4.25 

4.25 

4.25 

&2 

S.O 

6.8 

9.0 

5.8 

9.0 
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TABLE  2-4 


ORBIT 

PERTURBATIONS 

TRACKING 

PARAMETERS 

USER  CONDITIONS 


BASELINE  COVARIANCE  ANALYSIS  CONDITIONS 
DISTRIBUTED  PROCESSING  CONCEPT 


SIGMA 


lunar  and  solar  gravity 
solar  radiation  pressure 


48  hours  @  15  minute  Intervals 
obs.  type:  range  at  KOD 

range  rate  at  BOS,  HUL,  VTS 

noise  sigma:  range  -  5  ft 

range  rate  *  0.005  ft/sec 


Solution  (P):  7  orbit  states 

2  satellite  clock  states 

Consider  (Q) :  10-foot  spherical  sensor  location 
error 


ephemeris  prediction  times:  3,  9,  15,  21,  27  hours 
after  obs.  span 

locations:  WSMR  (Holloman),  South  Atlantic,  Pakistan, 
Ta3man  Sea,  WSMR,  respectively 

observations:  error  free  pseudorange 


2.3  Effects  of  Baseline  Variations 


Covariance  analyses  of  conditions  on  the  distributed  processing  concept  ha^/e 
been  conducted  under  two  baselines.  The  conditions  described  in  2.2  above  are 
those  of  the  current  baseline  in  which  KOD  is  the  reference  timing  source 
(ranging  station) . 

The  earlier  (January  30,  1974)  baseline  conditions  are  different  only  in  that 
VTS  was  the  ranging  station  and  its  longitude  was  the  reference. 

The  values  of  UERE  resulting  from  variations  in  these  baselines  are  tabulated 
and  described  in  Figure  2-5.  Each  following  subsection  refers  to  entries  in  Figure 
2-5,  column-by-colunm,  left  to  right. 

The  effects  investigated  using  the  January  30  baseline  were  not  repeated  for 
the  current  baseline,  but  the  results  are  expected  to  be  qualitatively  the 
sane. 

2.3.1  Distributed  Processing 

This  column  contains  results  of  user  positioning  simulation  under  the  current 
baseline  and  represents  the  reference  for  comparison  cf  the  variation  results 
(except  in  the  case  of  2.3.10,  as  noted). 

2  3.2  Satellite  Clock  Frequency  Offset  Uncertainty 

To  determine  the  effect  of  a  varying  frequency  offset  due  to  frequency  instability, 
the  TdACE  parameter  RDBI  was  entered  as  a  "consider"  parameter  and  was  given 
the  value  (standard  deviation)  0.001  ft/sec.  The  result  was  a  slight  and  uniform 
increase  in  UER.”  for  all  users. 

2.3.3  An  Alternative  Tracking  Station 

The  high- latitude  BOS  tracking  station  was  replaced  in  the  tracking  network  by 
an  alternative  range  rate  station  located  at  the  GUAM  site  near  the  equator.  It 
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Figure  2-5  User  Equivalent  Range  Error  (in  feet) 
For  Baselines  and  Variations 


was  expected  that  this  change  would  produce  a  smaller  HERE  at  WSMR.  Although 
sourthem  hemisphere  user  errors  did  improve  6  to  8%,  the  error  at  WSMR  did  not 
change . 

2.3.4  BOS  Excluded  from  the  Tracking  Network 

To  determine  the  effect  of  a  reduced  tracking  network,  this  simulation  included 
observations  from  the  HUL,  ROD,  and  VTS  stations  only.  As  expected,  the  values 
of  HERE  increase  significantly  and  become  marginally  acceptable  for  the  northern 
hemisphere  users. 

2.3.3  Reference  Longitude  at  VTS 

Since  the  location  of  the  VTS  site  is  well  known  due  to  its  proximity  to  the 
North  American  datum,  it  would  be  desirable  to  consider  its  longitude  to  be  the 
reference  longitude.  The  effect  of  this  variation  was  determined  by  setting  the 
ROD  longitude  uncertainty  equal  to  ten  feet  and  that  of  VTS  to  zero.  Results 
indicate  that  the  improvement  due  to  station  location  accuracy  is  probably  lost 
in  the  increased  UERE, 

2.3.6  Station  Location  Uncertainties 


In  the  baseline  simulation,  station  location  uncertainties  are  the  only  considered 
(Q)  parameters.  To  determine  the  effects  of  station  location  uncertainties,  the 
solution  parameter  uncertainties  were  computed  with  Q-pararneter  effects  omitted. 
The  result  shows  station  location  to  be  a  major  contributor  to  UERE. 

2.3.7  Range  Rate  Noise  ■  .05  feet/second 

To  investigate  the  effect  of  crystal  rather  than  cesium  clocks  at  the  monitor 
stations,  the  range  rate  noise  was  increased  by  an  order  of  magnitude  to  .05 
feet/second.  Errors  greater  than  the  budgeted  twelve  feet  are  the  result. 

2.3.8  Distributed  Processing  (1/3C/74  Baseline) 

This  earlier  baseline  assumed  the  ranging  observations  to  be  taken  at  VTS  and 
its  lorgitude  to  be  the  reference.  Comparing  these  results  with  those  of  the 
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current  baseline,  one  can  see  that  30%  improvement  in  UERE  of  the  southern 
hemisphere  users  is  compensation  for  the  1007,  increase  in  the  error  cf  the 
northern  hemisphere  users,  since  the  errors  of  the  current  baseline  are  more 
uniform  and  are  all  within  the  budgeted  error. 


2.3.9 


Simultaneous  Multi-Satellite  Processing 


These  results  were  obtained  by  simulating  the  simultaneous  solution  for  all 
ephemeris  and  vehicle-clock  states  under  the  baseline  conditions  with  all  stations 
observing  range  only.  This  concept  produces  obvious  benefits  in  user  accuracy 
but  has  the  processing  disadvantages  discussed  in  Part  II,Vol.  C,  Report  C8.  These 
results  are  used  as  a  basis  for  judging  the  effects  of  geopotential  uncertainties 


discussed  below. 


2.3.10 


Geopotential  Uncertainty  Effects 


The  introduction  of  geopotential  uncertainties  into  the  simultaneous  multi- 
satellite  processing  simulation  produced  the  results  displayed  in  this  column. 


These  uncertainties  were  taken  to  be  3%  in  the  J„  _  terms  and  5%  in  the  J_  „ 


term  and  are  based  on  experience  with  operational  satellite  systems.  They  are 
considered  conservative  for  GPS.  The  results  should  be  compared  with  those 
of  2.3.9  above. 


T 


•  r 


inai 


2*4  Ephemeris  Representation  Errors 

The  representation  to  the  user  of  the  predicted  satellite  ephemeris 
is  in  the  form  of  a  function  over  time.  The  types  of  functions 
considered  for  this  representation  were  orbital  elements  with  lime-varying 
corrections  and  sets  of  polynomials  in  time.  The  polynomials  could 
utilize  either  inertial  or  earth  fixed  coordinates,  and  could  be 
generated  from  the  data  by  curve  fitting,  by  differencing  for  interpolation 
or  by  direct  fit. 

The  performance  criteria  by  which  the  alternatives  were  evaluated 
include:  accuracy,  data  length,  user  corrputational  requirements,  and 
satellite  requirements. 

The  If  fit  error  for  an  eighty  minute  fit  interval  is  4.0  feet  for  a 
fifth  degree  polynomial,  and  0.4  feet  for  a  sixth  degree.  Truncation 
error  introduced  by  minimizing  the  data  frame  length  introduces  for 
three  sixth  degree  polynomials  an  RSS  error  of  1.6  feet.  If  the  ephemeris 
representation  data  frame  size  is  increased  by  42  bits  the  RSS  truncation 
error  may  be  reduced  to  0.5  feet. 

The  fifth  degree  polynomial  introduces  an  inadmissible  amount  of  error? 
a  sixth  degree  is  required,  and  its  contribution  to  the  squared  error  is 
shown  in  Table  2.4  for  different  representation  precisions.  In  the  worst 
case,  the  inpart  on  user  position  uncertainty  is  equal  to  the  satellite 
position  representation  uncertainty. 
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TABLE  2-5 


REPRESENTATION  ERROR  VS  SIZE 


Bits 

Total 

Representation 

Error 

Sauared 

465 

1.7 

486 

1.0 

507 

0.6 

An  additional  27  bits  is  required  for  a  time  word  to  show  the 
zero  point  for  the  polynomials. 


Thus,  the  recommended  form  of  representation  to  the  user  is  a  set  of  three 
sixth  order  polynomials  to  be  updated  each  hour,  but  valid  for  twenty  minutes 
into  the  next  hour.  The  satellite  storage  requirement  for  five  days  of  such 
data  is  approximately  60,000  bits. 


2.5  Relative  Accuracy 


For  the  purpose  of  this  analysis,  relative  accuracy  may  be  defined  as 
the  accuracy  with  which  a  stationary  user  is  able  to  repeat  previous 
estimates  of  his  position  and  clock  offset.  The  approach  detailed 
in  Report  C9,  Part  II,  Volume  C  was  to  consider  the  user  to  be  at  WSMR 
with  observations  twenty-four  hours  apart  such  tnat  geometric  dilution 
of  precision  is  constant.  The  resulting  errors  in  latitude,  longitude, 
altitude,  and  range  bias  are  2.2,  1.9,  7.6,  and  4.9  feet,  respectively, 
with  an  RSS  error  9.5  feet.  This  produces  a  relative  UERE  contribution 
by  the  Enhemeris  of  2.24  feet  after  24  hours. 


3.0 


IONOSPHERIC  ERRORS 


I  i 

\  { 


K 


Three  techniques  are  being  considered  for  the  correction  of  the  ranging 

error  caused  by  the  ionosphere.  These  are  (I)  two  frequency  ranging 

system,  (2)  ionospheric  modeling  with  coefficients  transmitted  via  the 

navigation  data  link  and  (3)  fixed  bias  correction.  The  first  approach 

2  2  2 

essentially  subtracts  an  amount  equal  to  CfR^  -  Rjj)  ^  "  £%) 

from  R^.  The  net  error  is  dependent  solely  upon  the  accuracy  of  the 
ranging  measurements  and  is  independent  of  the  condition  of  the  ionosphere. 
The  following  equation  yields  the  error  in  the  ionospheric  correction. 


UI 

where 


u 

“1  -  “2 

rms  measurement  error  pertaining  to  the  higher  frequency  (Lp 


02  ■  rms  measurement  error  pertaining  to  the  lower  frequency  (L^) 

U) 


t\  /  <f  J  -  i\) 


n  ■  No.  of  samples 


10 


Figure  3-1  shows  the  relationship  between  the  above  net  error  and  the  C/Nq 
at  the  input  to  the  receiver.  Table  3-1  summarizes  the  one  sigma  ionospheric 
errors  for  the  two  frequency  users  assuming  the  received  signal  level,  losses, 
systan  temperature,  antenna  patterns  and  elevation  angle  probability  distri¬ 
butions  given  in  Section  6,  Receiver  Noise  and  Quantization  Errors. 

TABLE  3-1 

NET  ERROR  DUE  TO  IONOSPHERIC  CORRECTION 
(Two  Frequency  Receivers) 


User  Acceleration  (g’s) 

0 

1 

2 

4 

7 

Aircraft 

1.1 

1.2 

1.3 

1.4 

1.6 

Manpack  and  Ships 

1.1 

1.2 

N/A 

N/A 

N/A 

Tha  accuracy  of  the  second  technique,  ionosphere  modelling  ,  is  unknown 
at  this  time.  Various  approaches  will  be  tested  during  Phase  I  to 
determine  tha  accuracy  obtainable.  These  will  then  be  evaluated  against 
the  cost  of  implementing  each  to  determine  the  optimum  approach. 

The  third  technique,  fixed  correction,  is  estimated  to  have  a  one  sigma 
error  of  30  feet. 

3.1  Two  Frequency  Correction  Accuracy 

Range  errors  are  caused  by  uncertainties  in  the  speed  of  light  through  the 

ionosphere  and  in  the  path  length.  Numerous  sources  have  agreed  that  the 

group  delay  velocity  is  inversely  proportional  to  the  square  of  the 
1  2 

frequency.  *  Two  independent  analyses  of  the  effects  of  the  ionosphere 
on  path  length  have  conclude!  that  this  effect  varies  as  the  frequency 
to  the  -3.7  to  -4th  power.  At  1.2  GHz  (L0) ,  the  increased  path  length 
is  on  the  order  of  a  few  centimeters.  It  is  therefore  assumed  that  the 
ionospheric  effect  on  measurements  of  pseudorange  can  be  simply  modelled  as 


where 

Pr  *  true  pseudorange 
■  measured  pseudorange 
f^  ■  carrier  frequency 

K  *  a  factor  which  depends  upon  the  integrated  electron 

density  along  the  radio  path  when  the  measurement  is  taken. 

We  further  assume  that  K  is  invariant  between  the  user  and  a  specific 
satellite  during  any  2  minute  period. 


G.  Millman,  "Atmospheric  Effects  on  VHF  and  UHF  Propegation,"  Proc.  of 
the  IRE,  Aug  1958 

L.J.  Mitchler,  "Preliminary  TRW  Active  Ranging  System  Error  Analysis", 
TRW  Interoffice  Correspondence,  7224.11-9,  9  April  1968 
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At  regular  intervals  of  time  T,  each  channel  of  the  user's  receiver  will  make 
measurements  of  pseudorange  against  the  signal  (p^)*  These  will  be 
compared  with  the  last  measurement  made  against  the  signal  (p^). 

The  time  interval  between  making  these  2  measurements  (r)  will  be  small 
(approximately  100  msec),  but  the  geometric  range  between  user  and  satellite 
will  change  significantly  during  that  time,  and  will  have  to  be  taken 
into  account.  Thus, 


'v  •  .  «•  9 

P2  =  P2  -  Rr-  1/2  R  r 


where  is  the  pseudorange  applicable  at  the  same  time  that  p^  was 
•  •  • 

measured,  and  R  and  R  are  the  navigation  filter  estimates  of  the  geometric 
range  rate  and  range  acceleration.  The  evror  incurred  in  using  thi3  3imple 
extrapolation  is 


TA R  +  T  2  AR 


where  AR  is  the  error  ir.  the  estimate  of  R,  etc. 


In  practice,  T<C0.1  seconds,  AR  <  1  fps  and  AR  <  10  ft/sec  ,  so  that  the 
extrapolation  error  is  insignificant. 


The  difference  measurement,  A p,  is  then  formed, 


P  '  P , 


Then:  n  such  difference  measurements  will  be  averaged 


I  2  AP 


M.  Deckett,  "Description  and  Performance  of  the  Ionospheric 

Correction  Algorithm",  TRt  Interoffice  Correspondence,  TV1SDP-MD-221, 
21  Dec  1973. 
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v? 


This  term  is  linearly  related  to  the  estimate  of  K  applicable  at  this  time, 


Thus,  the  ionospheric  correction  term,  ,  is 


(6) 


O') 


where 


(8) 


This  term,  ,  will  be  subtracted  from  every  measurement  P^  in  the  following 
period  T.  At  the  end  of  that  period,  a  new  p.  measurement  will  be  made, 

i  * 

which  will  be  extrapolated  to  atK*  will  generate  a  newAp  value.  The 
average  will  then  be  computed  again. 


To  reiterate,  the  equations  of  the  algorithm  are, 


pj'  -  P2  -  ®r  -  1/2  *  r2 

(9) 

AP-  4  -  ?! 

(10) 

AP“;  2  AP 

(ID 

Rj  *  IP  AP 

(12) 

l 


l 

r 


3.1.2 


Accuracy  of  the  User*s  Two  Frequency  Correction 


As  previously  stated,  errors  caused  by  the  invalidity  of  the  model  are 
assumed  tc  be  negligible  (*<  -  fout) .  Also,  with  the  expected  time  interval 
between  ^  and  ^  measurements,  it  was  shown  that  the  extrapolation 
process  will  not  cause  significant  error. 

The  term  (j  will  be  a  program  constant,  based  on  the  nominal  values  of 
f^  and  f^.  It  can  be  easily  shown  that  variations  in  f^  and  f ^  from 
their  nominal  values  will  cause  only  insignificant  errors  in  the  ionospheric 
correction. 


The  only  significant  error  sources  are  the  measurement  noise  errors.  These 
are  uncorrelated  with  each  other,  and  uncorrelated  serially. 


Thus 


and 


<J*  U/»)  =  n  0,2  M 

o'tej)  *  ^  ^3(^)  *  or2(/°j)^ 


The  rms  accuracy  of  the  and  L2  measurements,  or  (/O)  and  o  (fi^)  Is  shown 
in  Table  3-2  for  the  0  dB  user  antenna  at  the  average  elevation  angle 
of  25°.  Using  these  values  in  the  equation  abovt  yields  the  correction  error  in 
Table  3-2.  and  are  assumed  to  be  1575  and  1240  MHz,  respectively. 

Pseudo  range  differences  will  be  measured  every  10  seconds  for  10  measure¬ 
ments,  thus  n  *  10. 

TABLE  3-2 

l®4  Two  Frequency  Ionospheric  Correction  Error 
(0  dB  Antenna,  25°  Elevation  Angle) 


j - 

User  Acceleration  (g's) 

0 

1 

2 

4 

7 

1  L.,  Range  Error  (ft)6  (P^) 

1.25 

1.35 

1.45 

1.60 

1.9 

,  L2  Range  Error  (ft) 6  (P2) 

1.8 

1.9 

2.0 

2.1 

2.4 

j  Net  Correction  Error 

1.1 

1 

1.2 

1.3 

1.4 

1.6 
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3.2 


Fixed  Bias  Correction  Accuracy 


Two  approaches  were  taken  to  estimate  the  accuracy  of  the  fixed  bias 
correction  technique.  These  were  based  on  a  Monte  Carlo  simulation  and 
Total  Electron  Content  measurements,  respectively. 


3.2.1 


Monte  Carlo  Simulation 


The  ionospheric  range  error  may  be  expressed 


AR 


ft 


kQ(B)  Nt  (td,  t8>,  tyl  L)  (e/m  ) 


(1) 


where  K  *  1.3  •  10  ^  ft  G^ 


e/m? 


Q(E)  *  obliquity  function  of  elevation  angle 

Q(90°)  =  1 
Q(20°)  -  2.5 


f  -  carrier  frequency,  GHz 


=  total  vertical  electron  columnar  content,  electrons/ni 


a  function  of: 

td  «  time  of  day 

t  *  time  (season)  of  year 

t  *>  time  in  sunspot  cycle 
s  s 


latitude 


A.  J.  Mallinckrodt,  Distribution  Function  of  Ionospheric  Errors,  TRW 
Interoffice  Correspondence,  7222.2-419,  23  February  1968 
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Peskoff  estimates  the  maximum  columnar  content  at  20  *  10  electrons/m' 


Now  if  we  consider  Nj,  to  be  a  product-separable  function  of  its  various 
independent  arguments  we  may  write 


N  =  C  f,  (t.)  f_(t  )  f,(t  )  f.(L) 
T  o  1%  d'  2%  y  3  ss'  4X  ' 


(2) 


As  a  crude  approximation  we  propose  to  represent  each  of  the  f^  as  an 
independent  random  variate  uniformly  distributed  over  the  range. 


1  <  (3) 

From  Peskoff's  results  and  others  we  estimate  the  following  ranges  of 
variation 


(diurnal)  =  6  (4) 

R2  (seasonal)  =  2 
R^  (sunspot)  *  6 
R^  (latitudinal)  *  3 


The  corresponding  total  range  from  maximum  to  minimum  is  216,  so 

C  -  20  •  1017/2i6  -  .93  •  1016 
o 

The  resulting  overall  distribution  of  N.^,  was  found  by  a  Monte  Carlo 
technique,  generating  a  series  of  random  numbers  according  to  this 
distribution  (eqs  2,  3,  4)  and  analyzing  the  resulting  sample  by  the  GE 
library  program  DESTAT***. 


The  result  is  shown  in  Figure  3-2,  from  which  we  may  read  the  following 
pertinent  points.  The  third  column  results  from  Equation  1  with  Q(20°)  *  2 


Fractile 

1.0  (maximum) 
.9 

.5  (median) 


N^,  not  exceeded 
Fractile  of  the  time 


2  x  10 


18 


6.5  x  1017 

2.5  x  1017 


AR 


tor  E*20' 


254 

83 

32 


J  A.  Peskoff,  ‘Tlange  Errors  and  Other  Effects  of  the  Ionosphere  on  L-Band 
Propegation,"  TRW  Interoffice  Memorandum  3221.1-354,  .?2  Feb  1968. 
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Figure  3-2  Ionospheric  Error  Statistics 


The  striking  point  of  this  is  that  since  arises  as  the  product  of  a 
number  ox  independent  variables,  values  near  the  simultaneous  maximum  are 
highly  improbable. 

3.2.2  Total  Electron  Content  Measurements 

Approximately  one  year's  data  was  collected  at  Hamilton,  Massachusetts ^ 
during  1967  and  1968  using  ATS-3. 

Applying  Equation  (1)  where  Q(20°)  =2.5  and  f  -  1.575  GHz  yields  the 
following  results: 


Fractile 

N_  not  exceeded 

T 

Fractile  of  the  time 

ARft 

For  E  -  20° 

1 . 0  (maximum) 

7  x  1017 

92 

.9 

3.4  x  1017 

45 

.5  (median) 

1.6  x  1017 

21 

This  is  also  shown  on  Figure  3.2. 

3.2.3  Sunmary  o'.  Fixed  Bias  Analysis 

It  can  be  seen  from  Figure  3-2  that  the  slope  of  the  two  curves  given 
by  the  different  approaches  is  quite  similar.  The  mean  of  the  simulation 
was  45  feet  while  the  mean  of  the  measured  data  was  23  feet.  If  a  fixed 
correction  of  45  feet  were  applied  in  both  cases,  the  standard  deviations 
of  the  resulting  errors  arc  28  feet  and  26  feet,  respectively.  Thus ,  it 
appears  that  the  fixed  bias  correction  technique  would  provide  a  one 
sigma  accuracy  of  30  feet. 


*  J.  A.  Klobuchar,  Total  Electron  Content  Predictions  for  the  Systems 
Engineer,  Symposium  on  the  Application  of  Atmospheric  Studies  to 
Satellite  Transmission,  p.  31-34. 
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3.3 


Relative  Accuracy 


The  ionospheric  error  changes  with  time  because  of  two  effects;  (1)  the 
condition  of  the  ionosphere  changes  and  (2)  the  path  length  through  the 
ionosphere  changes  because  of  the  sate11  e's  motion. 

1.  Ionosphere  Changes  -  Typical  changes  during  the  passage  of  the 
terminator  are  a  linear  increase  from  10  Hexams  to  50  Hexams  * 
between  6AM  and  12AM.  This  is  an  average  of  0.11  Hexams  per 
minute  or  0.15  ft/min  under  the  following  conditions: 

Frequency  -  1.575  GHz 
Elev.  Angle  -  10° 

H  -  400kra 

2.  Path  Length  Changes  -  The  maximum  rate  of  change  of  ionospheric 
path  length  with  time  occurs  at  approximately  15°  elevation 
angle.  During  the  30  minutes  tha  satellite  passes  from  21° 
elevation  angle  to  i0°  elevation  angle,  the  ionospheric  effect 
on  path  length  increases  from  27.8  feet  to  35.4  feet.  This  is 
assuming  the  ionosphere  has  a  TEG  of  25  Hexams,  H  is  400km 

and  the  frequency  is  i.575  GHz.  This  is  an  average  of  0.25 
ft/minute. 


Since  these  errors  can  be  correlated,  the  net  effect  is  an  error  which  can 
increase  at  the  rate  of  0.40  feet/minute.  Thus ,  under  typical  adverse 
conditions,  two  frequency  sequential  measurements  shojld  not  be  averaged 
over  a  period  longer  than  2  minutes  If  the  error  contributions  of  ionospheric 
condition  changes  and  path  length  changes  are  to  be  held  to  less  than  1  foot. 


The  fixed  bias  correction  technique  user  receiver  will  have  a  relative 
range  error  which  varies  as  shown  in  Table  3-3. 


TABLE  3-3 

Relative  Ranging  Error  of  Fixed  Correction  User 


J  Time  since  original  raeas.  (minutes) 

5 

10  l 

20 

30 

60 

Relative  Ranging  Error  (ft) 

2 

A  ! 

8 

12 

24 

*Hexam  =  lx  10^  (electrons/m^)  column 
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4.0 


TROPOSPHERIC  ERRORS 


The  lowest  layer  of  the  atmosphere,  the  troposphere,  extends  from  t.he  earth's 
surface  up  to  approximately  30  Km.  Within  this  region  the  dielectric  constant 
varies  slightly  and  is  dependent  upon  humidity,  temperature  and  pressure.  We 
have  assumed  the  CRPL*  Exponential  Reference  Atmosphere  (1958)  as  our  model 
and  have  examined  the  effect  of  varying  certain  parameters  of  that  model.  The 
model  is  used  to  produce  values  of  refractivity  as  a  function  of  altitude  with 
equation  parameters  of  sea  level  pressure,  sea  level  temperature,  user  relative 
humidity,  and  temperature  lapse  rate.  It  is  fully  recognized  that  the  CRPL 
atmosphere  is  only  a  statistical  entity  and,  a3  such,  is  liable  to  be  wrong  at 
any  particular  point  in  space  and  time.  The  alternative  to  using  the  CRPL  model 
requires  the  user  to  make  atmospheric  measurements  (temperature,  pressure, 
humidity)  along  the  signal  path,  which  is  clearly  impractical  outside  of  a 
research  experiment.  Even  if  the  user  makes  ground  measurements  at  his  location, 
he  must  assume  some  model  to  predict  refractivity  along  the  signal  path.  The 
alternatives  to  using  a  statistical  model  have  not  been  addressed  in  this  study. 
The  following  treatment  i3  an  error  analysis  (which  is  inherently  statistical 
in  nature)  and  since  we  are  concerned  with  errors  on  the  order  of  "1-sigma" 
variations,  a  treatment  using  the  CRPL  model  is  the  most  practical  approach. 

Thus,  a  radio  signal  propagating  through  the  troposphere  experiences  a  transit 
time  delay  sdiich  can  be  derived  by  integrating  the  refractivity  from  the  position 
of  the  user  along  its  path  (assuming  a  model  atmosphere)  to  the  "top"  of  the 
troposphere. 

To  compensate  for  this  time  delay,  a  GPS  user  will  employ  a  simplified  and 
approximate  algorithm  which  is  only  a  function  of  altitude  and  elevation  angle. 


*  Central  Radio  Propagation  Laboratory,  National  Bureau  of  Standards  (now  the 
Institute  for  Telecommunication  Sciences) 
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The  purpose  of  this  section  is  to  first  compare  the  time  delay  as  calculated 
by  this  simplified  algorithm  to  the  time  delay  as  calculated  by  a  detailed 
numerical  integration  of  refractivity  based  on  the  CRPL  model  atmosphere;  and 
second,  to  examine  the  excursions  of  this  time  delay  due  to  1-sigma  fluctuations 
in  the  model  atmosphere  parameters. 

The  user  will  employ  the  following  algorithm  to  determine  troposphere  range 
correction  (in  feet): 

Pt  =  Csc  E  6  23000 

where  E  is  the  elevation  angle  to  the  satellite,  K^,  is  a  constant  (approximately 
7.8  ft)  and  h  is  the  receiver  altitude  in  feet.  This  correction  factor  must 
be  recalculated  for  each  range  measurement,  as  satellite  motion  can  cause  the 
tropospheric  effect  to  change  at  a  rate  of  7  feet  per  minute. 

Absolute  Range  -  The  error  in  the  correction  for  the  troposphere  is  a  function 
of  elevation  angle  and  receiver  altitude  rs  well  as  variations  from  the  assumed 
standard  atmosphere.  Figure  4-1  shows  the  one  sigma  error  probability  distri¬ 
bution  for  users  at  sea  level  and  10,000  feet.  If  one  assumes  a  Phase  I  satellite 
elevation  angle  distribution  (shown  in  Figure  4-2),  the  average  elevation  angle 
experienced  by  the  user  is  28  degrees  (see  Section  4.6). 

Figure  4-3  presents  a  crossplot  of  this  information,  showing  the  percentage  of 
users  with  errors  less  than  a  given  value.  Table  4-1  summarizes  the  one  sigma 
tropospheric  range  errors  experienced  by  "average"  Phase  I  users  at  sea  level 
end  10,000  feet  due  to  atmospheric  fluctuations. 


TABLE  4-1 

1  Sigma  Troposphere  Range  Error 


1  Sigma  User 

Error  (ft) 

Sea  Level 

10,000  ft 

Phase  I : 


0.91 


0.56 


(03Q)  310NV  NOI1VA313 


FIGURE  4-3 

User  Error  Distribution  Curves 
(Percent  of  Users  with 
Tropo  Range  Error  Less 


981 

laiiui 

Than 

i  :;i 

R 

i  r  *  * . 

i  »  f  4 

Feet) 

MLLLiil 

IfifiuiscISlS 

I 

HI 

mm 

Relative  Range  -  The  errors  can  be  expected  to  be  highly  correlated  over  a 


limited  geographic  area  over  a  period  of  approximately  one  hour.  Data 
on  the  time-rate-of-change  of  lapse  rate,  pressure,  temperature  and  relative 
humidity*'  during  storms  and  the  most  severe  periods  of  the  day  indicate 
the  following: 

1  -  sigma  fluctuations  (as  defined  in  this  section)  can  occur  over 
a  5.8  to  8.3  hour  period. 

The  RSS  worst-cast  total  rate-of-change  of  all  these  fluctuations  amounts 
to  0.56  ft/hr  at  sea  level  at  5  deg  elevation. 

Expressed  as  a  percentage  of  the  full  tropospheric  range  correction  at 
these  condition]  (89.55  ft),  these  time  fluctuations  amount  to  0.67. 
per  hour. 

While  these  atmospheric  parameters  will  not  change  by  more  than  about  1 
sigma  during  a  6  hour  period,  the  movement  of  the  satellite  will  cause  some 
change  in  the  path  conditions  du'  to  area  gradients.  It  is  assumed  that  this 
will  essentially  douL.e  the  rate  of  change  of  this  error.  Thus,  the  net 
i'tcrease  in  relative  tropospheric  error  is  2  x  0.91  feet  per  hour  (0.03  feet/ 
minute)  or  0.6  feet  af  er  20  minutes.  It  must  be  pointed  out  that  the  user 
equipment  must  use  the  algorithm  stated  above  on  every  measurement  in  order 
to  achieve  this  accuracy. 
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4.1 


Tropospheric  Error  Analysis 


Time  delays  in  the  troposphere  are  a  function  of  the  index  of  refraction. 
Unlike  the  ionosphere,  the  troposphere  is  largely  non-conducting  and  the 
index  of  refraction  is  not  a  function  of  the  transmission  carrier  frequency. 
The  refractive  index  at  any  altitude  within  the  troposphere  can  be  expressed' 

as:' 


1  +  §  (P  +  ~  )  10-6 


where 


C 

b 


77.6°  K/MB 
4810°K 


P  *  pressure  (MB) 

e  ■  partial  pressure  of  water  vapor  (MB) 

T  <=  temperature  °K 

It  is  possible  to  express  the  above  equation  as  a  function  of  altitude 
up  to  10  KM  for  a  standard  atmosphere:  by  substituting  (Reference  3) 

1_ 

P-P  (1-)“ 
o  T 

o 


T  »  T  -  ah 

O 


e  -  •  (1  -  0,064h) 


8-49 


To  get 


C  P 


n  =  1  + 


- 1 ) 


a-®> 

o 


OR 


Cbe  (1  -  . 064h) 
o  _ 

(To  -  ah)2 


10 


where 


K 

a  ■  Temperature  Lapse  Rate,  nominally  6.5  — 
R  *  Gas  Constant  =  0.0292  — 


Pq  *  S3 a  level  pressure  nominally  1013  MB 


»  Sea  level  temperature  nominally  288  K 


h  *  altitude  -  KM 


Above  10  KM,  the  refractive  index  is  assumed  to  decay  exponentially  as 


n  ■  N  e 
o 


h 

7.62 


tfiere  h  is  the  altitude  in  KM,  and  N  is  the  refractive  index  at  the 

’  o 

earth's  surface. 


The  range  error  is: 


dS 

AR«  /  dS  -  /  n  =  /  (n-1)  dS 
s  s  s 


Since  the  path  length  change  (due  to  ray  bending)  is  small  compared  to  the 
transit  time  delay,  we  can  assume  a  linear  path  and  n  merically  integrate 
this  expression.  Figure  4-4  shows  the  result  of  a  200-layer  trapezoidal 
integration  and  compares  it  with  the  simplified  algorithm  presented  above 
(Section  4.0). 
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4 .2  Humidity  Errors 


Relative  humidity  is  the  ratio  e/e  ,  expressed  as  a  percentage,  at  the  location 

s 

of  the  user.  The  symbol,  e,  refers  to  the  partial  pressure  of  water  vapor 
at  the  altitude  of  interest  (see  Sec.  4.1),  and  eg  refers  to  the  satursced 
water  vapor  pressure  srtiich  is  a  function  of  temperature.  Using  the  equation 

for  temperature  as  a  function  of  altitude  (Sec.  4.1)  we  can  thus  obtain  e 

4  s 

as  a  function  of  altitude. 


Altitude  (ft) 


Temp  (°K) 


eg  (m3) 


0 

288 

10,000 

268 

40,000 

208.7 

17.0 

4.2 

0.007 


Assuming  that  the  0%  and  100%  humidity  cases  are  2-sigma  values,  and  that 
humidity  is  normally  distributed  about  50%,  then  the  1-sigma  humidities  are 
50  +  25%.  Table  4-2  presents  the  nominal  (50%)  values  of  the  range  correction 
and  the  1-  and  2-slgma  deviation  magnitudes.  The  tabulated  alues  assume  a 
cosecant  dependence  of  range  with  elevation  angle  and  are  the  result  of  a 
200  layer  numerical  integration  between  the  altitude  of  the  user  and  30  Km 
(98,400  ft)  which  is  assumed  to  be  the  upper  boundary  of  the  troposphere. 

(One  test  case  was  run  to  observe  the  effect  of  a  40  Km  troposphere  boundary, 
with  the  result  that  the  range  error  correction  increased  by  1.46  percent.) 

^ *3  Sea  Level  Pressure  Errors 

Table  4-3  shows  values  of  the  range  correction  at  the  assumed  nominal  sea 
level  pressure  of  1013  mB,  and  the  effect  of  a  1-sigma  variation  of  +  57  mB 
about  this  value.  Once  again,  pressures  are  assumed  normally  distributed  about 
the  nominal  value  and  range  path  lengths  have  a  cosecant  dependence  on  elevation 
angle.  The  table  presents  1-  and  3-sigma  deviations  as  a  function  of  elevation 
angle  at  sea  level,  10,000  ft,  and  40,000  ft. 
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ALTITUDE  -  0  FT 

ELEV 

±50X 

±25X 

NOMINAL 

ANGLE 

(±2  SIGMA) 

(±1  SIGMA) 

5 

6.09 

3.04 

89.55 

10 

3.05 

1.53 

44.95 

20 

1.55 

.78 

22.82 

30 

1.06 

.53 

15.61 

40 

.83 

.41 

12.14 

50 

.69 

.35 

10.19 

60 

.61 

.31 

9.01 

70 

.56 

.28 

8.31 

80 

.54 

.27 

7.93 

90 

.53 

.27 

7.80 

ALTITUDE  -  10000 

FT 

ELEV 

±50X 

±25  X 

NOMINAL 

ANGLE 

(±2  SIGMA' 

(±1  SIGMA) 

5 

3.51 

1.75 

60.30 

10 

1.76 

.88 

30.26 

20 

.89 

.45 

15.37 

30 

.61 

.31 

10.51 

40 

.48 

.24 

8.18 

50 

.40 

.20 

6.86 

60 

.35 

.18 

6.07 

70 

.33 

.16 

5.59 

80 

.31 

.16 

5.34 

90 

.31 

.15 

5.26 

ALTITUDE  -  40000 

FT 

ELEV 

±50X 

±25X 

NOMINAL 

ANGLE 

(+2  SIGMA) 

(±1  SIGMA) 

5 

1.95 

.97 

16.68 

10 

.98 

.49 

8.37 

20 

.50 

.25 

4.25 

30 

.34 

.17 

2.91 

40 

.26 

.13 

2.26 

50 

.22 

.11 

1.90 

60 

.20 

.10 

1.68 

70 

.18 

.09 

1.55 

80 

.17 

.09 

1.48 

90 

.17 

.08 

1.45 

02/08/74 


17.173 


TABLE  4-3 

SEA  LEVEL  PRESSURE  (Ft) 
NOMINAL  PRESSURE  *  1013  MB 


ALTITUDE  =  0  FT 


ELEV 

ANGLE 

±57  MB 
(±3  SIGMA) 

(±1  SIGMA) 

NOMINAL 

5 

4.65 

1.55 

89.55 

10 

2.33 

.  78 

44.95 

20 

1.18 

.39 

22.82 

30 

.81 

.27 

15.61 

40 

.63 

.21 

12.14 

50 

.53 

.18 

10.19 

60 

.47 

.16 

9.01 

70 

.43 

.14 

8.31 

80 

.41 

.14 

7.93 

.41 

.14 

7.80 

ALTITUDE  “  10000 

FT 

ELEV 

±57  MB 

NOMINAL 

ANGLE 

(±3  SIGMA) 

(±1  SIGMA) 

5 

3.31 

1.10 

60.30 

10 

1.66 

.55 

30.26 

20 

.84 

.28 

15.37 

30 

w  53 

.19 

10.51 

40 

.45 

.15 

8.18 

50 

.38 

.13 

6.86 

60 

.33 

.11 

6.07 

70 

.31 

.10 

5.59 

80 

.29 

.10 

5.34 

90 

.29 

.10 

5.26 

ALTITUDE  ■  40000 

FT 

ELEV 

ANGLE 

±57  MB 
(±3  SIGMA) 

<*1 

SIGMA) 

NOMINAL 

5 

1.00 

.33 

16.68 

10 

*  50 

.17 

8.37 

20 

.25 

.08 

4.25 

30 

.17 

.06 

2.91 

40 

.14 

.05 

2.26 

50 

.11 

.04 

1.90 

60 

.10 

.03 

1.68 

70 

.09 

.03 

1.55 

80 

.09 

.03 

1.48 

90 

.09 

.03 

1.45 

ready 

* 
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4.4  Sea  Level  Temperature  Errors 

Table  4-4  shows  a  similar  effect  with  the  variation  of  sea  level  temperatures 
about  an  assumed  nominal  sea  level  temperature  of  288  deg.  K.  The  3-sigma 
variation  is  assumed  to  be  +  26  deg. 

4.5  Temperature  Lapse  Rate  Errors 

Table  4-5  shows  the  effect  of  a  +  1.7  deg/Km  3-sigma  deviation  of  the  lapse 
rate  constant  from  the  assumed  nominal  value  of  6.5  deg/Km.  Once  again,  the 
nominal  value,  the  3-sigma,  and  the  1-sigma  deviations  are  tabulated  versus 
user  elevation  angle  for  sea  level,  10,000  ft,  and  40,000  ft  user  altitude. 
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TABLE  4-4 

SEA  LEVEL  TEMPERATURE (Ft) 
Nominal  Temperature  -  283  Deg  K 


ALTITUDE  =  0  FT 

ELEV 

*26  Deg 

NOMINAL 

ANGLE 

(±3  SIGMA) 

(+1  SIGMA) 

5 

6.06 

2.02 

85.55 

10 

3.04 

1.01 

44.95 

20 

1.54 

.51 

22.82 

30 

1.06 

.35 

15.61 

40 

.82 

.27 

12.  14 

50 

.69 

.23 

10.19 

60 

.61 

.20 

9.01 

70 

.56 

.19 

8.31 

80 

.54 

.18 

7.93 

90 

.53 

.18 

7.80 

ALTITUDE  -  10000 

FT 

ELEV 

±26  Deg 

NOMINAL 

ANGLE 

(±3  SIGMA) 

(±1  SIGMA) 

5 

3.46 

1.15 

60.30 

10 

1.74 

.58 

30.26 

20 

.88 

.29 

15.37 

30 

.60 

.20 

10.51 

40 

.47 

.16 

8.18 

50 

.39 

.13 

6.86 

60 

.35 

.12 

6.07 

70 

.32 

.11 

5.59 

80 

.31 

.10 

5.34 

90 

.30 

.10 

5.26 

ALTITUDE 


40000  FT 


ELEV  *26  Deg 
ANCLE  (±3  SIGMA) 


(±1  SIGMA) 


NOMINAL 


02/08/74  17.504 


TABLE  4-5 

TEMPERATURE  LAPSE  RATE 


Nominal  Lapse  Rate  *  6.5  Deg/Km 


ALTITUDE  «  0  FT 

ELEV 

£1.7  o/km 

NOMINAL 

ANGLE 

{•*3  SIGMA) 

(±1 

SIGMA) 

5 

1.19 

.40 

89.55 

10 

.60 

.20 

44.95 

20 

.30 

.10 

22.82 

30 

.21 

.07 

15.61 

40 

.16 

.05 

12.14 

50 

.14 

.05 

10.19 

60 

r  1 2 

.04 

9.01 

70 

.11 

.04 

8.31  . 

80 

.11 

.04 

7.93 

90 

.10 

.03 

7.80 

ALTITUDE  =  10000 

FT 

ELEV 

±1.7  o/km 

NOMINAL 

ANGLE 

(±3  SIGMA) 

(±1 

SIGMA) 

5 

.95 

.32 

60.30 

10 

.47 

.16 

30.26 

20 

.24 

.08 

15.37 

30 

.16 

.05 

10.51 

4C 

.13 

.04 

8.18 

50 

.11 

.04 

6.36 

60 

.10 

.03 

5.07 

70 

.09 

.03 

5.59 

80 

.08 

.03 

5.34 

90 

.08 

.03 

5.26 

ALTITUDE  *  40000 

FT 

ELEV 

±1.7  o/km 

NOMINAL 

ANGLE 

(±3  SIGMA) 

(±1 

SIGMA) 

5 

.36 

.12 

16.68 

10 

.18 

.06 

8.37 

20 

.09 

.03 

4.25 

30 

.06 

.02 

2.91 

40 

.05 

.02 

2. 26 

50 

.04 

.01 

1.90 

60 

.04 

.01 

1.68 

70 

.03 

.01 

1.55 

80 

.03 

.01 

1.48 

90 

.03 

.01 

1.45 
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4.6 


Summary  of  Errors 


Table  4-6  shows  the  summary  of  1-sigraa  troposphere  parameter  errors  tabulated 
at  elevation  angles  of  90  deg  and  10  deg.  The  RSS  values  of  each  column  are 
shown  as  the  last  entry  in  the  column.  Figure  4-1  (above)  follows  directly 
from  the  RSS  totals  at  90  deg  elevation  by  introducing  a  cosecant  factor  to 
show  approximate  elevation  angle  behavior. 

Figures  4-5  and  4-6  are  differential  versions  of  Figures  4-2  and  4-3.  Figure 
4-5  shows  the  normalized  distribution  function  of  the  Phase  I  user  elevation 
angles.  The  most  probable  elevation  angle  is  seen  to  be  27.5  deg.  Figure 
4-6  presents  the  sea  level  and  10,000  ft  distribution  functions  of  user  error, 
clearly  showing  the  peaks  of  most-probable  error. 
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TA3LS  4-6 

1 -SIGMA  TROPOSPHERE  ERRORS  (FT) 
AT  90  AND  10  DEG.  ELEVATION  ANGLES 


PARAMETER 

USER  AT 

SEA  LEVEL 

USER  AT 

10,000  Ft  Alt 

E  =  90° 

E  -  10° 

E  *=  90° 

E  =  10° 

Relative  Humidity 
(+2  c  «  +  50Z) 

0.27 

1.53 

0.15 

0.88 

Sea  Level  Pressure 
(+  3a  *  +  57  mB) 

0.14 

0.78 

0.10 

0.55 

Sea  Level  Temperature 
(+3 0  *  +  26  deg) 

0.18 

1.01 

0.10 

0.58 

Temp.  Lapse  Rate 
(+3  a  *  +  1.7  deg/Km) 

0.03 

0.20 

0.03 

0.16 

RSS  Total: 


0.355 


2.002 


G.208 


1.20C 


0 


20 


60 


FIGURE  4 


40 

E-  ELEVATION  ANGLE  (Deg) 


5  Normalized  Distribution  Of  User  Elevation  Angles 
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SEA  LEVEL 


X  »  ERROR  (ft) 


FIGURE  4-6  Distribution  of  Phase  I  Users 
With  Error  Due  To  Atmosphere  Fluctuations 
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MULTIPATH  ERROR 


! 


This  section  analyzes  the  effect  of  specular  multipath  signals  upon  the  operation 
of  the  Delay  Lock  Loop  in  the  user  receiver.  Section  5.1  describes  the  conditions 
under  which  this  multipath  will  take  place  and  Section  5.2  determines  the  error 
caused  by  this  type  of  reflection. 

5.1  Characteristics  of  the  Multipath  Signal 

A  multipath  signal  results  when  the  desired  signal  arrives  via  the  direct 

path  and  a  reflected  path.  The  reflected  path  can  result  from  ground  reflections 

or  vehicle  body  reflections,  such  as  reflections  from  the  wing  of  an  aircraft. 

The  reflected  signal  is  composed  of  a  "specular"  part  and  a  "diffuse"  part. 

Which  type  of  reflection  dominates  depends  primarily  on  the  roughness  of  the 

reflecting  surface  compared  to  the  wavelength  of  the  signal.  The  Rayleigh 

criteria  is  often  used  to  differentiate  between  the  two  extremes.  According 

* 

to  the  Rayleight  criteria,  the  surface  is  considered  smooth  ifr 


where 


o  sin  E  ,  where  c  *  rms  surface  height  variation 

u)  ^  A  U) 

x  8 

E  -  elevation  angle 

A  5  RF  signal  wavelength 

Figure  5-1  shows  the  maximum  rms  surface  height  for  specular  reflection 
as  a  functiou  of  elevation  angle  assuming  \  equals  0.625  feet  (f  *  1.574  GHz). 

It  can  be  seen  that  a  surface  roughness  greater  than  one  foot  produces  diffuse 
reflections  at  the  elevation  angles  of  interest  (>5  degress) .  Thus,  almost 
all  reflections  resulting  from  the  ground  will  be  predominantly  diffuse  in 
nature.  Diffuse  type  reflections  tend  to  spread  the  reflected  power  over  a 
wider  bandwidth  than  the  original  signal  and,  therefore,  are  less  troublesome 
than  specular  type  reflections.  For  the  P-signal,  all  reflections  resulting 
from  pa»:h  differences  greater  than  150  feet  will  be  reduced  by  at  least  60  dB. 

For  the  C/A-signal,  all  reflections  resulting  from  path  differences  greater 
than  1500  feet  will  be  reduced  by  30  dB.  Thus  ground  reflections  should  not 
caus-*  any  loss  in  P-signal  performance,  and  will  probably  have  a  negl_gible 
*fect  upon  C/A-signal  performance.  However,  reflections  off  the  body  of  an  aircraft 
t>t  a  smooth  water  surface  will  normally  be  specular  In  nature  and  have  differences 
less  than  150  eet.  The  effect  of  these  type  reflections  on  delay  lock  loop 
performance  are  considered  in  the  next  section. 

*  Beckmann  and  Spizzichino,  "The  Scattering  of  Electromagnetic  Waves  from 
Rough  Surfaces,"  pg.  9,  Pergamon  Press,  1963 
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S.2  Delay  Lock  Loop  Effects 

The  purpose  of  this  analysis  Is  to  develop  a  model  of  the  multipath  errors  In 
CPS  measurements  of  pseudorange  and  pseudorange  rate.  The  errors  are  not  modeled 
for  one  specific  receiver,  but  generally  for  any  single  channel,  tlmeshared,  GPS 
receiver.  Where  necessary,  this  has  been  done  by  looking  at  worst  case  situations. 
The  majority  of  the  following  analysis  was  initially  conducted  for  the  6216 
program.  (1) 

5*2.1  Summery  of  Results 

5. 2. 1.1  Pseudorange  Error 

Except  when  the  aircraft  Is  near  the  ground,  the  multipath  error  In  pseudorange 
is  distributed  about  zero  mean  with  a  standard  deviation  of  2  feet.  It  is  r  ,ed 
by  multipath  reflections  from  the  aircraft  body. 


During  an  ILS  approach,  an  additional,  larger,  and  more  deterministic  multipath 
error  is  present  due  to  multipath  reflections  from  the  ground.  Its  value  is  l, 

where 


1  =  -6 

.for  0  <  6  <  14.  6 

1  =  .  3366  -  19.  5 

.for  14.  6  <  6  <  85.  5 

1  =  .  143(150  -  6) 

,  for  85.  5  <  6  <  1 50 

end 

i  s  0 

.for  150  <  6 

•  V 

The  parameter  6  is  the  multipath  distance,  and  is  given  by 


&  = 
6  = 


2h  sin  0 
2hb 


.for  a  satellite  transmitter 
,for  a  beacon  transmitter 


1 
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ai r  j raft  .ill itudc 


0  -  satellite  elevation  angle 
b  =  beacon  antenna  height  (assume  b  10  ft.  ) 
<1  ”  horizontal  distance,  beacon  to  aircraft. 

A  plot  of  I  versus  6  is  shown  in  Figure  5-2. 


5. 2. 1,2  P  ;cu  invange  Hale  Error 


The  multipath  error  in  pscudorangc  rate  clue  to  ground  reflection; 
is  not  significantly  different  from  that  due  to  aircraft  body  reflections. 


This  error  is  statistically  distributed  about  zero  mean,  and  has  a 
standard  deviation  ;  'ven  by 


where 


0.01  , 

a(R)  =  -~y~  fps 

T  =  range  rate  counter  sample  interval,  in  seconds. 

5.2.2  RANGE  ERROR 
5. 2. 2.1  Discriminator  Characteristic 

■  » 

The  generalized  discriminator  characteristic  curve  of  a  tau-dithered 
delay  lock  loop,  such  as  is  used  in  GPS  time  shared  receivers,  is  shown 
in  Figure  5-3. 


Figure  5-3  Generalized  Discriminator  Curve 


•  In  this  curve,  c(X)  is  the  discriminator  output  for  a  phase  difference 

between  the  received  code  and  the  replica  code  equivalent  to  X  feet.  The 

error  monotonically  inc  reases  in  the  range  £50  feet,  and  is  zero  outside 

the  range  +  X*.  The  value  of  X*  depends  upon  tnc  exact  design  of  the  delay 

lock  loop.  From  the  point  of  view  of  multipath-induced  errors,  it  is  con- 

<< 

servative  to  consider  designs  with  large  values  of  X  ,  and  for  this  reason 
we  will  assume  X*  =  150  feet.  The  deviation  of  the  discriminator  curve 
with  X*  of  150  feet  i;  shewn  in  Reference  5.  It  should  be  noted  that  Ref¬ 
erences  3  and  4  both  assume  delay  lock  loops  with  X  *  ••  100  feet,  and  hence 
cs.d  up  with  different  results.  (However,  this  is  only  one  of  the  differences 
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between  thir.  treatment  and  the  earlier  ones,  so  it  does  not  account  for 
all  the  discrepancies  in  the  numerical  results.  ) 

Hence,  we  will  use  for  the  discriminator  curve, 


when 


X  <  -150, 

e(X) 

-150  <  X  <  -  50, 

e(X) 

50  <  X  <  +  50, 

c(X) 

+  50  <X  <  +150, 

•MX) 

+150  <  X 

'c(X) 

piation 

X 

100 


3 

Z 


X 

50 


_2L+  1 

100  2 


=  0 


We  will  assume  that  there  are  two  signals  in  the  receive*,  the 
desired,  direct  signal,  and  one,  significantly-slrorg.  multipath  signal, 
which  is  delayed  by  an  amount  equivalent  to  a  path  distance  difference 
of  6.  Further,  we  will  assume  a  reflection  coefficient  such  that  the 
ratio  of  peak  voltages  of  the  multipath  signal  to  the  desired  signal  >s  p. 
(That  is,  the  voltage  reflection  coefficient  is  p.  The  reflection  coeffi¬ 
cient  in  power  terms  is  p^.  ) 


Now,  each  of  the  two  signals  gives  rise  to  an  error  output  from 
the  discriminator,  and  the  delay  lock  loop  drives  the  sum-error  to  zero. 
X*et  the  final  offset  of  the  settled  phase  from  the  desired  signal  phase  be 
equivalent  to  a  distance  1.  Then,  the  individual  discriminator  outputs 
would  be 


and 


e(l)  ,  from  the  desired  signal 


p  cob  )  c  (I  -  6),  from  tin-  multipath  digital 
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where 


X  =  carrier  wavelength 


Since  the  loop  drives  the  sum  error  to  zero,  the  value  of  1.  wluch 
is  the  multipath-induced  error  in  pseudorange,  is  given  by, 


XU*  =  o 


where 


XU)  =  «U)  +  p  cos  Hr*) 


Now,  since  0  <  p  <  1, 
it  is  seen  that  X(-50)  <  0 

and  .  XU  50)  >  0. 

Hence,  there  is  a  solution  of  £  (I)  -  0  in  the  range  l[-50,  +50}. 
Thus,  the  equation  for  1  can  be  written  as 


+  p  cos  (~-)  c  (1  -  6)  =  0 


H 


?i 

t.  J 

t 


For  further  consideration,  we  must  consider  the  various  ranges 
of  the  argument,  (1  -  6). 

Suppose  1-  6  < -150 

Then  e(i  -  6)  =  0 

from  which,  if  6  >  150,  1  -  0 

Suppose  -150  <  I  -  6  <-50 


Then 


,,  3  1-6 

t{l  -  t>)  =  -  i  -  -loo 

-6W-!-(Twn  -  <^>  ■ 

(150  -  6)  p  cos 

I  -  — -  JZi»57 

2  -  p  cos  (-T-) 
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Because  of  the  transcendental  nature  of  the  equations,  wo  cannot 
proceed  further  with  an  exact  analysis.  Instead,  noting  that  i  oscillates 
with  6  quite  rapidly  compared  with  the  rate  of  change  of  its  peaks  with  6, 
we  can  make  the  approximation  that 

f  _  (ISO  -  6 ) p 
;nax  L  -  p  . 


and 


‘min 


(ISO  -  6 ) p 

2  +  p 


Proceeding  v/ith  algebra,  it  is  easy  to  show  that 


upper  limit  of  £ 


(150  -  S)p 

2  -  p 


whenever 


50(1  +  p)  <  6  <  150 


and 


lower  limit  of  t  = 


•(ISO  -  6)P 

2  +  p 


whenever 


50(1  -  p)  <  6  <  150. 


Very  similarly,  it  can  be  shown  that 


upper  limit  of  f  - 


whenever 


0  <  6  <  50(1  )■  p) 


and 


lower  limit  of  I 


whenever 


0  <  6  <  50(  1  -  p). 


T'X-SP&g* 


I 

I 

I 

I 

! 

I 

1 

1 


1 

I 

1 

i 

I 

I 


Hence,  i  oscillates  within  the  quadr ilatoral-shapcd  envelope  shown 
in  F i pure  5-4. 

One  feature  of  this  result  is  that  it  implies  that,  if  p  =  1,  the  error 
can  oscillate  between  zero  and  -53  feet  for  near  zero  values  of  b.  This 
is,  of  course,  contrary  to  common  sense  which  tells  us  that  if  there  is 
no  multipath  (i.  c.  ,  if  6  =  0),  then  there  is  no  multipath  error  (i.  c.,  1  -  C). 
Evidently,  the  simplifying  assumptions  do  not  work  for  p  =  1,  and  hence 
these  results  cannot  be  used  with  this  value. 

5.2. 2. 3  The  Value  of  the  Multipath  Delay 

We  differentiate  here  between  multipath  caused  by  reflections  from 
the  aircraft  structure,  and  multipath  caused  by  ground  reflections.  Be¬ 
cause  of  the  very  considerable  coding  gain,  wc  need  concern  ourselves 
only  with  multipath  signals  whose  delay  ic  less  than  150  feet.  Hence, 
ground  reflection  multipath,  is  only  significant  during  on  ILS  approach. 

In  all  other  flight  modes,  we  have  to  assume  some  kind  of  model 
for  p  and  6.  We  here  assume  that, 

/ 

(i)  there  is  only  one  multipath  signal  of  significance, 
and  all  others  are  so  much  weaker  they  can  be 
ignored,  and 

(ii)  the  value  of  6  for  this  one  signal  is  uniformly  dis¬ 
tributed  between  zero  and  150  feet. 

Based  on  these  assumptions,  wc  can  model  the  statistical  behavior 
of  the  error.  This  is  done  in  the  next  section  (5. 2. 2. 4). 

\ 

During  an  ILS  approach,  the  ground  reflected  multipath  is  most 
significant.  The  variation  in  6  will  be  of  two  kinds.  Firstly,  there  will 
be  a  random,  noise  like  variation  of  the  order  of  a  wavelength  or  two. 
Additionally,  the  mean  value  of  the  delay  will  systematically  vary  in 
accordance  with  the  steadily  changing  geometry. 

It  ic  very  simple  to  show  that,  for  a  satellite  transmission,  the 
delay  is  given  by 


8-71 


■P'JW'WI.W"*™™  0.1 


*  ts^Kv. 


I 

I 

I 

I 


f 


6  =  2h  sin  0 

where  h  =  aircraft  altitude 

and  0  =  elevation  angle  to  the  satellite. 

Also,  for  the  transmission  from  a  ground  beacon 

.  2hb 
6  =  — 

where  b  =  height  of  beacon  antenna 

and  d  =  horizontal  distance  between  aircraft  and  beacon. 

For  modeling  errors  in  a  simulation,  we  will  assume  that  the  slight 
variations  of  6  about  the  above  systematic  values  has  the  result  of  averag¬ 
ing  the  error  between  the  upper  and  lower  bounds  of  Figure  5-4.  Thus,  the 
error  to  be  used  from  ground  reflected  multipath  is  1,  where 


1  = 


1  = 


2. 

.  £_A 

i  1 

1-p 


p(3fe  +  2p6  -  1 50p  -  150) 

2(1  +  p)(2  +  p) 


i  -  p:(L^j.so) 
.  2  . 

p  -  4 


and  1  =  0 


,  for  0  <  6  <  50(1  -  p) 


,  for  50(1  -  p)  <  &  <  50(1  +  p) 


,  for  50(1  ♦  p)  <  5  <  150 


,  for  6  <150. 


These  relationships  arc  shown  in  Figure  5-5. 
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Tor  ground  reflected  multipath,  we  will  arbitrary  assume  that  half 
the  power  is  reflected,  so  that 

2  rt  c  ' 
p  =  0.  5 

or  p  =  ,  707. 

Then,  with  6  calculated  from  the  geometry  in  accordance  with  the 
equations  shown  in  Section  5. 2. 2. 3,  the  value  of  the  error  is  given  by, 

*  '  "6  ,  for  0  <  6  <  14.  6 

m 

I  =  -19.  5  +  .  336  6  ,  for  14.  6  <  6  <  85.  5 

I  =  .  143(150  -  6)  ,  for  85.  5  <  6  <  150 


I 


0 


» 


for  150  <  6 


■  -  ■  ■  ...... .. 


•'V  *  ••  mp-v. 


5. 2. 2. 5  Numerical  Results 

For  the  ease  of  multipath  reflections  from  the  aircraft  structure 
(always  present),  we  assume 

p  =  0.  1 

Thus,  from  the  formula  in  Section  5. 2. 2. 4. 

cjj  =  2  feet 

Because  the  nrror  is  proportional  to  chip  width  and  the  C/A  signal  chip  width  is 
10  times  the  width  of  the  P  signal  chip,  the  equivalent  multipath  error  for  the 
C/A  signal  is  20  feet.  Figure  5-7  shows  the  variation  in  average  range  rate  error 
due  to  multipath  for  various  P  signal  user  conditions. 

5.2.3  Range  Rate  Error 

5. 2. 3.1  Phase  Error  In  Reconstructed  Carrier 

We  again  assume  th  desired,  direct  signal  and  one  multipath 
signal.-  It  can  be  shown  (:  e’e,  for  example,  Reference  3),  that  the  phase 
of  the  resultant  signal  is  <}'(t),  where 


♦“»  ■  *i«‘» +  ta"'’  'r^sr1 


where  ^j(t)  =  phase  of  direct  signal 
♦  =  t2(t)  -  *j(t) 

and  =  phase  of  multipath  signal 


Now,  differs  from  (j  in  three  ways.  The  first  ic  because  the 
multipath  signal  had  to  travel  an  additional  path  distance  6.  The  second 
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is  that  it  may  l>c  180  degrees  out  of  phase  from  j  j  because  it  is  one  or 
more  chips  late.  However,  this  second  cause  can  be  discounted  here, 
because  the  receiver  operates  on  reconstructed  carrier,  and  if  the 
signal  is  a  chip  or  more  out  of  phase,  it  will  not  be  reconstructed.  The 
third  is  because  tire  signal  phase  is  changed  on  reflection. 

Hence,  the  mullipath-induccd  phase  error  is  due  to  change  of  phase 
along  path  distance  6  .nd  at  reflection  only.  That  is, 


=  4>(t)  -  *1(t) 

'1  +  p  cos  f 

i  2  6  i 

A'herc  *  =  — —  +  b 

t 

and  p  =  phase  change  at  reflection. 
5.2.3 .2  Relationship  Between  Velocity  Error  and  Phase  Error 


All  receivers  likely  to  be  used  in  the  GPS  application  measure 
velocity  by  determining  the  count  increase  in  a  known  period  of  time,  T, 
of  a  counter  being  clocked  by  a  signal  whose  frequency  is  linearly  related 
to  the  received  signal  frequency. 

Hence,  the  count  increase  is  linearly  related  to  the  integrated  phase 
during  the  counter  sampling  period,  T, 


/Jo  dt+<‘>3 ' 

« 

The  algorithm  for  computing  velocity  from  count  increase  will  use 
the  same  linear  relationship,  so  that,  as  far  as  errors  arc  concerned,  it 
can  easily  be  shown  th.< 
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AV  = 


*(luo -MO}] 


where  AV  =  error  in  computed  velocity. 


Now,  the  error  operator,  A,  can 


be  transposed  from  without  the 


integrating  operator  to 


within  the  differentiating  operator.  That  is, 


AV  = 


STf  Ji!o  dU*“n 


But 


Hence 


and 


where 


- 1 .  n  sin  $  * 

W{t)  =  tan  (pf  “  cos  V 


d[A<fr 


AV 


I  pZ  +  p  cos  ♦  \ 

(t)]  =  +  7p  COS  \j [  +  p  / 

2^1  J  0  \^  +  2p  cos  ')  +  p  / 


dt 


•  In 

*  1  r 


J  3  3  .rr-.i^.inn  of  Ihc  Velocity  Error  Expression 

It  „a.  found  that  the  analysis  rapidly  becomes  unmanageable  unless 

the  expression  for  velocity  error,  as 
plified.  To  do  this,  we  will  assume  that 


determined  in  Section  5. 2. 3. 2,  is  sim 


«  1. 


Then 


n  +  cos  t 


1  +  2 ji  cos  t  +  p 


~  cos  $  -  p  °s  2 ii 


8-7‘» 


^  ii^SBWf(M<i«w  «»».:? 


Thus  AV  =  -firFl  (cor*  ♦  _  P  *oa  2t)  ‘■v 

ini  Jt  =  0 


=  £y  [sin  *  '  i  sin  2*]Ul 


Now,  when  1  =  0,  f  =  i,  say. 


Then,  when  t  =  T,  *  =  .*  + 


2ffT 


o  X. 


Where  6  =  rate  of  change  of  multipath  differential  distance. 


Hence, 


AV  =  "frf  ^sin  (*0  +  -^p“  6>  *  sin  C*o»  ’  2  S‘n  (2*o  + 


4"T 


6) 


+  8  sin  (2*  )] 


5. 2. 3. 4  Statistical  Description  of  the  Error 


2»r6 


Since  f  =  —r — ,  the  statistical  distribution  of  $  depends  directly  on 
»  ^  • 

that  of  6.  We  assume  that  6  is  normally  distributed  about  zero,  with  a 
standard  deviation  of  0(4).  Then,  it  can  be  shown  that 


2  .n\  .2 

°V  ?  fe1 


-*o  2 ) 

1  -c  X+f-|l 


-2o 


Where 


2ffT 


o(6) 


Even  with  quite  small  values  of  o(6),  this  expressio  .  rapidly 
ipproachcs  its  asymptotic  value,  lienee,  we  will  say, 
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-  -  — ■  — ■ —  — 


oj  =  (&)2  (1  ♦ 


With 


(-M)2  (1  + 


3.2.3, 5  Range  Rate  Error  During  an  !LS  Approach 

The  rapid  variation  of  6  which  causes  the  range  rato  error  occurs 
principally  from  aircraft  structure  reflections,  and  not  from  the  more 
deterministic  ground  reflections.  Accordingly,  there  is  no  difference 
between  range  rate  errors  in  flight  and  those  during  -pptiach,  as  was 
exhibited  for  range  error. 
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6.0  RECEIVER  NOISE  AND  QUANTIZATION 

This  section  o-  the  error  budget  analysis  report  addresses  the  errors 
in  the  range  and  range  rate  caused  by  noise  and  quantization.  Table  6-1 
summarizes  the  anticipated  one  sigma  error  for  the  monitor  station  and 
various  types  of  users  based  upon  the  assumptions  stated  later  in  thia 
section. 


TABLE  6-1 

10  Ranging  Error  Due  to  Noise  snd  Quantization  (Ft.) 


''"^'■"^4Jser  Acceler. 

User  XvDe 

0  1  2  4  7; 

P-Code  Lj 
Aircraft  p-cod.  LJ 
C-Code  * 

1.25  1.35  1.45  1.6  1.9 

1:1  H  ii  M  M 

Ships  and  P-Code  Lj 
M.np.=lc  fcggfc 

1.25  1.35  N/A  N/A  N/A 

1:1  1:J  iMi  8^  V& 

Table  8-2  gives  the  range  rate  errors  for  the  various  types  of  users. 

TABLE  6-2 


I 

1 

j 

! 

I 


la  Range  Bate  Error  Due  to  Noise  and  Quantisation  (Ft. /sec.) 


'^^•‘N^User  Acceler. 

^\(g's) 

|  User  Type 

0  1  2  4  7 

\ 

Aircraft  P-Code  L. 

P-Code  L9 

C-Coda  LI 

.036  .51  1.0  1.9  3.3 

■Mi,  :?5  1:8  1:8  1:5 

Ships  and  P-Code  1*1 

ftjat  tj 

.036  .51  N/A  N/A  N/A 

Mi  :ii  at  VA  lit  i 

The  relative  accuracy  la  approximately  the  aame  aa  the  abaolute  accuracy 
aa  given  above.  Even  thourh  the  major  aource  of  range  rate  errora  under 
high  acceleration  condltlona  la  a  blaa  In  the  loop,  ihese  condltlona  can 
be  expected  to  change  algnlflcantly  within  a  minute.  Thus,  thia  error 
taken  on  random  characterlatlca  and  no  algnlflcant  Improvement  can  be 
expected  from  the  atandpoint  of  relative  accuracy. 

Section  6.1  computes  the  receiver  range  end  range  rate  errora  due  to  receiver 
noise,  quantisation  and  Instrumentation,  and  receiver  acceratlon  aa  a 
function  of  C/NQ  at  the  Input  to  the  receiver.  Section  6.2  establishes 
a  reference  baseline  link  for  purposes  of  error  analysis  and  presents 
satellite  elevation  angle  statistics.  Section  6.3  presents  antenna  characteristics 
for  each  type  of  receiver  and  computes  the  error  probability  distributions  that 
can  be  expected  for  each. 

6.1  Pseudo-Range  and  Range-Rate  Tracking  Errors 

In  this  section  the  user  receiver  rsnge  and  range  rate  measurement  errors  due  to 
receiver  noise,  quantisation,  Instrumentation,  and  due  to  user  accelerations 
are  discussed.  The  recalver  noise,  qusntlzacion,  and  Instrumentation  errors  are 
random  and  uncorrelated  from  measurement  to  measurement.  The  acceleration  errors 
are  bias  errors. 

6.1.1  Range  Errors 

The  total  random  range  error  is  the  rms  sum  of  the  noise,  quantization,  and 
Instrumentation  errors,  as  follows: 

i 

rT(R)  =  [nn(R)  +  +  rf ,R)]  "  (l> 

The  noise  error  In  turn  has  two  sources:  phase  jitter  in  the  carrier  (Costas) 

tracking  loop  and  phase  Jitter  In  the  delay  lock  loop  (DLL).  Phase  jitter  in 

(1) 

the  Cottas  tracking  loop  Is  equal  to 
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(2) 


When  the  delay  lo<  k  loop  is  locked  and  tracking,  the  tracking  error 
oscillates  in  a  random  manner  abm.t  the  true  range  with  a  rms  error  of 
one  carrier  wavelength  in  range.  This  is  b 'cause  the  loop  is  always  add¬ 
ing  or  deleting  one  count  of  the  N  divider  between  the  carrier  and  code 
loops.  This  results  in  an  instrumentation  error  equal  to  the  carrier  wave¬ 
length.  Thus 

Oj(R)  -  WN 

I 

I 
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A  range  blaa  error  occurs  from  receiver  accelerations  due  to  an  additional 
phase  tracking  error  In  the  receiver  carrier  loop.  For  an  acceleration 
step,  the  peak  phase  error  in  the  carrier  loop  is 


£<t>  - 


1.  845  / A\ 
B  j  U 


(9) 


where  A  =  acceleration  (fps  ) 

\  =  carrier  wavelength  =  X.  /N 

8  C 

1km  resulting  error  in  the  code  loop  is  1/N  as  large,  and  so  the  resulting 
bias  error  is 


Combining  Equations  9  and  10 


R  =  ^  # 

2n  N 


AR  =  I±£  A 


110) 


2^B 


1 1: 


i 


6.1.2  Range  gate  Errors 

The  total  random  raaga  rate  error  is  the  ras  sum  of  the  noise  end  quantisation 
errors  as  follows: 


12  •  2  •  1 1 

a  (R)  +  a  (R) 
n  q 


(12) 


The  renge  rate  noise  error  results  from  the  phase  noise  in  the  carrier  tracking 
loop.  The  receiver  range  rate  counter  averages  the  carrier  frequency^for  T  sec. 
Thus,  the  range  rate  measurement  equals 


(13) 


I 
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^here  4>(t)  =  carrier  loop  VCO  phase 

T  -  averaging  time  for  doppler  count 


The  rms  range  rate  error  is  then 

am  -  x»VTr?I7r> 

n  ?ttT  \  / 


where  p  ^  ^  ( X )  =  autocorrelation  of  carrier  loop  noise 

a  =  carrier  loop  phase  noise  [Equation  (2)") 
1 


The  autocorrelation  function  p ^  ^ (T )  is  negligibly  small  ,  and  can  be 
assumed  to  be  zero.  Thus 


C„,R)  = 


f  2B1  /, 

‘L,c/no»li  \ 


2<C'No>L1 


The  rms  quantization  errors  for  the  coarae  and  fine  range  rate  measurements 


are  at  follows: 


c  (R)  =  _JL_ 

qc  tVT2 


0  (R)  =  - 

2NT  yj\i 


The  range  rate  bias  error  due  to  receiver  accelerations  is  equal  to 

Z  ir  \T  ) 

Where  AOia  the  phase  tracking  error  In  the  carrier  loop  as  given  by 
Equation  9. 
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6.1.3  Performance  Summary 


Table  6-3  gives  a  tabulation  of  the  values  of  the  various  user  receiver 
parameters.  Table  6-4  is  a  tabulation  of  the  range  and  range-rate  bias 
errors  due  to  the  relative  user  acceleration  for  the  parameter  values 
of  Table  6-3. 

Both  the  P-  and  C/A-signal  user  receivers  are  expected  to  be  implemented 

using  a  T -dither  configuration.  The  T-dither  implementation  results  in 

a  reduction  in  s ignal- to -noise  density  into  the  two  tracking  loops 

(carrier  and  code).  The  input  signal-to-noise  density  ratio  into  the 

two  tracking  loops  is  related  to  the  effective  received  carrier-to-noise 

(3) 

density  ratio*  as  follows 

(C/N  )  -  (C/N  )  -  1.3  dB  (19) 

o  C  o  e 

(C/So>DU  "  (C/Ko).  -  4'8  “  <20> 

The  total  random  range  errors,  C^(R)  as  a  function  of  effective  received 
carrier-to-noise  density  are  presented  in  Figures  6-1  and  6-2  for  the  P-signal 
and  C/A-signal,  respectively.  The  total  random  range  errors  plus  bias 
errors  dus  to  user  accelerations  are  also  presented.  Figure  6-3  presents 
total  random  range  rate  error  as  a  function  of  effective  received  carrier- 
to-noise  density.  The  total  random  range  rate  error  plus  bias  errors 
due  to  user  accelerations  are  also  presented. 

*  Effective  carrier-to-noise  density  ratio  includes  jansner  noise  and  is 
related  to  the  unjasmed  carrier-to-noise  densicy  ratio  as  follows  (for 
the  P-signal): 


(C/N  ) 

O  »! 


-  /l.r7\ 


(C'N  ) 

o  signal 


(t'teV-S-, 


;  &&&.$%)#'  f  •&$**?:  '*'%■'—■  yjS&**v?$Sf  }■■ 

1 


l.'BLE  6-3 

USER  RECEIVER  PARAMETERS 


Parameter 

Value 

P-Code 

C/A-Ccde 

>i 

A. 

10  Hz 

10  Hz 

»2 

0.5  Hz 

0.5  Hz 

W 

50  Hz 

200  Hz 

bif 

100  Hz 

400  Hz 

X 

96.25  ft 

962.5  ft 

c 

N 

154 

1540 

X  -  X  /N 

.625  ft 

.625  ft 

!  8  c 

T 

0.2 

0.2 

TABLE  6-4 

RANGE  AND  RANGE  RATE  ACCELERATION  BIAS  ERRORS 


?-  and  C /A -Code 

Receivers 

Accelerations  (r's) 

Quantity 

Equation 

1 

2 

4  7 

AR  (ft) 

(ID 

0.095 

0.19 

0.38  0.66 

AR  (fpa) 

(18) 

0.47 

0.94 

1.89  3.3 
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20  24  28  32  36  40  44  48 


Ratio  of  C/A-Signal  Pcver-to-One-Sided  Noise  Density ,  (c„  ,./N  )  dB-Hz 

C  /  A  O't 


Figure  6-2  C/A  Signal  Receiver  Range  Errors 


8-92 


PHILCQ  *3> 
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24  28  32  Zb  40  4  4 

R«>.io  of  P-C/A-SiRn«i  Pover-to-One-Sided  Noise  Deneity,  C/N  ,  dt-Hz 

o 

Figure  6-3  P  or  C/A  Signal  Receiver  Range  Rate  Errors 
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6.2 


Reference  Link  C/N 


This  section  establishes  a  reference  C/l»o  at  a  5  degree  elevation  angle 
for  a  C.P.  isotropic  antenna  and  shows  how  C/Nq  varies  with  elevation 
angle.  Probability  distributions  of  satellite  elevation  angles  are  given 
for  Phases  I,  II,  and  III  for  the  baseline  orbit?  lor  user  and  monitor 
receivers . 


The  reference  values  are  based  upon  the  GPS  System  Specification,  SS-GPS-101A, 
Appendix  II,  paragraph  20.8,  Receive  Signal  Level  which  states: 


20.8  Receive  signal  level.  The  receive  signal  levels  are  specified 
in  Table  20.8.1.  The  received  signal  levels  shall  exceed  the  levels 
given  in  the  table  whenever  the  spacecraft  is  5°  above  the  horizon 
with  respect  to  a  ground-based  user  at  sea  level.  The  signals  shall 
be  Right-Hand  Circularly  Polarized  (RHCP) .  The  receive  signal  levels 
in  the  table  snail  be  achieved  at  the  output  of  a  serially  connected 
0  db  RHCP  antenna.  The  user  equipment  shall  be  designed  for  the 
receive  signal  levels  shown  in  Table  20.8.1. 


“TABLE  20.8.l" 
Receive  Signal  Level 


I 


The  effective  receiver  system  noise  temperature /noise  power  density 
referred  to  the  receiver  preamplifier  input  is  derived  as  follows. 1 


I 

I 

I 


Ts  *  LT,  +  (1  -  L)TL  +  <F  -  l)To 


where 

Tg  ■  receiving  system  noise  temperature 

=  130°k  -  a  conservative  estimate  of  antenna  terperature  of 

hemispheric  bsam  looking  upward  with  some  radiation  from 
earth  coming  in  via  sidelobes 

8-1; 


T  =  290°K  -  temperature  of  ante'ir.c  coupling  circuit  aid  coax 

line  connecting  antenna  feed  and  receiver  Input 

L  «*  -1.0  d3  (0.794)  nominal 

Based  on  25  ft  of  RC-type  coax  cable  between  aitenna  feed 
and  receivei  input  or  100  ft  of  rigid  copper  coax.  This 
value  is  highly  user  installation  dependent.  If  cable 
runs  become  too  long,  receiver  preamp  can  be  located  at 
antenna  feed  to  minimize  cable  losses. 

F  *  4.5  dB  (2,32)  nominal 

Estimated  overall  receiver  noise  figure  based  on  available 
L-band  transistor  devices  and  including  preselector  filter 
and  mismatch  losses. 

Tq  =  290°K  -  reference  temperature. 

Using  the  above  values,  the  receiver  system  noise  temperature  is 
T  «  690. 7°K  nominal 

O 


Table  6-5  suinmarizes  the  signal  and  noise  level  values  into  the  receiver 
at  the  reference  5  degree  elevation  angle  v&en  a  circularly  polarized 
isotropic  a.  ienna  is  used. 


Reference  (1)  also  calculates  the  effect  of  elevation  angle  on  signal 
strength.  The  increased  path  length  loss  is  shown  on  Figure  6-4  (a) 
and  the  relative  satellite  antenna  gain  (off-beam-center  loss)  is  shown 
on  Figure  6-4  (b).  The  latter  includes  a  pointing  error  of  1  degree. 


Combining  the  data  from  Table  6-5  with  Figure  6-4  yields  Figure  6.5. 

This  shows  the  C/N.v  at  the  receiver  input  as  a  function  of  elevation  ingle 

o 

when  the  user  has  a  circularly  polarized  isotropic  antenna  with  no  V?>WK 
or  polarization  mismatch  looses. 
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figure  6-4  ELEVATION  ANGLE  EFFECTS 


6  .3  User  Accuracy 

The  probability  distribution  of  the  satellite  elevation  angle  for  users 
during  Phases  I,  II,  and  II  are  shown  on  Figure  6-6.  This  assumes  the, 
baseline  orbits  as  given  in  Reference  (2).  The  Phase  I  distribution 
assumes  the  user  is  located  at  White  Sands  Missile  Range  (W!>MR)  and  covers 
the  2.4  hour  test  period  that  all  four  satellites  are  in  view  simultaneously. 
The  Phase  IIA  distribution  is  also  based  on  a  user  at  W3MR  and  is  for  the 
7.75  hour  test  period.  The  Phase  IIB  and  III  user  distributions  are 
based  on  24  hour  per  day  operation  for  users  at  33°  latitude.  It  can 
be  seen  that  during  Kiase  I,  the  average  elevation  angle  is  27°.  During 
Fhase  IIA  this  increases  to  34°  and  during  biases  IIB  and  III  it  is  29°. 
Discussions  with  manufacturers  of  the  user  equipment  and  testing  of 
L-band  antennas  developed  for  aircraft  cormunications  indicates  that  the 
power  transfer  (including  polarization  and  impedance  mismatch)  of  realizable 

aatennaa  is  as  good  as  a  circularly  polarized  isotropic  antenna  at  these 

elevation  angles.  ^ ’  *  Prom  Figure  6-5  the  C/NQ  provided  by  a  0  dB 

antenna  25°  is  37.5  dB-Hz  for  the  Lj  P-Code  signal.  Table  6-6  lists  the  one 

sigma  range  and  range  rate  errors  associated  with  this  configuration  derived 

from  Figures  6-1.  6-2  and  6-3  of  section  2.1. 
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FIGURE  6-6  USER /SATELLITE  ELEVATION  ANCLE 
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TABLE  6-6 

la  RECEIVER  NOISE  AND  QUANTIZATION  ERRORS 
(OdB  ANTENNA,  25°  ELEVATION  ANGLE) 


- , — - 

PARAMETER 

MEASURED 

RANGE 

RANGE 

RATE 

CODE 

P 

C/A 

P 

C/A 

FREQUENCY 

L1 

L2 

L1 

L1 

L2 

L1 

C/No  (dB-Hz) 

37.5 

34.5 

40.5 

37  5 

34.5 

40.5 

USER  EQUIP. 

ACCELERATION 

(G's) 

0 

1.25 

1.8 

8.0 

.036 

.05 

.026 

1 

1,35 

1.9 

8.2 

.51 

.52 

.50 

2 

1.45 

2.0 

8.4 

1.0 

1.0 

1.0 

4 

1.60 

2.1 

8.7 

1.9 

1.9 

1.9 

7 

1.9 

2.4 

9.0 

3.3 

3.3 

3.3 
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7.0  GPS  CLOCK  ERROR 

GPS  clock  errors  contribute  to  the  User  Equivalent  Range  Error  (UERE)  in  three 
ways: 

a.  Satellite  Clock  Estimation  Error.  During  the  periods  the  satellites 
are  in  view,  the  Control  Segment  will  monitor  the  satellite  clocks 
and  will  make  an  estimate  of  what  the  clock  conditions  were  during 
this  past  period.  This  estimate  will  contain  errors  which  will 

be  correlated  with  errors  in  the  satellite  position,  since,  to  a 
certain  extent,  it  is  determined  from  the  same  tracking  data  used 
for  ephemeris  determination.  This  error  is  minimized  by  using  ELM 
pseudorange  data  to  measure  clock  condition  and  HAW,  MAINE  and  VAFB 
range  difference  data  to  determine  satellite  ephemerides.  This  clock 
estimation  error  enters  UERE  as  part  of  the  satellite  state  vector 
in  the  navigation  data  and  is  properly  treated  as  part  of  the  Ephemeri 
Error  in  the  Error  Budget. 

b.  Satellite  Clock  Prediction  Error.  The  satellite  clocks  will  continue 
to  change  in  phase  and  frequency  after  the  last  clock  measurement  used 
to  make  the  clock  estimation.  This  change  will  contribute  directly 

to  UERE  and  will  be  uncorrelated  with  any  errors  in  satellite  orbit 
predictions  to  the  extent  that  the  clock  drift  is  random  and  unpredict 
able.  This  error  :1s  designated  as  GPS  Clock  Error  in  the  Error  Budget 
and  is  discussed  i:n  greater  detail  in  this  section. 

c.  User  Clock  Errors.  Although  the  user  employs  a  relatively  unstable 
clock,  his  measurement  of  range  differences  over  a  short  time  span 
(approximately  100  milliseconds)  will  minimize  this  error  contribution 
The  short  terra  stability  characteristics  of  crystal  oscillators 
should  cause  this  error  to  be  less  than  one  foot.  The  user's  range 
measurements  to  the  fourth  satellite  can  also  be  used  to  minimize 
this  error. 
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It  has  been  found  that  clock  models  employing  second  order  polynomials  vill 
accurately  represent  the  deterministic  satellite  clock  variations.  The  use 
of  u  higher  order  polynomial  will  not  Increase  the  accuracy  of  the  clock  as 
only  the  first  three  terms  are  categorically  deterministic  and  non-random.* 

If  the  clock  model  is  to  fit  only  a  one  hour  period,  a  linear  representation, 
is  satisfactory.  Thus  the  clock  model  to  be  employed  by  the  user  to  correct 
the  satellite  variations  is: 

T  «  T  +  T_  •  t 
C  B  F 

where 

T„  ■  Time  Correction 

C 

Tg  -  Clock  Time  Bias 

Tf  ■  Clock  Frequency  Error  at  t^ 

The  coefficients  T  ,  and  T  transmitted  to  the  user  via  the  navigation  data 
B  F 

message  are  the  optlmun  estimate  of  the  residuals  of  these  parameters  after  the 
clock  data  has  been  processed . 


Various  recursive  data  filtering  approaches  were  studied  and  tha  Carlson  triangular 
algorithm  has  been  selected  as  the  baseline  because  of  its  numerical  stability. 

A  detailed  analysis  of  Least  Squares  fitting  to  frequency  was  performed  and  the 
accuracy  of  this  prediction  technique  was  determined.  The  accuracy  of  the 
Carlson  formulation  is  expected  to  approximate  that  of  the  Least  Squares /Frequency 


approach . 

A  TRACE  simulation  which  determined  the  optimum  coefficients  by  minimi  ring 
the  ranging  error  during  the  observation  span  was  also  conducted.  This  is 


D.W.  Allan,  et  ai,  ’’Performance,  Modeling  and  Simulation  of  Some  Cesium 
Beam  Clocks,"  27th  Annual  Frequency  Symposium,  Ft.  Monmouth,  New  Jersey 


4 

4 
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equivalent  to  a  Least  Squares  fit  to  Phase.  The  detailed  analysis  of  clock 
prediction  is  contained  in  Part  II,  Vol.  C,  Report  A3,  Clock  Model  Trade  Study 
for  CPS. 

7.1  Clock  Noise  Characteristics 

A  major  problem  in  determining  the  bias,  frequency  offset  and  drift  rate  is  the 
noise  in  the  deck.  The  types  of  predominant  noise  observed  in  clocks  are 
(a)  white  noise  FM,  (b).  .flicker  noise  FM,  and  (c)  random  walk  FM.  White  noise 
PM  and  flicker  noise  PM  for  averaging  times  > 1  second  are  not  a  significant 
contributors.  The  spectral  density  of  the  noise  can  be  described  by  the  following 
expression: 


S(f)  =  hQ  f°  +  h_L  f"1  +  h_2  f‘ 


fCl  Hz 


where: 


white  noise  FM  contribution 


flicker  noise  FM  contribution 


random  walk  FM  contribution 


2  /  A  f  \ 

The  Allan  variance,  a  ^  — -  j  ,  describes  the  time  domain  instability  of  a  clock 
and  is  related  to  the  hQ,  h  ^  and  h  2  parameters  as  follows: 


•2(i) 


fr  +  2h-l  in  2  +  -^T1  h-2  T 


where  t  is  the  averaging  time. 

Figure  7-1  chows  the  relationship  between  the  Allan  Variance  and  averaging  time 
for  typical  Rubidium,  Cesium  and  HP  super  tubes. 


The  white  noise  and  flicker  noise  values  and  the  value  of  r^>  the  point  at  which 
flicker  noise  FM  becomes  predominant,  will  affect  the  selection  of  the  optimum 
filter  and  determine  the  prediction  accuracy  of  the  selected  algorithm. 
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7.2.1 


Least  Squares /Exponent! al 


The  least  squares /exponential  approach  is  a  recursive  exponential  filter  developed 
by  Barnes  and  Allan  at  the  National  Bureau  of  Standards  which  provides  a  near 
optimum  estimation  of  in  the  presence  of  both  flicker  and  white  noise.  The 
time  or  frequency  offsets  measured  are  weighted  as  follow.’.: 


Tp  ("AO  ■  -  Tp  (nt)  +  m  Tp  |(n-l)  At 


where  M  *  Nimber  of  data  points 
ra  *  Filter  Time  Constant 


This  expression  has  been  evaluated  assuming  the  control  segment  uses  a  cesium 

super  tube  (HP  option  004)  and  the  spacecraft  uses  a  typical  rubidium.  Also 

4 

assumed  were  m  *  0.6  and  a  maximum  prediction  interval  of  8.64  x  10  seconds 
(24  hours) . 


Table  7-1  surnnarizes  the  results  of  this  analysis  and  lists  the  mean  prediction 
error  for  various  times  since  the  last  calibration. 


Clock  Prediction  Algorithms 


The  objective  of  the  clock  processing  algorithm  is  to  determine  with  the  best 

possible  accuracy,  the  T  and  T_  parameters  of  each  satellite's  clock 

B  F 

for  the  next 24  hours  and  to  accomplish  this  in  the  presence  of  significant  clock 
noise.  CThe  aging  term  T^  will  be  supplied  by  the  ephemeris  support  system.) 


The  mean  square  error  of  this  technique  considering  white  noise  FM  and  flicker 


noise  FM  is: 


i  2  (r) 


h  (nri-1)  h  r 

o  +  -1 _ 

2  n*1  m2  (2m+l) 


£  (i5T)K  1(2 

J\B  1 
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TABLE  7-1 

MEAN  CLOCK  PREDICTION  ERROR 


TIME  SINCE  LAST 
CALIBRATION 
(Seconds) 


MEAN  PREDICTION  ERROR 
(ns) 


1 

0.014 

10 

0.044 

lo2 

0.16 

iO3 

0.92 

104 

8.3 

105 

81.6 

ASSUMED  CONDITIONS: 

h 

2  in  (2)  h_, 

Cesl'-B 

5  x  10"23 

3  x  IO’14 

Rubldlin 

2  x  IO’22 

6  x  IO"13 

[•1 
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7.2.2  Linear 

A  linear  filter  makes  an  estimate  of  T  considering  only  white  noise  FM  on  the 

F 

clock  frequency.  The  optimum  estimate  of  clock  frequency  is: 

T,  (t)  -  T.  ft  -  7c) 

™  i  i 


1 


I 


? 


<*» 

J 


Because  this  algorithm  does  not  consider  rlicker  FM  noise,  it  will  provide  inferior 
results  if  this  type  of  ncioe  is  present  in  the  measurement  data.  This  will  be 
the  case  after  15  minutes  to  one  hour  for  rubidium  clocks  and  after  2  days  to 
one  month  for  cesium  clocks. 

7.2.3  Carlson  Triangular 


This  technique  is  essentially  an  upper  triangular  square  root  version  of  the 
conventional  covariance  filter  (Kalman).  It  carries  the  square  root  of  the 
error  covariance  matrix  of  its  state  vector  in  upper  triangular  form  by  exp^iting 
Cholesky  decomposition.  The  algorithm  is  given  explicitly  in  Appendix  d  of 
Reference  2.  This  approach  which  is  che  baseline  technique,  may  be  susceptible 
to  flicker  FM  noise,  however,  the  accuracy  of  this  approach  is  expected  to 
approximate  the  accuracy  of  Least  Squares/Exponential  and  is  less  sensitive  to 
unstable  clocks.  Thus,  the  GPS  clock  error  contribution  cited  in  the  Summary, 
Section  l,  is  as  shown  in  Table  7-1. 
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1 

l 

I 

i 

! 

t 


The  clock  errors  cited  above  assume  that  the  satellite  clock  update  does  not  involve 

a  physical  resetting  of  the  satellite  clock.  As  is  shown  in  Part  II,  Vcl.  A,  Report  A3, 

-14 

Section  4.3,  a  frequency  change  resolution  of  1  x  10  is  necessary  in  order 
to  keep  the  clock  error  from  exceeding  1  nanosecond  after  10"*  seconds.  Because 
the  best  physically  realizable  resolution  will  be  significantly  greater  than 
this,  the  clock  correction  should  be  accomplished  via  the  navigation  data 
message  whenever  possible. 


*  Carlson  Vast  Triangular  Formulatlor  of  the  Square-Root  Filter,"  AIM  Journal, 
Sept.  1973. 
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